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INTERSECTIONS OF TOTALLY REAL
AND HOLOMORPHIC DISKS

Tom DUCHAMP AND FRANC FORSTNERIC

Abstract

It iz shown that a holomorphically embedded open disk in C? and
a totally real embedded open disk which have a common smooth
boundary have nontrivial intersection.

1. Introduction

It is now clear, through the work of Gromov and others, that there
is a strong relationship between the theory of Lagrangian immersions
into symplectic manifolds and the theory of totally real immersions into
complex manifolds. The relation follows from the fact that the Grass-
mann space of Lagrangian subspaces of R?™ is homotopy equivalent to
the Grassmann space of totally real subspaces of C™.

There are surprising differences between the two theories, however.
Recall that complex 2-space, C2, is a symplectic manifold with symplec-
tic form

w:%(dzlf\d?+dz2/\d22).

Let 9 : A — 2 be a symplectic embedding of the open unit disk in
C, that is, suppose that the pull-back ¥*w is a symplectic form on A.
It is not difficult to prove that every holomorphic embedding of A is
symplectic. Assume further that ¢ extends to a smooth embedding of the
closed disk A. There is no Lagrangian embedding of A whose boundary
coincides with ¥{8A). For suppose that ¢ is such an embedding. Then
¥(A) and ¢{A} are homologous relative to the boundary; hence,
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which is a contraction because the first integral is § and the second is
positive.

On the other hand, it is casy to construct examples of a pair consisting
of a holomerphically embedded disk and & totally real disk which have a
common smooth boundary (see Section 4 below for one such example).
In this paper the intersection theory of such a pair is investigated. The
main result is the following.

Intersection Theorem. If a holomorphically embedded disk and a
totally real embedded disk in C> have o common boundary then they
intersect in at least one interior point. More precisely, let ¥ : A — C?
be a smooth embedding of the closed unit disk, holomorphic on A; and

let ¢ - A — C2 be a smooth totally real embedding such that
P(0A) = #(F4).
Then the infersection Y{A) N ¢{A) is non-empty.

The proof of the thecrem is by contradiction: Suppose the theorem is
false. Then there are embeddings ¥ and ¢ of A with $(A) N ¢(A) = 0
and ${0A) = ¢(8A). We will show how to deform the images ¥{A) and
#{A) to produce two totally real embeddings which abut smoothly along
the boundary ¥{0A) in such a way that the union of the images of the
deformed totally real embeddings defines a totally real embedding of the
two sphere into €2, Bishop [1] (see also Wells [8]) proved that there is
no totally real embedding of the two sphere into C2.

Acknowledgment. We wish to thank Professor E. L. Stout for bring-
ing this problem o our attention.

2. Properties of totally real embeddings

Before beginning the proof it is necessary to review several conditions
which are equivalent 1o the total reality condition and to define an index
for totally real embeddings of annuli.

2.1. Conditions for total reality. An embedding ¢ : U — C2,
U < € a region, is said to be totally real if for all { € U the intersection
v T UN I, T U is trivial, {(Here TU denotes the real tangent bundle of
U and J the complex structure tensor of C2.) Let (2, w) denote complex
coordinates on €2 and {u,v) arbitrary real coordinates on UU. The next
lernma, gives several characterizations of the total reality condition. They
are more or less well-known and easily verified, so we leave it to the reader
to check them. (See Stout-Zame [4] for a discussion of total reality).
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Lemma 1. Lety: U — C? be an embedding, U C C, defined by the
functions z = Z({), w = W((). Then the following are equivalent:

(i) The embedding v is totally real.
(ii) For each { € U the equality C - 9, (T U) = TC? holds'.

(;—Z 8218¢

(ili) The determinant C, never vanishes.
W ewrec
¢
8z oz

(iv) The determinant 881%’ 88&", never vanishes.
Su  Bu

Remark 1. Condition {ii) can be restated as follows. Let X =
(X1, X2) be a basis for the tangent space TcU, { € U. Then the vectors
. (Xy) and ¢.(X;) form a complex basis for the complex vector space
TuyC*.

We introduce the notation A; = {¢ : 1—a < |[¢|] < 1} and A} =
{¢ : 1 <|¢| €1+ a} for a > 0. The special case in which ¢ is defined
on the annular region A}, e > 0 and ¢ is of the form

P = (G F(Q), =0 for [{|=1

is of particular interest to us. First observe that condition (iii) reduces
to

of
1 = #£0.
(1) E% #
It will prove useful to write equation (1) in polar coordinates, z = re't,
8f . of
(2) % — Z?"E ?é G.

Because f{2} vanishes for all |z] = I, it follows that %g = 0 and total
reality impties that %E # 0 for all z with |z] = 1. This implics the
following lemma.

Lemma 2. Let ) be a totally real embedding of the annulus A as given
above, Then there is an annular region of the form 1 < |z| < 1+ &',
0<a <a<l, on which f can we written in the form

f(z) = R(2)e®,

YfV C W is a real subspace of the complex vector space W then U . V denotes the
complex subspace spanned by V.
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where R(z) is a non-negative, smooth recl-valued function which vanishes
for |z| =.1 and where ©(z) is smooth modulo 27,

The inequality 6—'2%2 > 0 is satisfied for all z in a neighborhood of the
unit circle |z] = 1.

Now suppose that f is any smooth function defined on A of the form
F(2) = R(2)e™®F)

Substitution of the formulas

8] _(BR() .. 00\ o  Of (ORG) . 00\
5—( B +1R(z)ar>e andag—( 20 +zR(z)39>e

into the total reality condition (2} and separating rcal and imaginary
parts of the coefficient of *® yields the condition

(3‘322) +R(z)r%—?) T (R(Z)i—? - T%) #0.

ar

In particular, if the imaginary part of the left hand side is negative, the
embedding is necessarily totally real.

Lemma 8. Letvy : AY — C?,0 < a < 1, be an embedding of the form
P(z) = (2, R(2)e®(2)), where R and © are real-valued functions with R
smooth and © smooth modulo 2n. If the inequality

aR{z)
ar

i

o0
= R(Z)-gé‘
s satisfied then the embedding is totally real.

2.2, An index for totally real embeddings of annuli. In this
section we define an index for a totally real embedding of an annnlus
in C%. It is closely related to the Maslov index and is a special case of
an index defined by Kamber and Tondeur [3]. A detailed presentation,
within the context of totally real embeddings of surfaces in C?, is given
in [2]. We give a self-contained exposition here.

Let ¢y : A — C? be any totally real embedding of an annular region
A C C. To define the index of ¢g¢ begin by choosing a complex framing?

?By a complez framing we mcan a pair of complex vector fields which are pointwise
independent over C.
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f = (fi,f>) for the holomorphic tangent bundle T}, g)lf, where I is any
open contractible neighhborhood of A.

Next choose a real framing® X = (X, X») of the real tangent bundle
T A which is compatible with the orientation of A as a subset of C. By
virtue of Remark 1, there is a smooth matrix-valued function

M, : A — GL(2,C)

defined by the formula
1 1
(dooe) dan(x)) = (6 2) (7 72).

Definition 1. The indez of the embedding ¢ : A — C?, is the degree

of the map

_ det{A)
A= 08 G )

and is denocted by Ind(¢g) € Z.

Remark 2. {i) It is easily verified that the integer Ind{¢g) is inde-
pendent of the framings X and f. For suppose that X" and { is ancther
pair of framings, with f’ defined on I, a coniractible neighborhood
of ¢o(A}). Then there are smooth maps B : U Nl — GL(2,C) and
C: A7 — GLY(2,R) such that

ff=f-B and X'=X.C.

If M’ : A — GL(2,C) is the map defined by the formula dgg(X) = f- M,
a straightforward calculation with matrices yields the identity

M'=B"' M C.
Since ' is real, so is det(C), hence,

det(M’)  det(B~')det(M)det(C)  |det(B)| det{M)
|det(M')| ~ |det(B~1)|det{A)|idet(C)| = det(B) |det(M)|’

Since I and U’ are contractible, each of the framings f and " are is
homotopic to the framing {22+, s2;). The map B! is, therefore, homo-
topic to the identity. This fact, together with the observation that the

3By a real framing we mean a pair of real vector fields which are pointwise indepen-
dent over .
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degree depends only on the homotopy class of the map, completes the
argument.

(ii) Note also that the above argument shows that if @ : Y —» C%is a
biholomorphism onto an open set in C? then

Ind(® o ¢g) = Ind{g).

{iii} Finally, because the index depends only on the homotopy class of
the map ¢y, it is determined by the image ¢g{A) together with an ori-
entation. Thus, if A C C? is a totally real, oriented, embedded annulus,
the integer Ind(A4) is weli-defined.

Lemma 4. If A C C? is a totally real embedded onnulus which is
contained in a totally real embedded disk D C C? then Ind(A) = 0.

Proof: Let ¢ : A — C? a smooth map such that ¢{A) = D and
choose framings X of TA and f of €2 Then let M{(), ( € A, be
the GL(2,C)-valued matrix as defined above. The degree of the map
¢ — det{M(Q))/| det{ M{))|, { € ¢~ 1{A) is zero because it is homotopic
to a constant. B

3. Reduction to the case of real analytic boundary

Begin by assuming that there are smooth embeddings ¢ and ¢ of A
with 1) holomorphic on A and ¢ totally real and such that the conditions
P(AYN G{A) = 6 and P(FA) = ¢(JA) are both satisfied.

Without loss of generality we may assume that ¢ extends holomorphi-
cally to a neighborhood of A. To sce this we observe that, because the
condition of total reality is an open condition, any C'-small deformation
of the map ¢ is also a totally real embedding. In particular, let

8As ={¢ : [(| =1-8},

where § > 0 is a small constant to be chosen later. Then ¢ can be
deformed to a map ¢ so that

¢'(OA) = Y(0As)
and in such a manncr that

d(AYNY(As) =0,
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One way to accomplish such a deformation is to let ¢’ be the composition
¢ o vg of ¢ with the flow, vy, of a vector ficld which is tangent to the
image of ¢ and constructed so that vs(¥(8A) = ¥(8As), 6 > 0.

The map ¥ : A — C? defined by the equation

() =¥ ((1-6)()

extends holomorphically to a ncighborhood of A c C. Now replace the
pair %, ¢ by the pair ¥’, ¢'. By construction, ¥{9A) is recal analytic.

4. Holomorphic disks are relatively isotopic
to totally real disks

Return now to the problem of replacing ¥ by a totally real embedding,.
Because 1 extends to a holomorphic embedding of a neighborhood of A,
there is a biholomorphism @ : I{ — C?, defined on a neighborhood U of
%(A) such that the composition ® o4 is the map

¢ ((,0).

Consider the family of maps

wi:A_’C2= CH(z!w):(Cafc(g)):

where
(3) FO =€ (1— () I E,

Note that f, satisfies the conditions: fy =0, fc(¢} = 0 for [{| = 1. By
virtue of equation (1} and the computation

D) — (= 2Py - (1 - KPP} 0 0,

the embedding defined by . is totally real for all ¢ > 0.

Because for e sufficiently small the image of ¢, lies in the set ®(U),
the map ¥, = @' o 9! is well-defined.

Lemma 5. For ¢ sufficiently small, the family %, has the following
properties:
(i} Yasa = Ypa for alle. .
(ii} . 1s @ totally real embedding of A for e > 0.
(iii) ¥ (A) CU.
(iv) $(D)ne(A) =0
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Proof: Properties (i) through (iil) are immediate from the definition
of f..

The verification of (iv) is based on the implicit function theorem.
First note that since ¢{A) is totally real and 4p(A) is holomorphic,
To(0(A)) NTL($(A)) = T,(p(9A)) for all p € w(a/_\.) Because 3, de-
pends smoothly on e, the condition T}, (.(A)) N T,(¢(A)) = T,(w(0A))
holds for all e sufficiently small. By the implicit function theorem
and compactness of 0A, it follows that there is a number & > 0 such
that ¥.(A)} U @¢{A; ) = B for all sufficiently small e. Moroeover, since
Wo{A) N ¢(A) = B and 1. depends smoothly on ¢, it follows from the
compactness of ¢{A\ Ay ) that ¥, (A)N¢(A\ A; ) = @ for all sufficiently
small €. Hence, for € sufficiently small, 4. {(A) N ¢(A) =0. W

5. Modifying two totally real disks to abut smoothly

Consider the small annular neighborhood Ay C A, 0 < § < 1, of
the boundary 8A. We will modify ¢(A) on (j)( 5 ) so that ¢{A) and
(A} abut in a C? manner along ¢(8A) and thus define a totally real
embedding of the 2-sphere into C2.

By virtue of the equality w(8A) = ¢{QA), for § sufficiently small the
image ¢(Aj ) is contained in the neighborhood I of the previous section.
For this reason the map

¢’:@o¢:Ag—>C2

is well-defined and, since we will medify ¢ only along A, the deforma-
tion of ¢ can be reinterpreted as a deformation of ¢’. The modification
will be done in two stages: (i) we first deform ¢’ so that ¢'(A4; ) is the
graph of a function g; (i} then we deform g so that $%{A} and ¢(A) abut
smoothly.

5.1. Replacing ¢'(A; ) by the graph of a function. Consider the
neighborhoods of #'{A) of the form

Neo ={(z,w) 1 |z < 1+¢ |w <o}

with € > 0 and ¢ > 0 chosen so small that there is an inclusion A3, , C
®(l4) and such that the condition

M) (AN A ) =0

is satisfied. By choosing 8’ < & sufficiently small we can insure that
inclusion ¢'(Ay,) C Neq is satisfied.
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We are going to replace ¢’ by another totally real embedding ¢ :
Ay — Nae o which satisfies the two conditions:

¢" =¢' on the annular region A; \ Ay
and
$"(AFY N Neo = {(2,9(2)) : z€ AL} for o' < o sufficiently small,

where g is a complex-valued function defined on A,. By construction,
the map &~ o ¢" : Ay — C? agrees with ¢ on the interior boundary
component of the annulus and so defines another totally real embedding,
#1 : A — C? which intersects ¥{A} along the circle ¥{8A).
To begin the construction of ¢” observe that the image ¢'{A; ) is of
the form
2=2(), w=W((), 1-6<[¢|<1,

where the functions Z and W satisfy the conditions
(4) Z(¢) = ¢ and W(¢) = 0 for || = 1.

Hence, in polar coordinates { = pe'®, 2 = ret? we can write
H T

Z = R(p, a)e™*?

with R(1,a) = 1 and ©(1,a) = &. Applying condition (iv) of Lemma 1
yields the inequality

8z 8z 8Z BRe®

80 da|_| 6p 8o | _ _,; e -
0# ow aw|= 3]% . =—ie B when p=1.

dp Oa 8o

Thus %—V;’ is non-zero for (p,a) = (1,a). Continuity implics that for
& > 0 sufficiently small % does not vanish anywhere on the annulus
Ay . This and equation (4} show that, after possibly decreasing &' still
further, the map ¢ — {&'® W) is an embedding of Ay and, therefore,
that for eny smooth function R{p, o) > 0 the map

¢ ¢ (Z(0), W) = (Re*®, W)

defines an embedding of Aj,. Of course, we wish to choose R s0 that
the map ¢ satisfies the conditions stated above. That we can do so is
implied by the following lemma.
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Lemma 6. There ezists o function R such that ¢ setisfies the con-
ditions:

(5) @ 314/_ — a_W @

8p Bu 8p Oa
(6) R(p,c) = R{p,a) for p <1 —&".
(7N R(l,a)=1.

ZD when p <1 {total reality).

(8} |f%(p‘a)—1|<2c for1—-§ < p<1.
(9) %‘;’0@ < 0 for 1 — p sufficiently small.
Remark 3.

Condition (5) is the total reality condition.
Conditions (6-8) imply that the formula

#{() for ¢} <1 - ¢,

$1{€) = { 1o ¢7(¢} otherwise

defines an embedding of A such that

#r{AYNP(A)y =
$1{IA) = p(FA).

Condition (8) also insures that ¢;{A) is contained within the open set

&1 (N o), and it implies that the intersection ¢ (A)NY(AS ) is empty.
Condition (9) insures that the intersection ¢'(A;) N A, coincides

with the graph of a function g over the annulus A}, for sufficiently

small ¢’ > 0

s ~

25O +1 and R(() = R(() +

bh{p)(1 — p), where h is a real valued, non-decreasing function such that

Proof of Lemma 6: Let b = 2 maxcea,

1 for1—4§"/8<p<1
h{p) = "

0 forp<1-—76"/8
0 < h'(p) <2/6"

and 8" < §'/2 < ¢ is to be determined. (We lcave it to the reader to show
that such a function exists.) Conditions (6} and (7) are easily verified.

To check that property (8) is satisfied, note that choosing §” < ¢/b
gives the estimate

[bh(p)(1 — p)| < b78"/8 <€,
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from which the inequality,
(RO < {R(()] + 576" /8 < |R(()) + €

casily follows., Next observe that by virtue of equation (4) and the con-
tinuity of R, by choosing & sufficiently small we can insure that the
mequality |R({) — 1| £ ¢ is satisfied for { € A,. This yields the desired
inequality (8).

To prove that the inequality (9) is satisfied, first note that for 1 — p <
&§/8, h{p) =1 and H'{p) = 0. Thus,

8R B8R

It remains to show that for §” sufficiently small the condition of total

reality is satisfied for p > 1 — §”. It suffices to show that the expression
92 OW _ 0Z 9w

5 B — Bp 5o s positive. Compute as follows:
BZoW B8ZOW  8(Z+bh{p)(L — p)e’®) BW
8a Bp  Op B do Bo
3{Z + bh(p)(1 — p)e'®) oW
B 8p Bo
BZ W  8Z8W
“ba Bp  Op da
+i (R - p)e®) o
8 (bh(p)(1 — p)e®) 8W
B dp EX

ion 8Z8W _ 82 8W ; iti B}
It suffices to show that the expression Z2 %55~ — 5, 55 18 positive. Con

sider the inequality,

0zow 02 ow
da Op  Op Oa

8z oW 9Zow

80 aw
da 8p Op Ba bh(p)%a—p| It =l

8 (bh(p)(1 - p)e®F)
] -

ow
do

The total reality of the original embedding (p, &) — (Z{p,a}, @(p, o})
guarantees that the first term is bounded below by a positive constant
for 1 -8"<p<l.
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By choosing 8" small the second term can be made arbitrarily small.

Finally, consider the third term. Recall that the equality W = 0 halds
along the circle p = 1 and that W is 2 smooth function of p and . Also
recall the h'{p) is bounded above by 2/8”, so that |R'(p)}(1 — p)| < 2; this,
in turn, implies that the coefficient of |%—‘g| is bounded by a constant
which is independent of 6. But for g sufficiently near 1, the partial
derivative WW/da can be made arbitrarily small. Thus, for 6" sufficiently
small, the third term can be made arbitrarily small and the right hand
side positive.

We have verified the total reality condition for p < 1 — §". To verify
it for p > 1 — §”, notice that the equality ¢" = ¢’ holds for p > 1 — §"
and that ¢’ is totally real. ®

5.2. Smoothly joining #(A) and ¢(A). By the results above, we
may assume that ¢ has been replaced by ¢; and é by & and that ¢ and
¢ have been shrunk so that the following conditions are satisfied:

Dod(As) NN ={(2,9(2)) : z€ AT}
YANATINE NN ) =0.

The next step is to modify the function g on a neighborhood of the unit
circle so that it agrees with f,. '

Begin by extending f. to the disk of radius 1 + ¢ using formula (3);
and observe it has the polar form

£z} = € (2 = 1) reitrti=r )

on the annulus A}. Notice the addition of the term i7 in the exponent,
and the sign change in the modutus {c.f. equation (3} ).

Lemma 7. There exist real numbers o’ endo’ withQ <o <o’ <o
and & complex valued function g, defined on the annulus A}, which has
the following properties

(i) |g(z)| <€ for all z € A7.

(i) 22 20 for all 2 € A}.

(1ii) g(z) =g(2) for|z| > 1+¢'.

(iv) §(2) = fe(2) for 1 < 2| < 1+ 0™

Remark 4. Assume for the moment that Lemma 7 has been verified.
We may then define a totally real embedding ¢, of the disk Ay, of
radius 1 + ¢ into C? in the following way. Define f: A, — Neo by

[ fdlz) for [{] <1,
fz) = { glz) forl<|z]<l+o.
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Then set ¢2(z) = ®7!(z, f(2}). By construction, the totally real disks
PY(A) and ¢o{A14,) intersect smoothly to define a totally real embedding
of the two-sphere into C2?. As already remarked, such embeddings do
not exist. We have arrived at a contradiction, and thus proved the
Intersection Theorem.

Remark 5. The proposition also follows from Gromov’s theory of
differential inequelities [6]. The proof we give here does not rely on
Gromov's theory.

The proof of the proposition proceeds in two steps;
Step 1. Construct § so that it satisfies the conditions,

arg(§{z)) = arg(fc(z)) for 1 <[z| <1+ 0"
arg(g{z) = arglg(z)) for |z| > 140 ,
lgiz}| = |g(2)| for all z,

where o' and ¢ satisfy the inequalities 0 < ¢” < ¢/ < 0.
Step 2. Modify g{z} on the set 1 < |z < ¢” so that, in addition to the
conditions specified in Step 1, it satisfies the equality

|3(z)] = |fe(2)] forl < |zl <™ <a”.

Step 1. Recall that by Lemma 2 we can write ¢ in the form g{z) =
R(2)e*®(*) where R(z) and O(z) are as in the lemma. We will write §
in the form .

d(z) = R(z)e*%,
where © is to be determined.
0,1 x AT —8A

Lemma 8. There is a smooth homotopy H : {
T e - Hi(2)

_ such that Hy = e*o3Ue) gnd Hy = €©.

Proof: By Remark 1 and Lemma 4 the index of the tota,lly real em-
bedding of A}, defined by ¢ — (¢, g(¢)), is zero.

On the other hand, the index equals the degree of the map
v :re? — det{ M) /| det{M)]

where
8z 9g(z) ore®)  9g(2)
_ s, a — a d
M(r,8) = det 8_2 39{2) = det 3(?.;9) 39(2,)
a8 o9 a0 a6
= 1339( ) 3-meabag(?f)_

'R or
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Observe that the degree of v is the same as the degree of its restriction
to the circle 8A. Since 8¢/88 = R(r,8} = 0 and M%i—@ > 0 on A, the
degree of <y is the degree of the map

8

e —iet?ei®L8)

But the degree of v is zero, hence the degree of the map z — *©(1:9)
equails —1.

Since the degree of the map z + #ar9{/e(2) = gHm+1-7"-0) g 5155 equal
to —1, the two maps are homotopic. B

Next let hy{r) be a smooth family of monotone, non-decreasing func-
tions such that (i) hs{r} =0 for r < /3, and (i) hs{r) =1 for r > 25/3.
The map g, is then defined by the equation

9s{z) = R(z)Hp,(1z)){2}-

That the modulus of g, is bounded by ¢ is clear from the fact that
g. was cobtained from g by only changing its argument; thus, |g;(z}| =
lg(z)] < e.

We need only show that for s sufficiently small, say s = ¢”, the map g;
defines a totally real embedding for 1 € + < 1 + ¢—all other properties
that § must satisfy are clear from its definition. Also, since gs(2) = g(z}
for |z| > 1 + 3, we need only verify total reality for 1 < |2] < 1+ s.

Write Hy{z) in the form
Hy{z) = 22

where ©,(z)} is a smooth function modulo 2r of ¢ and z. By virtue of
Lemma 3 it suffices to prove that for s sufficiently small the identity
89-‘13 {r) (T: 9)

2

SR{r, &
or

is satisfied forall 1 < r < 1 + 5.
Let C > 0 and ¢ > 0 be constants such that the inequalities

(10) T > R(z)

‘% <C, (tr0) el0,1]x At
6R{‘r,9)>c} 1<r<i+s
ar

are satisfied (the existence of ¢ is implied by total reality). Because
R{r,8) is zero for r = 1, for s = ¢’ sufficiently small the inequality
R(z} < & is satisfied, and « fortiori so is the inequality (10).
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Step 2. Assume now that g has been replaced by g; and write
6(z) = R(2)e®)

so that ©(z) = arg(fe{z)) for 1 < |z| < 1 + 0.
Define a new function

§(z) = R(2)e®®
where R is of the form
R(z) = (1 = h(")If{2)| + h{r)R(2)

and h is a non-decreasing function with A{r) = 0 for 7 near 1, A{r) =1
for r > 1 +¢”, and where ¢”, § < ¢" < ¢’ will be selected shortly. The
modulus of § is then a convex combination of the moduli of f. and g;
thus |g| is bounded by e.

It remains only to verify that k can be chosen in such a way that the
total reality condition is satisfied by §. By Lemma 3 the following lemma
suffices.

Lemma 9. The function h can be chosen is such e way that the mn-
equality A
dR(z)

r@r

N 2]
is satisfied for all z € A,

Proof: By virtue of Lemma 2, and after a possible necessary reduction
in the value of ¢’, there exist positive constants m, A and C such that
the inequalities,

ae g aR
| |<C m<—laf€|<M m< — < M
i

£l or

m(r—1) < |fe(2) < M{r—1)  m{r—1) <|R(z)| < M{r—1)
are satisfied for all 1 < |2 <1+ 0"
1 BR(z)

The function i will be selected so that the inequality R o > C

is satisfied. Estimate as foliows:
1 8Rz o, m— W) f(2)| - R(z))
R(z) Or ~ Mr -1}

m—{M—m)r-1h'(r) m/M M—-m\ ,
= M(r—1) _(r—l)"( M )h(r)'
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. Choose ¢ > (so that ma/,‘f"f > (. We claim that there is a constant ¢”/ <

¢ and a function A such that h(r) =0for 1 <r < 146", h(r) =1 for
r > 1+ 0"/2, and B'(r) < H(r) where H(r) = (%)_1 ([3}_%% - C).
That such a function exists is clear because the right hand side of the
last inequality is positive for 1 < r < 1 + ¢” and because the intcgral

11+a” H{r)dr diverges to +00. Hence we may set h(r) = flr k(t)dt where

k(r) is any function satisfying the conditions, (i) 0 < k(r) < H(r), (ii)
lea k(r)dr = 1, and (iil) k(r} =0 for 1 <r < ¢" < ¢”/2 and for
r>o'/2. B
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