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ON A THEOREM OF M., FUJII

M.G. Ajetunmobi

INTRODUCTION:

In 1967 M. Pujii [2] computed the KO &

- rings of the

complex projective spaces. We give a modified proof here using

some results by 5.G. Hoggar [3]. Our method seems direct and

easier to handle and it has been applied to compute the

groups of the complex flag manifolds of lengths 2 and

The result we reproved is Theorem 2 of Fujii [2].

Theorem {2, p. 142]

n-1
= 157

The X0 * - groups of P71 (¢} are as follow
i n= 2 (mod 4) n =g (mod 4) n odd
Y (2e+l) 2 + &2, (2t) (t+l) 22
n = 4t +2 n = 4t n=2t+1
Ez ﬂz Zz
(£+1)ZZ + 22 {(t+1} 2 +?2-2 {£)2z2 + 222
= 1254
4 Ib G
(t+1) %2 (t+1YZ + Z, (t+1) 22

O B

3[1].
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5 a 0 0

6 (£+1)m (e+1) 2 (t)Y @
= (1
t = 3 ]
7 m2 0 g .

Cohomology of "L (g

Let RR be the realified bundle of the cancnical bundle,
A, over En_l(Q). Then the second Stiefel-whitney class

wz{RR) is the mod 2 reduction of Cl(h}. Put x = wz(RR)p

then an additive basis for pr(wht {€); B,) is given by X"

subject to the condition & = o.

The Poincaré polynomial for Pn_l{ﬁ) is given by
(1) P(Epn_l () , &) =1+ £+ et s .__.-_Pt2(n—l)
ko L@ i) .

From (1), it is c¢lear that the 2kth Betti number,
B =1 for 0 <k <n-1, thus the ranks of KXo*{B™ ! (g))

2k

are determined as follows using lemma (2.4) of [3}:

s
o _ -4 2 _ 0=l
rank KO- = rank KO ' = £ g = [==] +1
k= ik 2
=0
for all wvalues of n.
24
-2 -6 2 n-1
Also, rank KO = rank KO = I g = {==] + 1
oo | 4Kk*2 Z
for n even and
(B52)
-2 -6 2 _ .n-2 n-1
rank KO “ = rank X0 ~ = I § = {="] + 1 = 22=
e | BKT2 2 2
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for n odd and this completes the free part.

For the torsion part, consider the Atiyah-Hirzebruch

+ -
spectral sequence which converges to koP 9 (" l{¢)), see

[2]. Consider the seguence of differentials
p-2,941 __ %2 D 4 +2,g-1
(2} E; 1T s Ez'q e — Eg rqT.

For g = 0,4(mod 8), Eb'Y gives the free part of xoP'd

which is determined. For the torsion part, we need only consider

g =-1, -2(mod 8}). For g = -l{mod B8) {(2) beccmes

Eg 2,8t 2 E:}2;”81: 1 2 E§+2'8t 2.

The map Eg'q I E§+2'q_l is zero for p = 0,4 (mod 8}

(2a) and is an isomorphism for p = 2,6(med 8} if Eg.q # O,

o,~1 - Eo,—l

Thus E3 = Z for -all n. For n even,

2 2
{(2b)2({n-2}) = 0,4{mod 8) and for n odd, 2{n-2) = 2,6(mod 8},

thus the gifferential

2(n-2},8¢}

d
2 Eg(n—l),—l

2{n-2) .8t
Ey

is an isomorphisms for n odd and zerc for n even using (2a)

and (2b}. Hence

2(n-1},-1 _ 0 ; n odd
(3) E3 B {Zz: n even
and Eg‘_l = 0 otherwise.
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For g = -2 (mod 8), {2} becohes™
T g 2eml et iRt ang yETRG enma

(2.4) in [3]' We Bava -l oo

C ey By ;_'f_c_}_r_ p.=_2,6{mod 8), p # 0
(4) T2 g 20T -
0 ; otherwise.

. ) YL,
- o S e T T TR A
0,-2 _ -

_c‘:lnd E:3 vl '.23.:2’. - e T

Now, for n = l{med 4), 2{n-1) =0 (mod 8),

for n = 3(mod 4), 2(n-1} = 4{mod B),

for n

2{modc 4), 2(n-1} = 2(mod 8), and
for n = O{mod 4), 2(n-1) = §(mod B}.

Thus, by comparing (3) with {4} and using lemma (2.1} in

we have-for n odd,

. KO-3 = %, - part K0-4 =0
-5 _ -6
KO =%, - part KO = 0 and
k0"’ = Z, - part XKO° =0
For n = 0{mod 4}, we have
KO_S = 222— part 1{0_6 = 0 and
KO_-" = #Z,- part KOO =0

2

Alsc for n 2{mod 4}, we have
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KO ° = Z. - part k0™% = 0 ana

2
6

1]
o=

- part KO

)
[]
il

,

Now, we show that the E. -terms survive to E , for g=-1{mod 8).

3
0,-1 _« 2(n=1),-1 _
3 = Py By

Consider the differential

Let E ﬁmzﬂn even)

0.1 4 07T, BEYTT = 0 except r=0,2,4(mod 8)

and dr =0 for r = 0, 4(mod 8) because it maps a finite
group to a free group. Thus, we are left with the case

r = 2{mod 8). In this case, we claim that dr =0 for

r ¥ 2{mod 8.

Prooft of claim: It suffices to show that dlo = ., From the zero
differential
EO'dl ———:EL‘* E2,—2 we see that EO’-I = ZZ is
2 2 ! & 3 2
o

generated by x and since dlo is a derivaticon we have

d10(x0) = 0 from the formula

dr{xs) = st-l dr{x), finishing the claim.

g,-1 o
Thus E_’ = E2.

Alsc for n even, we consider the differential

g2(n-1)-r,r-2 __ % g2(p°1)s ~1 g2n-)-rzo2

—_—
r r
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except r = 0,2,6 (mod 8) using the property of XO*{*} angd

d, =0 for r = 0,6 {mod 8), see {31, When r = 2(mod 8)
2({n-1) = -
Er(n L)=r,r-2 is a free group which survives to E_. Thus

dr =0 for all r = 3.

We consider the filtrations

Ko_l - Fo,-l 5 Fl,—2 5. DFm—l,—nszn,—n-l - B

and Ko2n—3 - F0,2n—3:)Fl,2n—4 >, DEm—l,n-2 oo

where
0,-1 2(n-13,-1
o _ 0,-1 _F¥r o B _ .2{n-1),-1 _F ' e
%, = E, = /pli=2, P@y= EL = / g2nm1,-2
P9 = Rer (k0P*Y(x) ———— k0PI xP 1y
)ﬂ(*—*IPn_l {Zy, and Ea’q = 0 for either p or g odd.
Thus xo'l = mz for all n.
also k02" 3 = x0™? for n = O(mod 4)
and Ko™ 3 = k07 for n = 2(mod 4)

finishing the proof of the theorem.
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