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LIE SOLVABLE GROUP ALGEBRAS OF
DERIVED LENGTH THREE

MEENA SAHAI

Abstract

Let K be a field of characteristic p > 2 and let G be a group.
Necessary and sufficient conditions are obtained so that the group
algebra KG is strongly Lie solvable of derived length at most 3.
It is also shown that these conditions are equivalent to KG Lie
solvable of derived length 3 in characteristic p > 7.

1. Introduction

Any associative ring R gives rise to the associated Lie ring L(R) under
the Lie multiplication [x,y] = zy — yx, z, y € R. We define, inductively,
[x1,22,... ,25] = [[21,22,... ,Zn-1],2s]. An additive subgroup V of R
is called a Lie ideal of R if [v,r] € V for all v € V and r € R. For any two
Lie ideals V and W, we denote by [V, W] to be the additive subgroup of
R generated by {[v,w]|v € V and w € W}.

We define the Lie derived series 6["/(L(R)) and the strong Lie derived
series 6(™(R), n > 0, by induction as follows:

s(L(R)) = 6 (R) = R,
sM(L(R)) = [ (L(R)), 6" (L(R))],
oM(R) = [6Y(R),s" "V (R)]R.

R is Lie solvable of derived length n if 5" (L(R)) = 0 but 6"~ U(L(R)) #
0. Similarly R is strongly Lie solvable of derived length n if (™) (R) = 0
but 6~V (R) # 0. Lie solvable/strongly Lie solvable rings of derived
length 2 are called Lie metabelian/strongly Lie metabelian rings. Also
R is said to be Lie centrally metabelian if [§?/(L(R)), R] = 0.

Let K be a field with Char K = p and let G be a group. It is known
that the group algebra K G is Lie solvable if and only if G has a 2-abelian
subgroup of index at most 2, when p = 2 and G is p-abelian when p # 2.
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For p # 2 this is equivalent to KG strongly Lie solvable (see [4, Chap-
ter V]). But the connection between the order of the derived subgroup
G’ of G and the derived length of KG is not known as yet. In this
direction Levin and Rosenberger [1] have characterized Lie metabelian
group rings. Lie centrally metabelian group algebras have been studied
by Sharma and Srivastava [6] and Sahai and Srivastava [3]. It is shown
n [1] that the group ring RG of a group G over a commutative ring R
is Lie metabelian if and only if it is strongly Lie metabelian.

In this paper, necessary and sufficient conditions for the group algebra
KG, Char K = p > 3, to be strongly Lie solvable of derived length
at most 3 have been obtained. It is shown that these conditions are
equivalent to K'G Lie solvable of derived length at most 3 for p > 7.

2. Results and Proofs

Throughout this section K denotes a field with Char K = p > 3 and
G denotes a group.

It is well known and easy to see that if M and N are normal subgroups
of GG, then

[AM)KG, A(N)KG]KG = A((M,N))KG

+A( JAN)A(G)EG
A((M, G)A(N)KG
+A( )A((N, G)KG.

In particular, if we take M = N = G’, then
dP(KG) = [A(GYKG,A(G)KGIKG
= AG"KG
+A(GKG
+ A(3(@)AE)KG
+ A(G)A(5(G))KG.

Remark 2.1. If G’ is central, then the above equation gives
§CNKG) = A(G")?KG. Further, if 13(G) = G’, then §?(KG) =
A(G)KG.

If |G| = p™, Char K = p and ¢(G) denotes the nilpotency index of the
augmentation ideal A(G), then it is known that n(p—1)+1 < ¢(G) < p"
with equality on the left/right hand side if and only if G is elementary
abelian/cyclic (see [2]). This will be used for t(G’), as G’ is a finite
p-group if KG is Lie solvable. For any element z € G’ we denote & =
14+ 2+ 2%+ - 4 2" ! where order of x is n.

We start with the following straightforward observation.
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Lemma 2.2. For all n > 1, A(G)*"7'KG C "™ (KG) C
AG)Y T KG.

Proof: The right hand side inclusion is immediate by induction on n
Since M (KG) = A(G')KG and the identity

0102[91, g2] = [0191,0292) — [01,0292]g1 — [6191,92]g2 + [01, 02]g1 92

is true for all 61, do € A(G')>"~! and g1, go € G, we have

AGHYTTIKG = AG)Y IAG
(

) (G 'AG)KG
= A(G")?

TIAGHT YUK G, KGIKG
CA(GHY"KG,AG)? T'KGIKG
C [6™(KQG), 0" (KG)KG
—6("+1)(KG)

This proves the left hand side inclusion by induction on n. B

Theorem 2.3. Let K be a field of characteristic p # 2 and let G be
a group. Then 64 (KG) = 0 if and only if one of the following holds
(i) G is abelian.
(ii) p=7, G = Cy and v3(G) = 1.
(iii) p =5, G' = C5 and either v3(G) =1 or v,(G) = G’ for alln > 3
with 29 = 271 for all z € G’ and for all g ¢ Ca(G').
(iv) p =3, G’ is a group of one of the following types:

(a) G' =
(b) G' = C3xC5 and either y3(G) =1 orv3(G) = C3, 14(G) =1
or Yo (G) = G, for all n > 3 with 29 = x~1 for all z € G’

and for all g ¢ Ca(G').
(C) G = Cg X Cg X Cg, ’Yg(G) =1.

Proof: Suppose that 63 (KG) = 0. Since Char K # 2, G’ is a finite
p-group. Let |G’| = p". By Lemma 2.2, A(G')"KG C §®)(KG) C
(G")*KG. Thus A(G’")" = 0. This in turn implies ¢(G’) < 7. By the
discussion following just after Remark 2.1, we conclude that

(i) p > 11 implies n = 0. In this case G’ = 1 and thus G is abelian

(ii) p =7 and G is non-abelian implies n =1 and G’ = C~.
iii) p Cs.
)

(iii) p =5 and G is non-abelian implies n = 1 and G’ =

(iv) p =3 and G is non-abelian implies G’ is C3 or C5 x C3 or C5 X
03 X 03.
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If G is abelian, we are through. So we discuss each non-abelian case
separately.

Case (ii). p = 7. In this case G’ = C7. We shall show that G’ is
central, i.e., y3(G) = 1. If not then v3(G) = G’ and by Remark 2.1,
§@(KG) = A(G)?KG. Let G' = (x). Then (z — 1)% = 2. Now for any
g € G, we have

0=[(z~1)*(x-1)%""]
= (& =1z, g7 ']+ (& = [z, g (@ - 1)
= —a{(z = 1)*((2,9) = 1) + (& = 1)*((z,9) = 1)(2? = 1)}g~".

If (x,9) = 2%, 1 <k <5, then we get
(z-1D)*A 42422+ +2""H24+2+22+---+2%) =0

Multiplying by (z — 1)2, we have k(k + 2)# = 0. Thus k(k +2) = 0 in
K. So k=5. Now k£ = 5 is not possible because otherwise

(x-D*A+z+22+28 +ah) Q2+ +2+ 28 + 2t +2°) =0,
which gives
(=151 + 242>+ 23 +2*)(5+ 4z + 327 + 22° + ) = 0.

Multiplying by (z — 1) we get 75& = 0 which is not true. Thus k = 0
and (z,g) =1 for all g € G. Hence G’ is central.

Case (iii). p = 5. In this case G’ = C5. Let G’ = (z). If G’ is not
central, then v3(G) = G, and 6 (KG) = A(G')?KG. Let (r,g) = 2"
for some g € G, 1 < k < 3. If we proceed exactly as in the previous case,
we get k(k +2) = 0in K. This gives k = 3. Thus (x,g9) = 1 or 3, i.e.,
if g ¢ C(G'), then 29 = 271, as desired.

Case (iv). p = 3. If G = C3, we are through. If G' = C3 x C3
then ¢(G') = 5 and 3(G) = 1 or C5 or G'. If 13(G) = 1, we are
through. Consider the case when v3(G) = C5 = (z). Let y € G’ such
that y ¢ v3(G). Since A(v3(G))A(G)KG C 6 (KG), we have that for
allg e G

=[z-Dy-Dg " (z—1D(y—1)
=(z-1*@w-Dg " yl+GE-E-g " y—1)
==y —Dy(y.9)-1)g +(z— 1Dy —1)z(z,9)-1)(y'—1)g "
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First term is zero because (y,g) € v3(G) and A(’Yg(G)) = 0. Thus
(z—=1)(y—1)(z* - 1)(y9 - 1) = 0, where (z,g) = z*. This implies that if
k # 0, then (2 —1)%(y—1)% = 0, because y9 = y(y,g) and (y,9) € v3(G).
But this is a contradiction to the fact that y ¢ v3(G). Hence k = 0. This
shows that v3(G) is central, i.e., 74(G) = 1.

If 13(G) = G’, then 6 (KG) = A(G/)?KG Let G’ = (z) x (y) and
let g € G such that g ¢ C(G’). Now [(z — 1)%, (z — 1)?%g ’1] 0. Using
the fact that (x — 1)3 = 0 and expanding we get (z — 1)%(29 — 1)2 = 0.
This implies 29 € (). Similarly y9 € (y). Suppose that 29 # z, so
29 =27 Ify9 =y, then [(z — 1)(y — 1)g~ %, (x — 1)(y — 1)] = 0 gives
that (x —1)2(y—1)? = 0. So y € {x) which is not possible. Hence y9 # y
and we must have y9 = y~!. Thus if g ¢ Cg(G’), then 29 = z~! and
y9 = y~! which proves that u9 = u~" for every u € G'.

Now if G’ = O3 x C3 x C3, then t(G') = 7. Also A(G')*(KG) C
§@(KG) and A(y3(G)A(GYKG C 6 (KG). We wish to prove that
G’ is central, i.e., v3(G) = 1. Suppose, if possible 73(G) # 1. Let
1 # 2 € 43(G). Choose y, z € G’ such that G’ = (x) x (y) x(z). As before
for any g € G, [(x — 1)%g7 1, (z — 1)?] = 0, implies (z — 1)?(z9 — 1)? =
0. This implies 29 € (x), i.e., 29 = x or 7 1. Next observe that for
any u, v € G, we have [u=1,v] = {v* — 1 — (v — 1)}u~!. We have
[(y—1)(z=1)%g7", (z—1)(z—1)] = 0 and so (y —1)(z — 1)*({(2¢ — 1) —
(x—DHz9 = 1)+ (z—1D{(z9 = 1) — (2 — 1)}) = 0. Let 29 = z"y52*
If 29 = x, we get (y —1)(z — 1)(2"y® — 1)2 = 0. This is possible only
if 2"y* = 1, because z, y, z are independent. If 29 = ™!, we get, after
simplification that (y — 1)(z=* — 1)(2"y* — 1)2 = 0 and hence again
2"y® = 1. Thus 29 € (z). That is, 29 = z or 27! for all g € G. Further
for any g € G, [(y — 1)?*(z — 1)g~ %, (# — 1)(z — 1)] = 0 implies

(y=1*(z-1)({(z =)~ (z= 1)} =)+ (@~ 1){(z7 1) = (~1)}) = 0.
If 29 = z and 29 = 27}, then we get (y — 1)%(z — 1)?(x — 1) = 0, which
is impossible since x, y, z are independent. Thus 29 = z implies 9 = x.
If 29 = 271 and 29 = z, we again get (y — 1)%(z — 1)?(z — 1) = 0, which
is not possible as before. Finally if 29 = 27! and 29 = ™!, we get
(y — 1)?(z = 1)*(z — 1){x(2 + 1) + 2} = 0, which is again not possible
because x, y, z are independent. Thus for any g € G, we have 29 = z
and 29 = x. Similarly for any g € G, we must have y9 = y. Thus G’ is
central.

Now we prove the converse. If G is abelian, then clearly 6©) (K G) = 0.

If Char K = 7 and G’ = C7 with v3(G) = 1, then by Remark 2.1
§A(KG) = A(G")’KG. Thus

SO(KQ) = [A(G)KG AG) KGIKG
C A(GNYKG,KG]KG C A(G")"KG = 0.
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If Char K = 5 and G’ = C5 = (z), say, then t(G') = 5. First let
73(G) = 1. Then as above §©)(KG) C A(G')"KG = 0. Now let v3(G) =
G’ with the condition that if ¢ ¢ Cg(G’), then 29 = x~!. Clearly
A(GYKG = (x — 1)KG and by Remark 2.1, §?(KG) = A(G')?KG.
Thus 6®)(KG) = [(z — 1)2KG, (z — 1)?KG]KG. Let g1, go € G, then

[(z = 1)%g1, (x — 1)%g]
= (z —1)*g1, 92 + (z — 1)°[g1, 7] g2 + (& — 1)?[g1, 2] (x — 1)g2
)3

+ (2 = 1Pz, golon + (& — 1?[z,g2)(x — D
=(@-D"(g1"95") = Dgagr + (2 — 1)*((g7 27 ") = Dagige
+(@ =D 27) = Da(a —1)gign
=13 ((@ ) — a2 gag
+@ =X g ") — Da® (2% — 1)gag
= @=1X((gra ™) = Da (@-1+ 6 1) g
+ @@= ) = 2% (@=1)+@% —1)) g2
=(@-D*(g1 2™ —Dgrge + (z = D* (=7 g5 ") — 1)gagn

assuming that 29 = 2~ !, 292 = x~!, other cases give 0. The expression

on the right hand side is 0 as t(G’) = 5. Thus 6®)(KG) = 0.

If Char K = 3 and G/ = C3 then t(G’) = 3 and so 6®)(KG) C
A(GY*KG = 0.

Assume that G’ = C3 x C3. Then t(G') = 5. Now if y3(G) = 1 then
§@(KG) = A(G")?KG and §®)(KG) C A(G")KG = 0. If v3(G) = C3
and v4(G) = 1, then

A(KG) = A(G)KG + A(y3(G)A(G)KG.

8B (KG) = 0 because t(G') = 5 and t(y3(G)) = 3. If 3(G) = G’ and
w9 = ut for every u € G', g ¢ Ce(G’), assume that G' = (z) x (y).
Then A(G')KG = (z — 1)KG + (y — 1)KG and A(G')’KG = (z —
1)2KG+ (y—1)2KG+ (z—1)(y —1)KG. Also §?(KG) = A(G')’KG.
For any g ¢ Ca(G') and u, v € G', we have

g, (u—1)(v = 1)] = (u—1)[g,v] + [g,u](v — 1)
=(u—-1((g v ) =Dvg+((g " u ) =1Dug(v — 1)
= (u—1)(v - g+ (u—Du@?!  —1)g
=w—1)(v—1(v+u+u)gec AG)KG
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Using this and above we see that §©)(KG) C A(G')°KG = 0.

The case when G’ = C3 x C5 x C3 and 73(G) = 1 follows easily as
t(G') =7 and 0 (KG) = A(G')°KG. m

Example 2.4. By above Theorem §3)(K Do) = 0, if Char K = 5
where D1y denotes the Dihedral group of order 10. Thus in this case
G’ = C5 need not be central and G need not even be nilpotent. Also if G
is the semidirect product of C'5 x C's by C5 induced by the automorphism
sending every element of C5 x Cj to its inverse, then §() (KG) = 0 where
Char K = 3. Thus in Char K = 3 also G need not be nilpotent.

Corollary 2.5. Let K be a field with Char K = p > 7 and let G be a
group. Then the following are equivalent:

(i) 0G)N(KG) =0,

(ii) 6B(L(KG)) =0

Proof: Clearly if 6®)(KG) = 0, then 6P(L(KG)) = 0. Sup-
pose that 6P/(L(KG)) = 0. Let = y € G. Then by [6,
Lemma 2.4(iii)] 2((z,y,y) — 1) € 38N (L(KG))). Since by [5,
Lemma 1.7] [y(0M(L(KG)))PKG C 6B(L(KG))KG, we get that
4((x,y,y) — 1)® = 0. Since G’ is a p-group and p > 7, (z,y,y) = 1 and
G is 2-Engel. It is well known that for a 2-Engel group G, (G',G)3 = 1.
Again because G’ is a p-group, p > 7, we conclude that v3(G) = 1. Now

L[J«ny] [w,i/; yl [z, )] = ([, o), [wy, 9], [z, )] is in 43(6M(L(KG))). There-

= [[z, yl[=, v, 9], [z, y]]?

= [y ((z,y) = Vyz((z,y) = 1),y], y2((z,y) — 1))
[yxy z,y), yal* ((z,y) — 1)°

= [yzy?2((x,y) — 1), y2)*((z,y) — 1)°

= [yzy*z, yo)*((z,y) — 1)°

= (yzry’aeyx)((x,y) — D'

This gives that ((z,y) — 1)1° 0. But G’ is a p-group and hence for
p > 11, (z,y) =1 and for p = 7, (z,y)" = 1. We conclude that for
p > 11, G is abelian and for p = 7, G’ = 1. Now let p = 7 and let z, y,
u, v € G then

[z, 9.y ). [, 9] [, 0] 0, o], [, 0] € 3 (8 (LK G)))P
< (LK) =
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Simplifying as above we get ((x,y)—1)%((u,v)—1)®> = 0. And so (u,v) €
((x,y)). Thus G’ is cyclic. Rest follows from Theorem 2.3. B

Next we give an example to illustrate that there are group algebras
which are Lie solvable of length three but not strongly Lie solvable of
length three.

Example 2.6. Let K = Zs and G = S3, the symmetric group on
three letters. Then G’ is a cyclic group of order three. It can be easily
verified that 6P1(L(KG)) € KG' and hence 6B/ (L(KG)) = 0. But Z5Ss
is not strongly Lie solvable.
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