SYNTHESIS OF SEQUENTIAL MACHINES
A MATHEMATICAL APPROACH
JORGE AGUILO, ELENA VALDERRAMA, CARLOS SIMO

A new mathematical approach forn encoding internal states in synchronous sequential machines

£ developed,

The refationship between trhansition matnices and the comresponding matrices of the isometric
group 45 studied. An algonithm to determine a priord the null cost assignment {4 propossed.-
The cycle Lengths which appear fon each n anre analysed. The results obtained fon the D -

on SR 4&ip-flop can be extended to JK and GL.

1. INTRODUCTION.

A mathematical approach for the synthesis of
sequential machines is developed. In the syn
thesis, the state‘assignment problem remains
still without solution. This topic is trea--
ted in this paper.

A great number of algorithms have been tes--

ted dealing with it from different points -

of view. Methods based on the search of SP -

partitions (1), (2) from the states set, or -

in the search of non-disjoint covers, repre-

sent attemps to solve this problem, presen--

ting intermediate results close to ours. Ne-

vertheless, for every sequential machine, --

they have to look for a convenient set of --

SPPs which do not let them an "a priori" de-

finition over the existence of a null cost -

assignment. In addition, the general mathema

tical handling goes away from real conditions
That causes that, some particular case excep-
ted, nor the structures that can be realiced

with a given number of memory elements, nei-

ther the number of flip flops you need to --

synthesise a given autonomous automaton have

not been reach.

In other way, with SHR's method /3/, we have

to test (27-1)1/(2P-R) Im! assignment schemes

because of a previous condition about the exig

tence of solutions does not exist. In sore -

cases, when SANj'> MNSj Vj’ SHR's method is

better in the sense that it gets acceptable

results in a relatively easy way.

Combinational technigues /4/ are very power-
full ones, but for the moment, have not ----
reach relevant solutions to the problem, and
their computing complexity is undoubtedly --
high.

In this paper, a first step towards a mathe-
matical formulation in which there is no un-
certainty in the final solution is given.The
starting point is a geometrical representa--
tion of the Boolean algebra from a dinamic -
point of view. In spite of that the optimum
cost of an automaton depends of the optimiza-
tion criterium chose, independently of such
criterium, the elements belonging to the sa-
me isomorphical class defined in the set of
the automata behaviour graphes have all of -
them the same optimum cost. The study of this
optimum is done by identifying the automata
with the set of transformations of the Boo--
lean hypercube. We get a first result dealing
with the gateless sunchronous counters synthe
sised with D or SR flip flops (ffs).
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An algorithm that find when the synthesis --
with n memory elements (2n—1 < R g;Zn, R; --
number of states) and without gates is possi
ble is given. In particular cases, analytical
formulas valid from a certain value of n are
developed, and, in general, an upper bound -
of the number of memory elements needed in -

the synthesis without gates is found.

1. ANALYSIS

The transition table of a counter (coded sta
tes) can be seen as a one to one mapping ---
from B into B"; where BT = {l.—l}n is a n--
dimensional cube inside R" .

With this representation, the usual method -
of synthesis with D ffs. is reduced to an in

terpretation of the cube movement.

For example,
table:

let's take the following state

1 @nd By = X X4
We infer that a given counter will be able -
to be synthesised without gates if and only
if that mapping changes (n-1)-cubes into ---
(n-1)~cubes (5) (6).
I TRANS

MATIO

We shall call An the set of all B -isometric
transformations. Being clear that An is a --

subgroup of the symmetric group S n and -—--

e b, if and only if it changes r-subcubes

into r-subcubes. Specifically, it changes -
(n-1)-cubes into (n-1)-cubes. Then, it repre
sents a counter which can be synthesised ---

without gates.

If 4 is the Euclidean distance restricted to

an n-cube;

tate Vi = @

k
Present state (P.S.) Next state (N.S.)
where,
-1 -1 -1 1 -1 -1 n n
-1 -1 1 S| 1 dy: Ix} x BP ——R
-1 1 -1 -1 -1 -1 (x , y) —————»dx(x,y) = d(x.y)
-1 1 1 1 -1 1
1 -1 -1 1 1 1 In such a way C C B" is a k-subcube of B" if
1 -1 1 -1 1 -1 and only if
1 1 -1 -1 i 1
1 1 1 1 1 -1 %mxm=|m2ﬂ“”,w%
This state table can be seen as a 3-cube mo- and
vement (Fig. 1)
-1 . k .
ta eV = Hivxec, 3=0, 1,k
, X
U0 (4,4,1) (44,4 (-1,1,4)
(41,4) R o) i)
X X2
=T, (-"‘H)//l,l.-l) (-1,-1-1)
AU) ¢1,44) % (-1,-1,4) (4,-1,4) Fio 1

Xy
The face X, = 1 is transformed into the two
edges (x2 =1, Xy = 1) and (x2 =0, Xy = 0).

Then, the imput to the first D ff, has to be

Dl = x2x3 +-x2x3, and, in the same way, D2 =
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and we infer that An is a group isomorphic

to the group of all the linear mapping o, —~

such that,

as(el) = +e with s € S

s(i)’
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As a consecuence, any element os € Anc S
2

can be represented by a nxn square matrix of

n

G
0,1 and -1, with a sole non null element by l
row and column.
For example, let's consider the following n- Fi .
ig.
cube isometry o: (see Fig. 2) g
xI
X, t
(4-1,-1 (4,1-1) ) (t,-1-1)
{(1-1,4) 74,4,4) L4 -0
Xa
///// Xy
C1,A4,4) (TRAD] / () (1 Fig. 2
"3/ : &)
-4,-0,0) 144 -1, (4,04}
G1,4,4) e

ole)) = e,i aley) = -e;; o(ey) = e,
where {el, ez,‘e3} is the canonical base. —--
This isometry can be biunivocally represen--
ted by the matrix

0 1 0 Sl = Rl = B, 32 = R2 = A, S3 = R3 =C
o = -1 0 0

0 0 1 3. _SYNTHESIS

Accordingly with the above considerations, -
the counter whose state table is represented
by the 3-cube movement (see Fig. 3) will -
be able to be synthesised with 3 D-ffs. and
without gates. In addition, the portion of -

the non zero elements in the matrix gives us

the input function for every ff. That is
Dl = B, D2 = A, D3 =C
or, (see Fig. 4).
P.S. N.S
-1 -1 -1 -1 1 -1
-1 -1 1 -1 1 1
-1 1 -1 1 1 -1
-1 1 1 1 1 1
1 -1 -1 -1 -1 -1
1 -1 1 -1 -1 1
1 1 -1 1 -1 -1 Fig. 3
1 1 1 1 -1 1
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We will call two autonomous automata m and --
m' equivalents if and only if their behaviour

graphes are isomorphes.

In other words, if we call M and M' to the --
matrices associated to behaviour graphes of -

m and m', (M,M'e€S ),
on

mwm' & 3 UES | v.MuT = m

n

2
Matrix U_1 gives the assignment done over the
states of m. In other words, m and m' are ---
equivalents when we can obtained one of them

from the other through an assignment.

The conjugation classes defined by the last -
relation represent sets of automata having -
the same optimum, independently of the optimi

zation criterium chosen.

Given a state table (no coded states),we will
see that there exist a state assignment which
allows us to synthesise the counter without -
gates if and only if its conjugation class =--
has at least one element of An(5)(6f(7).
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There exist a one to one correspondence bet-

ween the matrices associated to o€ S n and -
2
the transition matrices of the graph corres-

ponding to a complete autonomous automation.
The previous condition can be expressed in -
the following way: If Mo is the transition -
matrix associated to the autonomous automa--

tonm,, 0€S nand M,

s
trix corresponding to an isometry o€ An , -

is the transition ma

the automaton m_ can be synthesised without

gates through an appropiate assignment if --

and only if there exist Ue S

and o_ such -
) s

that:

As an example, let the automaton m be:

P.S. N.S.

99 93

9 96

a3 9

93 94 Fig. 5
4 97

q5 93

96 qs

7

° ‘-Q
=)

Fig.

Then,
00010000
00000010
01000000
00001000
Mo = 00000001
00100000
00000100
10000000

and let's take the matrix U,
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10000000
01000000
00010000
00000010

U=t 00000001
00100000
00001000
00000100

and

00100000
00010000
00000010
00000001
My = U0 ¥ 10000000
01000000
00001000
00000100

Mc corresponds to the isometry o of the ---
s

last example, and, in consecuence, the auto-

maton m . can be synthesised.without gates as

Fig. 4 shows. The optimum assignment is de--

termined by U_lz

uncoded state 0 1 2 3 4 5 6
coded state 0 1 5 2 6 7 3 4

Each state assignment which allows the syn--
thesis of the automaton with O-cost take us
the state table determined by os.Generally,
for a given Mc} Mc will not be unique.
s

Let us note, in addition, that being m and -
m' autonomous automata, their behaviour gra-
phes can be easily represented by their cy--
cle decompositions. Then, m and m' will be -
equivalent machines if and only if they have
the same cycle lengths and, in consecuence,
our aim will be to obtain the cycle decompo-
sition of the n-cube isometries. To do so, -
and if we define the above equivalence rela-

tion in An' we only have to test the cycle -

lengths of the representative isometries.

4, PROCEDURE

From the considerations above mentioned, the
conjugation classes containing at least one
isometry can be obtained; and then the opti-
mum assignment for a given state table can -
be reached from the representative isometry.
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The algorithm to obtain these representative
isometries has been programmed in a UNIVAC -
1108 computer. The time required for the ---
classification is of the order of

t(n) = 10

and the memory used is of the order of 1.8%
K-words.

2. RESULTS

The table in the next page gives the lengths
of the cycles that can be synthesised with a
given number of memory elements and without
gates.

To make the table shorter, the lengths for -
every n which are twice the ones of n-1 are

omitted.

A set of theoretical results has been obtai-
ned which in some sense, are interesting by
themselves, and, in the other way, represent
hints that make easier the searching.

It has been proved that:
- For a given n, the length of the longest -
cycle is a multiple of the lengths of the

remaining cycles.

- The lowest common multiple of the lengths
which appear for each n is such that,

l.c.m.(n) = 2.1 p.log
o P

n P prime ¢ n
in such a way that for a given n, we find --

all lengths of type 1.c.m.(1k, ) where -

1n—k

1k is any length obtained in a previous case.

This result includes other author's one (1)
(8) that determines that the minimum n in --
which appears a cycle of length p,

r r r

=2 1 2 m
p Py e+ Pp
is
o r r
N= 2 pli- [2/2 1]
. i
i=1

From this two results we can infer, for ins-
tance, that a sequential machine having one
cycle of length 7 and another one of length
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5, will be implemented by a number n of memo
ry elements such that the longest length for
this n will be a multiple of 35, and in ----
accordance with the second result, this will

be only possible for n g 12.

- There exist only one class with a length -

2202 cycle. Such a class has n.{n-1) ele-
ments; that is, there are n.(n-1) equally

optimal assignments.

3 2n—3
- For n » 4, there exist classes 2°° and

2n- .
32n-2 with 12(2) and 18(g)optimal assign-—

ments each one respectively.

3.2774

- If n > 5, there appear classes 4°° .
n-4 n-3 n-4 n-4
L2262 T 02 gna 2702

We can generalize the results for other ty—-
pes of ffs.. For the JK ff., the necessary -
and sufficient condition so that a counter -
might be able to be synthesised with only --
JKs is that the mépping B® —»B" transforms
every (n-1)-cube in two (n-2)-cubes on the -
first one or on her complementary. In the ca
se of the GL ffs., the transformation is eve
ry (n-1)-cube in two (n-2)-cubes, one on the
first one, and the other on the (n-1)-cube -
complementary to the cube corresponding to -
the input variable G.

It is clear that for the JK -and GL ffs., the
conditions are less restrictive than for ---
D ffs. In such a way that the former are in-
cluded in the later. The number of state ta-
bles of zero cost will be greater and as a -
consequence, the number of null cost conjuga
tion classes is also greater. For two memory
elements and for JK ffs. we can synthesise -
without gates whatever automaton. For three
memory elements ﬁhere exist 712 possible ---
with 0 cost, a total of
12 conjugation classes and whatever cycle --
length.

transition tables
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LENGTHS

10321, 623422, 12242

’

9

6 32 5 12.6

2%, 20

»

21, 12%41, 4 320, ¢ 228

7

18 6,2

612 2, 2042,

108512, 6,.2,6,4,2

718, 14971, 12062463452, >

6.4,6,4

129644524, 12

61238,12

83043 1, 16’ 638 12512 4

34, 6.,.6

30810%62

2%, 16 3426, 15

60,6

2 20

6 40

340, 120

4 448228’ 4’ 5

’

56

9964 60

8 18

7 18,2

’

2 4524, 141873652 ,g18,2 (74520,2

12

40 84

r

201810651241222’ 201810124624' 4120

424 168 656316 28.1,1

24612 612

12 38, 3 2°6, 13

’

10 10995621' 812041226, 8120416, 213673634’ 42

l260 38412 426' 204

5 , 102

6 2

3 2, 615638228’

10 3

12,.12

2012124

44’ 240

228' 1260

20

6 12

4 40

60 3

4 24, 12

120

6 2 120

6 80224

496

3

120
’ 2

r
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