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STATISTICAL MODELS STRONGLY-INVARIANT
UNDER THE ACTION OF A GROUP

AGUSTIN GARCIiA NOGALES

Dpto. Matematicas

Universidad Fxtremadura

Some basic results about invariance are given using quotient o—fields.
A strong kind of invariance is considered. Under appropiate condi-
tions we oblain a sufficient statistics for models with such a inva-
riance property.

Keywords: invariance and strongly invariant.
AMS Subject Classifications: 62A05, 62B05

1. NOTATIONS AND BASIC RESULTS

The use of invariance considerations has been profitable for many statisti-
cal problems. These considerations are used for some particular problems by
Hotelling and Pitman in the thirties. The relationship between sufficiency and
invariance has been studied by C. Stein before 1950. The reader can find in
Hall, Wijsman and Ghosh (1965) the basic definitions and results on invariance
as well as some resulis on sufficiency and invariance. The paper by Landers and
Rogge (1973) also deals with these notions. This paper is mainly concerned with
statistical models which are not simply invariant under the action of a group of
transformations but even strongly invariant (see below). The main result yields
a way to calculate conditional expectations with respect to the o-field of the
G-invariant events and a sufficient statistics for such a model.
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We fix some notations to be used throughout the paper. Let (Q,41) and
(Q',ﬂl) be two measurable spaces and f:Q — ' amap. If f~}(4)e U
for all A’ € U', we shall say that f is a random variable (r.v.) ora (U,U")-
measurable map if we want to keep the o—fields considered. If P is a probability
measure on (£, 41) we shall write P/ for the probability law of the r.v. f, i.e.,
PI(A") = P(f € A'), A’ € {'. Let G be a group of one-to—one measurable
maps of (Q,41) onto itself. G being a group, every g € G is bimeasurable. An
event A € 4 is said to be G-invariant if g(A) C A for all ¢ € G (and then,
g(A) = A, Vg € G). We shall write U s for the class of this events. It is easy
to see that Yl g is a o—field. A r.v. f is said G-invariant if f(g(w)) = f(w)
for every g € G and every observation w € Q. With this notation we have the
following

Proposition 1

Suppose that {w'} € Y’ for all ' € @'. The r.v. f is G-invariant if and
only if f is a (ﬂg,ﬂ’)~measllra,ble map.

Proof

Suppose firts that f is G-invariant and let A’ € 4’ and g € G. For w €
S71(A") we have that f(g(w)) = f(w) € A’ and then g(w) € f~1(A’). This
shows that g(f~1(A")) C f~!(A'). Since f~}(A’) € Yl we have that f is
(4 ¢, ") -measurable.

Now suppose that fisa (L G,U’)—measura.ble map. Let w € Q and g € G.
Writing w’ = f(w) it follows that

gw)eg (fT1{w'D) = F1({e'D)

since {w'} € 4’ and fis (Ug, U )-measurable. This shows that fis G-
invariant. .

Next let us describe a r.v. generating the o—field . The group G gives
in a natural way an equivalence relation = in Q; namely: w; =~ w, if and
only if there exists g € G such that g(w;) = wy. Fach class of equivalence in
Q is called a orbit and it has the form {g(w)/g € G}. We shall write Q/G
for the quotient set and p for the quotient map from Q onto /G. We write
/G for the greatest o—field making p measurable and we call it the quotient
o—field on Q/G. p is a maximal invariant r.v., i.e., it is invariant and it takes




different values on different orbits. The following result shows that p is the r.v.
generating U 5.

Proposition 2
a) 4/G={BcQ/G/p~'(B) e U}.
b) Ue=p1(U/G).

Proof

a) It is easy to see that C = {B C Q/G/p~'(B) € {1} is a o—field. Since
p is (U,C)-measurable we have that C C 1 /G. On the other hand it is

clear that C contains every o—field on /G making p measurable and
then it contains U /G .

b) For B € 4 /G and g € G we have p~'(B) € Y and g(p~'(B)) = (po
9~ 1)~Y(B) = p~!(B), p being G-invariant. This shows that p~'({ /G) C
. Nowlet 4 € U . We will show that A = p~1(p(A)); this will suf-
fices since then p(A) € U /G (see a)) and hence 4 € p~}(U/G). Tt is
always true that A C p~'(p(A)). On the other hand, if w € p~1(p(A))
there exists w’ € A such that p(w) = p(w’). Since g(A) = A forall g€ G
we have that w € A and this gives the proof.

2. THE MAIN RESULT

A probability measure P on (Q, ) will be said G-invariant if P¢ = P for
all ¢ € G where P? denotes the probability law of g with respect to P defined
for AecY by

P?(A) = P(g™'(A)).

A statistical model or experiment is a triplet (2,41 ,P) where P is a family
of probability measures on (Q, U). Such a family P (or the model) will be said
to be strongly G—invariant if every P € P is G-invariant.
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In the rest of this paragraph let us suppose the group G endowed with a o-
field & . For ¢’ € G we shall write 74 for the right-translation on G defined
by

1(9)=gog’, g€G.

A probability measure i on (G. &) satisfying

u(ry(T)) = p(T)

for every g € G and every T' € & will be called a right-invariant probability
measure. We are now ready to show the main result of this paper.

Theorem

Let P a G-invariant probability measure on (Q,4), f: (Q,U) — R a
bounded r.v. and p a right-invariant probability measure on (G, S ). Suppose
also that the map (g,w) € G x Q@ — g(w) € Q is (& x U, )-measurable.
We have then

Ep(flth ¢)(w) = /o f(g@)) du(g) P = ae.

Proof:

Under the hypotheses,

Filgw)€GxQ— flg,w) = flgw)) € R

is a bounded Borel measurable map with respect to the product o—field & x i .
Hence it is g x P-integrable. Fubini’s theorem shows that

hy :we(Q,u)—~i1f(w)=/c;f(g(w))dﬂ(y)

is Borel-measurable. For w € Q let us write w for themap g € G — g(w) € Q.
We can write then

hy(w) = /G F(6(9)) dug).




For ¢’ € G and w € Q the right-invariance of g gives that

hy(o'(@)) /G F(o(g'(@))) du(g) = [3 F@)(ro(9))) dulg) =

/G F@(9)) ¥ (g) = hy(w).

This shows that h is G-invariant and then 4 —measurable in view of the propo-
sition in the precedent paragraph.

Moreover for A € Y ¢ Fubini’s theorem shows that

/hfdp
A

[ [ saenanaarer = [ [ anare) aue =

/ / F(a(w)) dP(w) du(g) = / / f(w) dP(w) du(g) =
¢ Jg vy GJa

/G/Afdey:/AfdP

and this finishes the proof. u

The preceding theorem gives an effective way to calculate conditional expec-
tations with respect to the o~-field 4l ¢ and a G-invariant probability measure.
Another immediate and remarkable consequence of this theorem and the propo-
sition 2 is the following.

Corollary:

Let P a set of G-invariant probability measures on (Q,41). Then U ¢ isa
sufficient o—field for the (strongly G-invariant) model (Q,4,P). The quotient
map p: (Q,U) — (Q/G, U /G) is a sufficient statistic for this model.
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Proof:

Since for any A € 41 the indicator I, of A is a bounded real r.v., hr, isa
version of the conditional probability P(A|U &) for all P € P. [ |

Finally we give an example to illustrate the obtained results.

Example:

Let us choose (Q,u) = (R*,R?) where R* denotes the Borel o—field on
R2 and G = {rp/6 € [0,27[} where r¢(z,y) = (zcosf — ysiné, xsinf +
ycosf), (z,y) € R2. The o-field RZ consists in the Borel subsets of £2 which
are invariant under rotations. The real G-invariant r.v. on R2? are the Borel
measurable maps F : 2 —s R being constant on the circumferences centered
at the origin (these circumferences are just the orbits). A Borel probability P on
R? will be G-invariant if and only if P(r;'(A)) = P(A) for every # and every
Borel set A; thus, if P has a density f with respect to the Lebesgue measure
A2 on R2, P is G-invariant iff f(rs(z,y)) = f(x,y) A2 —a.e. for all 4. For
a real bounded Borel measurable map ¢ : 2 — R and a G-invariant Borel
probability P, the map

(2,y) — (2m)"" / " (ra(z, ) d

is a version of the conditional expectation Ep(p|RZ) since the uniform pro-
bability on [0,2n] yields in a natural way a right-invariant probability mea-
sure on G and the map (8,(r,y)) — rp(z,y) is measurable. The quotient
space (R?/G,R?/G) can be identified with ([0, +oo[, R([0,4+oc])) identifying
the equivalence class {ry(z,y)/0 € [0, 27} with 2%+ y? where R([0,+00]) de-
notes the Borel o-field of [0, +>[ Thus the quotient map not differs essentially
from the map

plr.y) = 2* + y*.
Therefore p is a sufficient statistics for the nonparametric model
(.SRQ’R’?’P)

where P denotes the family of all (;-invariant Borel probabilities on RZ2.
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