Publ. Mat. 51 (2007), 121-142

CONVERGENCE OF THE ‘RELATIVISTIC’ HEAT
EQUATION TO THE HEAT EQUATION AS ¢ — o

V. CASELLES

Abstract

We prove that the entropy solutions of the so-called relativis-
tic heat equation converge to solutions of the heat equation as
the speed of light ¢ tends to oo for any initial condition ug > 0
in LY(RN) N Lo (RNY).

1. Introduction

To limit the speed of propagation of different types of waves which are
solutions of nonlinear degenerate parabolic equations some mechanisms
of saturation of the flux as the gradient becomes unbounded have been
proposed by different authors [16], [11], [17].

The speed of light c¢ is the highest admissible velocity for transport
of radiation in transparent media, and, to ensure it, J. R. Wilson (in
an unpublished work, see [16]) proposed to use a flux limiter. The
flux limiter merely enforces the physical restriction that the flux cannot
exceed energy density times the speed of light, that is, the flux cannot
violate causality. The basic idea is to modify the diffusion-theory formula
for the flux in a way that gives the standard result in the high opacity
limit, while simulating free streaming (at light speed) in transparent
regions. As an example, one of the expressions suggested for the flux of
the (positive) energy density u is

Vu

1.1 F=-—vi—————
(1) yuu+ycfl|Vu|

(where v is a constant representing a kinematic viscosity and ¢ the speed

of light) which yields in the limit v — oo the flux F = —cu‘g—z‘. Ob-

serve also that when ¢ — oo, the flux tends to F' = —vVu, and the
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corresponding diffusion equation becomes the heat equation, which has
an infinite speed of propagation.
The diffusion equation corresponding to (1.1) is

uVu
1.2 =vdi _
(1.2) up = vdiv (u+%|Vu|>

and is one among the various flux limited diffusion equations used in the

theory of radiation hydrodynamics [16]. Indeed, the same effects can be
guaranteed for a similar equation [8]

uVu

)
2
\Ju? + 5 [Vul?

which was introduced by Y. Brenier [8]. He was able to derive (1.3)
from Monge-Kantorovich’s mass transport theory and described it as
a relativistic heat equation. Both equations, (1.2) and (1.3), interpolate
(see [8]) between the usual heat equation (when ¢ — o) and the diffusion
equation in transparent media (when v — o00) with constant speed of
propagation ¢

(1.4) uy = cdiv (ué—uu') .

Let us mention that many other models of nonlinear degenerate parabolic
equations with flux saturation as the gradient becomes unbounded have
been proposed by Rosenau and his coworkers [11], [17], and Bertsch and
Dal Passo [7], [12].

We consider the solution of (1.3) with initial condition w(0,2) =
ug(z) € L=(RN) N LY RY), ug > 0. In a series of papers [3], [4], [5]
we developed a theory of existence and uniqueness of entropy solutions
for (1.3) and we studied the propagation of discontinuity fronts at the
speed of light ¢. Moreover, in [6] we proved the convergence of (1.3)
to equation (1.4) when v — oo. Our purpose in this paper is to study
the asymptotic limit of equation (1.3) as ¢ — oco. If u.(t, z) denotes the
entropy solution of (1.3) we shall prove that u. converges as ¢ — oo to
the solution of the classical heat equation

(1.5) us = vAu

with initial condition u(0, x) = ug(x).

Let us explain the plan of the paper. In Section 2 we recall the basic
existence and uniqueness result of entropy solutions of (1.3) and state
the main result of convergence of solutions of (1.3) to solutions of (1.5)
as ¢ — 00. Section 3 is devoted to the proof of this convergence result.

(1.3) uy = vdiv
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2. Preliminaries

In [3], [4] we studied the well-posedness of (1.3) for initial conditions
in (LY(RY) N L>*(RY))*. We proved that the underlying elliptic oper-
ator to (1.3) defines a nonlinear contraction semigroup in L*(R™)*, we
defined the concept of entropy solution proving its existence and unique-
ness and we proved that entropy solutions coincide with the semigroup
ones.

For the concept of entropy solution of (1.3) we refer to [4]. Let us
recall the basic existence and uniqueness result proved in [4].

Theorem 2.1. For any initial datum 0 < ug € L=(RY)N LY (RY) there
exists a unique entropy solution u of (1.3) in Qr = (0,T) x RY for
every T > 0 such that u(0) = ug. Moreover, if u(t), u(t) are the entropy
solutions corresponding to initial data g, o € (L>®(RY) N Ll(RN))Jr,
respectively, then

1) ) —a®) < w0 —m) |y for allt> 0.

Moreover, the map T (t)ug = u(t), t > 0, defines a nonlinear contraction
semigroup in L*(RN)T.

Our main purpose is to prove the following result.

Theorem 2.2. Let u. be the entropy solution of (1.3) with u(0,z) =
ug(z)e (L¥(RN)NLYRN))F. As c— 00, u. converges in C([0,T], LYRN))
to the solution U of the heat equation (1.5) with U(0,x) = ug(x).

We observe that the same result is true for equation (1.2). Since the
proof is similar, we skip the details.

Observe that v(¢,x) is an entropy solution of (1.3) if and only if
u(t, ) = v(vt,vz) is an entropy solution of

uVu
yJu? + c%|Vu|2

Thus, without loss of generality we may assume that v = 1, and, for
simplicity, we shall assume it in the sequel.

Since, by Theorem 2.1, T'(t)ug = u(t) determines a nonlinear contrac-
tion semigroup in L*(R™)*, we may reduce the proof of Theorem 2.2
to a dense set of functions in (L>°(RY) N LY (RY))* with respect to the

(2.2) uy = div
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norm in L*(RY). We shall consider the set of functions
VUO

A= {uES(RN):uo(I) > 0 for all z € RV,
Uo

<oo},
(o9}

o2
A :={ue A:uy(z) > )\oe_ﬁ% for some Ao, 5 > 0},

where S(RY) denotes the space of rapidly decreasing functions in RY.
Functions in S(RY) which are positive and behave like Xe=?l*| for
some A\, > 0 and for |z| large enough, belong to A¢ and, thus, both A¢
and A are dense in L*(RY)*.

We shall concentrate our efforts in proving Theorem 2.2 when ug € A€.
In that case, we shall prove that solutions satisfy a Lipschitz bound which
enables to pass to the limit as ¢ — oo in (2.2).

3. Convergence of solutions of (1.3) to solutions of heat
equation

Our first purpose is to prove the following result.

Proposition 3.1. Assume that ug € A°. Let u be the entropy solution
of (2.2). Then for any t > 0, u(t) € A°. Moreover, we have

[Vu(t, z)| < Vuo

0,7 xry |u(t; )] Ug

(3.1)

oo

Observe first that, according to Proposition 3 in [5], u(t,x) > 0 for
any t > 0 and any x € R. To prove the gradient bound (3.1) we reduce
it to the case where ¢ = 1. For that, we observe that u(t, z) is the entropy
solution of (2.2) with u(0,z) = uo(z) if and only if G(t,z) = u (%, Z) is
the entropy solution of

(3.2) wp = div | Y
Vu? + [Vul?
with 4(0,z) = wug (%) Now, assume that we have proved that
Vau(t Vu (0
p DD 700)
0,7]xrN |8(t, 7)] a(0) |l

Writing this inequality in terms of u, we have

—1|Vu (tc%’%ﬂ < sup C—l‘VUO (%)|
lu (5, %)~ cerw uo (%)

This implies (3.1). Thus, without loss of generality we assume that ¢ = 1.
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For any R > 0, let Qg := [-R, R]Y. In order to prove the Lips-

chitz bound (3.1) for the entropy solutions of (3.2) we need to approxi-
mate (3.2) by

N i <“7V“> in QF = (0,T) x Qg

ot Vu? + [Vul?

(3.3) o uVu | v =0 on S =(0,T) x 0Qr
Vu? + [Vul?
u(0,2) = up(x) inx € Qpg,

with v%# the unit outward normal on 9Qg.

Proposition 3.2. Assume that ug € A. Then there exists an entropy
solution uf € C([0,T],L*(Qr)) of (3.3). Moreover u(t,x) > 0 for
anyt >0, z € RY and

Vult,a)] _ - [Vuo)]

(3.4) sup ~an |w(@)|

0.1)x0r |[WF(t, )]

To prove Proposition 3.2 we consider the following approximation.
First we define 45 (x) = uo(z — R(1,...,1)) in [0,2R]", then we extend
it to Qop := [-2R,2R]"V by symmetry so that

(35) a?(l'l,...,l'i,...,w]v) :ﬂg(,fl,...,—wi,...,x]v)

for any 2 = (z1,...,2x) € [-2R,2R]" and any i = 1,..., N, and then
we extend it by periodicity so that the extended function, call it @, is
periodic of fundamental period [—-2R,2R]" and has no discontinuities
in R™. Then we smooth it by defining
G‘On = pn * ﬂ’g7
where pp(z) = n=Np(£), p € C°(RY), p > 0, suppp C B(0,1),
Jan p(@)dz = 1. Then the functions aff, € C*(RY) have also the
symmetries (3.5) and are periodic with fundamental period [-2R, 2R]V.
We consider the following approximating problem

ou uVu
= div| —— | +pAu  in =(0,T) x Q
5 ( ﬁ2+|Vu|2> n Qr = (0,T) 2R
(3.6) uVu
WY L Vu | v®r =0 on SE = (0,T) x 90
u? + |Vul? 7 r=0.1) 2
u(0,z) = aff, in z € Qap.
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Lemma 3.3. Assume that ug € S(RY), ug(z) > 0 for all x € RV,
R
Then there is a solution ufin of (3.6) which is even, aua%, DQUﬁn €
L2([0,T] x Qar), and Vuf, € CYA/22H0([0, T] x Qag) for any T > 0.
Moreover, we have the estimates
R : ~R
(3.7) Uy yy > me[é%fR]N Uy s

(3.8) us'()llLaqo2ryy < gl La(o,2m)™)
for any q € [1,00] and any t > 0,

and

T
(3.9) ] Tl lded <
o J[o0,2R]N ’

for any T, p(r) := max(min(b, r),a) (0 < a < b) where the constant C >0
only depends on a, b and ug and does not depend on n, n, R.

We denote 0; = %, 0; == 8%1-’ 0;i = %{;%.

As usual, if Qqp=[a,b]xQ, 0<a<b, and Q is a compact subset of RV,
then C1+P/2.2+5 (Qa,p) denotes the parabolic Holder space of functions
in Qq. [13], [14]. If V is an open subset of R by CLT/#28 ([0, T)x V)

loc

we denote the set of functions u in C1+#/2:2+8(Q, ;) for any set [0, T x Q
where ) a compact subset of V.

Proof: The present lemma follows from Theorem 3.1 and Theorem 8.1
in Chapter 5 of [14]. Let us sketch the proof. Let us approximate (3.6)
by the following PDE:

uy = div uVu +nAu on (0,7) x RN
(3.10) Ve +u? + |Vul?
u(0,z) = aff, z € RV,

The equation (3.10) can be written as
ug = div A9 (u, Vu)
where

A w, p) = ———ry

NEFREENE

+np  (w,p) € [0,00) x RN,



CONVERGENCE OF THE ‘RELATIVISTIC’ HEAT EQUATION 127

Then A%"(w,p) is continuously differentiable in (w,p). We denote A%
the coordinates of A", AG" := 0, A°™, AG" := 9, A" and similarly

for higher order derivatives. We require some computations:

pi(e? + |p[?)

Ae,ni _
T @ P
: whij wpip;
Ae,nl — J _ J 51
Dj (2 +w?+ [pP) 72 (& +uw? + p|2)3/2 +n0ij,
Ae,ni _ _3wpi(€2 + |p|2)
@
eni _ 0 (€ + [pl?) pip; (2w — € — |p|*)
WPi T (€2 + w2 + [p|2)3/2 (2 +w? + [p[2)5/2
qemi ~ w(bijpk + dikpj + Gjkpi) 3wpip;pk
N R R R M D
Then we have
(3.11) nlé]? < Agreig; < (1+m)[¢f?,
N
(3.12) D (|4 4+ [AGT]) < VN (4 +1lp)),
i=1

the functions A" are Lipschitz in (w,p) with bounds independent of e

and 7, as soon as 7 remains bounded, and the functions A", A;;jm are

also Lipschitz with a bound depending on % Then by Theorem 8.1

on Chapter 5 of [14], we have that there exists a solution u}, = €
C1H8/2.248(Qr) for some B > 0 (indeed any B < 1) where Qr is any
bounded cylinder in [0,7] x RY. .The sqlution satisfies Hufin)e(t)ﬂoo <
[uol[oc-  Observe that since Ag™, A" are Lipschitz (with a bound
depending on 1) and Afl;z;pi, AST and ASTp; are bounded, then the
uniqueness conditions of Theorem 8.1 on Chapter 5 of [14] hold, and
we have a unique solution in the class of functions which are bounded
together with its derivatives of first and second order. In particular since
uﬁn7€(-—|—2R(1,...,1)) and uf*, (x1,...,—2,...,oNn),i=1,..., N, are

7,1,
also solutions of (3.10) in this class, we deduce that uZ, _ has the same

n.n,€
symmetries and is periodic with fundamental period [-2R,2R]V. In
particular, this implies that

(3.13) vul, VO2RY =0 t>0, 2€0)0,2R).

m,n,€
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Using (3.13), the estimates (3.7) and (3.8) and

(3.14) / /{MR Vil [ deds < - (0 (2)? d

[0,2R]N
follow easily by multiplication by suitable test functions and integration
by parts in [0,2R]". The estimate (3.9) can be proved as in [3].

The regularity of uﬁme permits now to use Theorem 3.1 in Chap-
ter 5 of [14]. Indeed, observe that the estimates in (3.11), (3.12) are
independent of €, and the terms on the right hand side of (3.11), (3.12)
which do not depend on |p| are constants. Then Theorem 3.1 in Chap-
ter 5 of [14] proves that Vu}, is Holder-continuous in [0,7] x Q

and gt” D*uff, € L*([0,T] x Q) for any compact set @ € RY

with bounds which depend on N, ||ug|ls, 7 and the constants in the
right hand side of (3.11), (3.12) (which are universal). Letting e — 0,

we obtain that there is a weak solution of (3.10) uf  whose restric-

tion to [0,2R]N is in L1((0,T) x [0,2R]N) N L2((0,T), WL2([0, 2R]™)),
it satisﬁes the estimates in (3.7), (3.8), (3.9) and (3.14) and is such

that 222 D2uR e L2([0,T] x Q) and VuF

ot n,n
in [0, 7] x Q for any compact set Q@ C RV,
To prove the last assertion, let A”(w,p) = A%"(w,p) and let us ob-

serve the previous computations of A7 Ay, and Aglp permit to

is Holder-continuous

,n

check that A" A" Am are Lipschitz continuous in any set of the
form {(w,p) : w > a > O p € RV}, Since, by (3.7), uff,, is bounded
away from zero in [0,7] x R¥, then using Theorem 8.1 of Chapter 5
in [14] we obtain that uff, € C*+#/22H8([0, T] x RN) for some § > 0.
In particular uffm Vuffn, D2 R are locally Holder continuous in (¢, x)
and the functions

Aij(t,x) = A (uyy o (8, @), Vgl (8, 2)),
and its derivatives are Holder continuous in (¢, z). Observe that dpuf,, is
a weak solution of the partial differential equation
(3.15) Ow = 0; (Aijajw) + 0; (Blw) .

We consider this PDE in [0,7] x B(0, R’) (where B(0, R") denotes the
ball centered at 0 of radius R’ > 0) with boundary conditions

(3.16) w(0,2) = Oton(x) zr € B(0,R)
(3.17) w(t,x) = Opull, (t,z) t€0,T),z € dB(0,R).
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Now, we consider the PDE obtained by expanding (3.15)

(3.18) Ow = A;;0;jw + 0;A;05w + B;Ojw + 0;Bjw

with boundary conditions (3.16), (3.17). Since its coefficients of (3.18)
are Holder continuous in (¢,2) and the initial condition is in
C?t#(B(0, R')), there is a solution w € Cllotﬁﬂ’ﬂﬁ([o,T] x B(0,R))
of (3.18) which is also a weak solution of (3.15) [13], [14]. By unique-
ness of weak solutions of (3.15) which satisfy the boundary conditions

(3.16), (3.17) classically, we have that Vu [, € CLth/z 2H8([0, T) x RV).

loc
This implies our statement. O

Lemma 3.4. Assume that ug € A. Then we have

VuE (t,x \Y%
(3.19) sup Vit 2)] R"»"( ) < [Viig, ()]
0.1x 0,25y |[ull,(t, )] veo2r)N |adt, ()]

Proof: We consider here uffn as a function in [0, T] x RY with the sym-

metries stated after Proposition 3.2. By the regularity of uf? nn Stated
in Lemma 3.3 we can proceed to the followmg change of varlables and
the subsequent computations. Define u77 = e". Since ufin(t,x) > 0,
then v(t,z) € R. Then v(t, ) is a solution of

(3.20) vy = div v + Vol + nAv + | Vo|?
V14 |Vo? V14| Vol?

which is even and periodic with fundamental period [—2R,2R]". We

shall use Bernstein method to obtain an estimate on |Dv|s. Let us

write (3.20) as

(3.21) v = a;j (V)00 + F(|Vo]?),

. . . B B 5;i . Pip;
where we use the Einstein convention, a;;(p) = \/1+J|p|2 (1+|p|§)3/2 +
néij, F(lp|?) = bl” 4 n|p|?. Let vy = Oxv. Let w = |Vv|?. Differen-

v 1+p|?

tiating (3.21) with respect to z, and multiplying the resulting equation
by v, we obtain

1d 1 1 da;
an = VR Ukt = 2a”8”w + = 5% ljwl(?wv @ijVkiVkj + F'(|Vv|*)wy, - v
1 1 da; ,
< 2a”8ww+ > i wl(?”v—l—F (|Vv| Jwi - V.
As an application of the maximum principle, we obtain
(3.22) [VUt)]loe < [[V0lloo-

Then (3.19) is implied by (3.22). O
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We denote by CL((0,T) x Q) the set of functions obtained as restric-
tions to (0,7) x Q of functions ¢ € CA((0,T) x RV).

Definition 3.5. Let Q be an open bounded set in RY with Lispchitz
boundary. Let v € L'((0,T) x Q) and z € L'((0,T) x Q,RY). We say
that

ug =divz in (0,7) x Q
z-v'=0 on (0,T) x 90
with test functions in C%((0,7T) x Q) if

T T
/ /u@dwdtz/ /Z-V¢dacdt V¢ e CL(0,T) x Q).
o Ja o Ja
Next lemma is obvious and we state it for convenience.

Lemma 3.6. Let u,,u € L'((0,T) x ), z,,2 € L*((0,T) x Q,RY)
be such that u, — u weakly in L1((0,T) x Q) and z, — z weakly in
LY((0,T) x Q,RY). If

Upt =divz, in (0,T) x Q
2, -8 =0  on (0,T) x 99
with test functions in CL((0,T) x Q), then
ug =divz in (0,T) x
z-v'=0 on (0,T) x 90
with test functions in CL((0,T) x Q).

Lemma 3.7. Let Q be an open bounded set in RN with Lispchitz bound-
ary. Let u € LY((0,T) x Q) be such that Vu € L*((0,T) x Q,RY) and
let z € L>=((0,T) x Q) be such that

ug =divz in (0,T) x
(3.23)

2% =0 on (0,T) x 00

with test functions in CL((0,T)x ). Let j: R — R be a convex function
with p = j' € WH*(R). Then

T T T
(3.24) _/0~/QJ(U)¢t dx dt—l—/o/Q 2-Vp(u)¢ dzx dt—f—/o/ﬂz-Vqu(u) dx dt=0
holds for any ¢ € CL((0,T) x Q).
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Proof: For any function v(t,x), let us denote Afwv(t) = w

and AZo(t) = M? and v (t,z) == %ftt_T v(s,x)ds, v (t,x) =
L [T u(s, ) ds. Let ¢ € CL((0,T) x RY), ¢ > 0 with ¢(t) = 0 when
0 <t < 79,7 > 0. Using Definition 3.5 (which formally amounts to
multiply (3.23) by ¢7 and integrate by parts), we deduce that

(3.25) A-u=divz, in (1,T)xQ
and
(3.26) 22 - =0 on (1,T) x 09,

again using test functions in CL ((r,T) x Q). From the convexity of j we
have that

AZj(u) < p(u)A-u fort>T.

Hence, denoting by p,, an approximation of the identity in (¢,z) with
compact support, if we choose 0 < 7 < 719, we have

—/OT/Qj(u)qudedt:/OT QA;j(uMda@dt
/ / w)AZugp dx dt
= hrILIl /OT /Q(ﬁn * p(u)) AT ug dz dt

:—hm/ /Q V(fn * p(u))¢ dz dt

—hm/ / -V (pn * p(u)) dx dt

/ / w)¢ da dt
—/OT/QZT-V(bp(u)d:cdt.

Letting 7 — 04, we obtain that

(3.27) —/()T/Qj(u)gbt da dt—l—/OT/Qz-Vp(u)gb da dt—l—/OT/Qz~V¢p(u) dz dt<0

and this holds for any ¢ € CL((0,T) x Q), ¢ > 0.
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Similarly, we deduce that

(3.28) Atu=divz] in (0,7 —7)xQ
and
(3.29) zH =0 on (0,7 —7) x 09,

using test functions in C((0,7 — 7) x Q). From the convexity of j we
have that
Atj(u) > pu)Atu fort <T —r.

With a similar argument as above we deduce that

(3.30) —/OT/Qj(u)gbt da dt—l—/OT/Qz-Vp(u)gb da dt—l—/OT/Qz~V¢p(u) dz dt>0

holds for any ¢ € CL((0,T) x Q), ¢ > 0. Thus, (3.24) holds for such ¢.
Since any function ¢ € CL ((0,T) x Q) can be written as ¢ = max(¢,0) —
max(—¢,0) = lim,, g, *max(¢,0)—lim,, p, *max(—a¢,0), the integrability
properties of u and Vu permit to prove that (3.24) holds for any ¢ €
CL((0,T) x Q). O

We will use the entropy inequalities for (3.3) in the proof of Propo-
sition 3.2. For that, we consider the truncature functions of the form
T(ib(r) =Ty p(r) — 1 (I € R) and we denote

’]‘+::{Té)b;0<a<b,lER,Té,bZO}-

Proof of Proposition 3.2:

Step 1. Assume that n € (0,1]. Let us prove that there is some v > 0
such that

(3.31) |1¢,I7%7,l(t,9c)—ufin(s,gcﬂ§C|t—s|V V0<s,t<T,VzeRY,

where C' > 0 is a positive constant which does not depend on 7. Using
its symmetry properties, we consider uff)n as a solution of (3.6) in [0, T x
RY. Now, observe that we may write (3.6) as

up = div(afin (t,x)Vu),

where
R uﬁn
an,n (tv .I) = = +n
@)+ [Vl 2
Since )
ain(t, x) = +1n

3 2
14 (Ivgjnl)

Uyin
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we have that
1

NiESTE

where M,, is the constant in the right hand side of (3.19). Hence the
assumptions of Theorem 10.1 of Chapter 3 in [14] are satisfied and (3.31)
holds.

+n<al,(tz) <1+,

Step 2. We let n — 0F. The estimates (3.8), (3.19) and (3.31) imply
the pre-compactness of {uf, }, in C([0,T] x [0,2R]Y). Any limit uff
satisfies the bounds (3.8), (3.19) and (3.31). Moreover, by extraction of
a subsequence, we may assume that v, — ulf in C([0,T] x [0,2R]")
and

(3.32)  A"(ufl Vu,}in) — 28t x)  weakly* in L°°([0,T] x [0,2R]).

n,n’

Using Lemma 3.6 and the techniques in [2] one can prove the following
facts:
oul
(3.33) ot
2R 02BN — 0 on (0,7) x 9]0, 2RV,

=divz?  in (0,7) x (0,2R)N

with test functions in C%((0,7) x [0,2R]") and

ultvult
VW) +[VuF >
By Lemma 3.7, the entropy inequalities are satisfied (see [2]). Indeed, let

S,T € T* and Jsr be the primitive of ST, i.e., Jsr(r) = [ T(s)S(s) ds,
let

(3.34) 2B =

wp N
Alw,p) = ——— w € [0,00), p € R™,
S )

2
hw,p) = A(w,p) -p= —22_ 4 ¢ [0,00), p € RV,

Vw? + |pf?

and

hs(u, VT'(u)) = S(u)h(u, VT (u)).
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Replacing j by Jsr, u by uff and 2 by 22 in (3.24), using only the
inequality <, we obtain the entropy inequalities [2], [4]

T
/ / dhs(ul, VT (ult)) dx dt
0 J[0,2R]N
T
w [ ohr sl dede
0 J[0,2R]N

T
ult ! X
</ /[072R]N Trs (ufi(0)6 (1) d di
/ / ), Vul(t)) - VT (ul(1)) S (ul(t)) de dt
02R]N

for any truncatures S, T € 71 and any smooth function ¢ € CL((0,T) x
0.2R)Y, 6 > 0.

Let us mention that the concept of entropy solution for the prob-
lem (3.3) defined in [2], [4] requires that the equation (3.33) holds with
more general test functions and using the techniques in [2], [4] it can be
proved that uf is an entropy solution of (3.3). On the other hand, the
concept of entropy solution for (3.3) implies that the equation in (3.3)
holds with test functions in C%,((0,T) x [0,2R]), that truncatures of the
solution are functions of bounded variation in x, and the entropy condi-
tions are satisfied. The last two conditions are enough to prove unique-
ness using the method in [2], [4]. In the present context, this amounts
to say that using the uniqueness proof in [2], [4] we can prove: a) any
entropy solution of (3.3) coincides with uf and b) any two functions
with the regularity of uf satisfying the entropy conditions above must
coincide. In particular, this implies that the whole sequence u,};’;n — ult
as n — 0 in C([0,T] x [0,2R]"). Finally observe that, letting  — 0%
n (3.19) we obtain

. N 27 P A ]
[0,T]x[0,2R]N uB(t,z)| ~ sep2ry |ad,(z)]

Step 3. Let us prove that

(3.36) SUp  ——p—— —  Sup

\Vag, ()| Vi (z)|
z€[0,2R]N |U0n($)| z€[0,2R]N |ﬂ§($)|
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Since Vaf, — Val weakly* in L>=([0,2R]Y,RY) and aff, — af uni-

formly in [0, 2R]" we deduce that

~R
(3.37) sup Vg, ()] <liminf sup Vi (@)] 0 ()]
z€[0,2R]N |Uon($)| " zel0,2RIN |Uo (z )|

On the other hand, we observe that
Vi@l < [ oule =il wldy

< / pn(T —Y) sup IVag (y)| dy
RN y’ €B(z,1)N[0,2R]N

) ) I D28 || e (0,271
= sup IVl (y)| < |Vl (z)|+ — L O2RT)

y'€B(z,1)N[0,2R|N n

Together with (3.37), this inequality and the uniform convergence of Y,
to aff as n — oo imply (3.36).

Step 4. We let n — oo. Indeed, since 4%, — aft in L1([0,2R]") and the
entropy solution of (3.3) gives a contractive semigroup in L([0, 2R]V) [2],
then ul(t,x) converges as n — oo to the entropy solution @ (t,x)
of (3. 3) with initial datum @f¥. Let us observe that the estimates we
have permit to obtain easily the same conclusion. The estimate analo-

gous to (3.8) for uZ, the estimate (3.35) and the boundedness of its right

hand side prove that SUP[o, 7] x[0,2R]N % hence also, ||Vu§|\oo,

is bounded independently of n. Now, the argument in Step 1 proves
that the Hélder bound (3.31) holds for uf with a bound independent
of n. Hence, after extraction of a subsequence if necessary, we have
that uff — @ uniformly in [0,7] x [0,2R]Y as n — oo for some
af € C([0,T] x [0,2R]V). Now, by Step 3, we may pass to the limit
n (3.35) and we obtain

(3.38) sup —— 2 < sup

[Va"(t, )| Vad(x)]
[0,T]x[0,2R]N [uf (t, x)| T 2€[0,2R)N lad(z)|

Moreover, by extraction of a subsequence, we may assume that

(3.39) A(ull,Vull)—z8(t,2) weakly® in L>([0,T]x[0,2R]) as n— oc.
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Using Lemma 3.6 and the techniques in [2] one can prove the following
facts:

ot
(3.40) ot
R J02RY — 0 in (0,7) x 0(0,2R)Y,

=divz®  in (0,7) x (0,2R)N

with test functions ¢ € C([0,7] x RY) and
—RR
SR _ u'vVu

(uf)? + |vut|?

Asin Step 2, by Lemma 3.7, the entropy inequalities are satisfied (see [2]).
The same observations made in Step 2 can be done in this case. Let
us only mention that it can be proved that @® is an entropy solution
of (3.3) in the sense of [4] (see also [2]). But we only need to observe
that solutions of (3.3) satisfying the same regularity conditions as @%
and the entropy inequalities are unique. This implies that the whole
sequence uf — W as n — oo in C([0,T] x [0,2R]N). The entropy
solution of (3.3) is obtained by a suitable translation of %, i.e., uf(z) =
aft(x + R(1,...,1)). O

Remark 3.8. Observe that the regularity of ufin permits to obtain the
estimate

() = wl Ol qo.2ryy < ad, — @bl L1 o.2m )

Vt>0, Vnm>1,

in the standard way. Letting n — 07 we obtain

[uff(t) — Uﬁ(t)HLl([o,zR]N) < |af, - a§m|\L1([o,2R]N)

Vt>0, Vn,m>1.

This implies the convergence of uf(t) to some uf(t, ) in
C([0,7], L*([0,2R]™)).

o2
Lemma 3.9. Assume that ug € S(RN) and uo(z) > )\oe_ﬁ% for
some X, B > 0. Let u be the entropy solution of (3.2) with u(0,z) =

z|2
uo(x). Then u(t,x) > /\Oe’o‘t’ﬁ% for any a > B(2N —1).
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2
[z

Proof: Let us prove that if a > 2N — 1, then U(t,z) = e~ * 75 is a
subsolution of (3.2). This follows from U; = —aU and the inequality

di Uvu _ [_Nﬁ+ (N = Dz il
/U2 ¥ |VU|2 (1 + 62|$|2)3/2 (1 + ﬁ2|$|2)1/2

+ U

> (—2N +1)8U.

=2
Since the equation (3.2) is homogeneous of degree 1, then Ae—ot=B g

also a subsolution of (3.2) for any A > 0. By comparison with this
type of subsolution, we deduce that w(t,z) > )\Oe_o‘t_ﬁ# when o >
B(2N —1). O
Remark 3.10. If u is the entropy solution of (2.2) then wu(t,z) >
/\Oe’czo‘t"’# for any o > %(2N —1).

Proof of Proposition 3.1:

Step 1. Estimates on uf*. Fix a compact set Q C RY and let R > 0 be
such that @ C (—R, R)". Since the right hand side of estimate (3.38)
is uniformly bounded, as in Step 2 of the proof of Proposition 3.2, the
estimate (3.38) implies that there is some v > 0 such that

|uf(t,x) —ul(s,2)| <Clt —s|7 VO<s<t<T,VxecQ
where C' > 0 depends on @ but it does not depend on R. Now, we

observe that letting  — 0%, n — oo in this order in the estimate (3.8)
we obtain that

(3.41) I (t, 2) | pa(-r,ry) < llwollLa@yy V¥ q € [1,00].
Combining (3.41) with (3.38) we have that
V() R
IR () | o ey < \ Yuo(z) @l o (v
R RES we) - (-REIY)
\V4
uo(z) ||U0||L°°(RN)-
'UJO(:E) Loo(RN)

These estimates imply that, by extracting a subsequence, if necessary,
we may assume that uf(t,z) — u(t,z) locally uniformly in [0, 7] x RY
for some function u(t,z) € C([0,T] x RY). Letting R — oo we obtain
(342) Hu(t, :E)HLQ(RN) < HUOHL‘I(RN) v qc [1, OO]7

and
Vug(x)

uo(x)

HUOHLw(RN)-

V()] r < ]
Lo (RN)
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We may also assume that
A, Vul') = 2z weakly* in L>°([0,T] x RY,RY)

for some vector field z € L>([0,T] x RN, RY). Letting R — oo in the
PDE satisfied by u® (see (3.40) and the last lines of Step 4 of the proof
of Proposition 3.2) we have that

(3.43) % =divz in (0,T) x RN

with test functions ¢ € CL((0,T) x RY).
Step 2. Identification of z. Let us prove that
(3.44) z = A(u,Vu) ae. in (0,T) x RV,

For that, following [2], [4], we prove that

T
(3.45) /0 o ¢(z — A(u,Vg)) - (Vu —Vg)dxdt >0,

for any ¢(t,z) € C5°((0,T) x RY), ¢ > 0, and any g € C1([0,T] x RY).
Let us fix a function ¢ and a function g in the previous classes. For each
R > 0 such that supp¢ C (0,7) x (—R, R)N, we write the inequalities

T
/ H(A, Vul) — A, Vg)) - (Vuf! —Vg)dxdt >0
0 JrN

where the domain of integration is considered to be RY by our choice
of R > 0.

Observe that, since uf* — u as R — oo locally uniformly in [0, T] x RY
and Vuf* — Vu weakly* in L*([0,T] x RN RY), we have

R

T T
(3.46) / pA( Vg) - Vul dx dt —>/ pA(u,Vg) - Vudz dt,
0 JRN 0 JRN

T T
(3.47) / pA( Vg) - Vgdrdt — / #A(u,Vg) - Vgdadt
0 JRN o JRN

and

T T
(3.48) / pA, Vul) - Vgdz dt —>/ ¢z - Vgdaz dt.
0 JRN 0 JRN
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Finally, using the PDE satisfied by uf* (see (3.40)), (3.43) and Lemma 3.7
we have

T
/ pA, Vul) - Vul de dt
0o JrN

T T
= —/ Vo - A, Vuf)u® de dt+1/ é¢(u)? da dt
0o JrN 2J)o Jrw

T 1 T T
— —/ V¢-zudmdt+—/ / Bou’ d:vdt:/ ¢z - Vudz dt.
0 RN 2 0 RN 0 RN

Collecting all the above inequalities, we obtain (3.45).
In particular, the inequalities (3.45) imply that
[2(t, )= A(u(t, z),Vg(t,z))]-(Vu(t,z)=Vg(t,z)) >0 a.e. in (0,T)xRY.

Since we may take a countable set of functions in C*([0,T] x RY) dense
in C1([0,T] x Bg) for any ball By, centered at 0 of radius k € N, we have
that the above inequality holds for all (¢,z) € S where S C (0,7) x RY
is such that £V((0,7) x R¥ \ S) = 0, and all g € U,C([0,T] x By).
Now, fixed (¢t,z) € S, and given y € RY, there is g € UyC([0,T] x By)
such that Vg(t,z) = y. Then

(z(t,z) — A(u(t,z),y)) - (Vu(t,z) —y) >0 VyecRY and V (t,z) € S,

and, by an application of the Minty-Browder method in RY, it follows
that

z(t,x) = A(u(t, z), Vu(t,z)) ae. (t,x) € Qr,
and (3.44) follows.

Step 3. Concluding the proof. By Steps 1 and 2 we have that

(3.49) % =div A(u, Vu) in (0,T) x RY

with test functions ¢ € CL((0,T) x RY). Since Vu € LL _((0,T) x
RN RY), with the same proof of Lemma 3.7, we have that the entropy
inequalities hold for w. Moreover, letting n — 0, n — co and R — oo in

this order, we obtain that

T
(3.50) /0 /RN IVT,p(u(t))| dedt < C

for some constant C' > 0. This estimate, together with the entropy
inequalities, permit to prove that if @ is the entropy solution of (3.2)
with initial datum @(0,2) = ug, then @ = w. In other words, u is the
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z|2
entropy solution of (3.2). Since ug € A°, then ug(z) > )\06’5% for
||

some \g, 8 > 0 and, by Lemma 3.9 we have that u(t,z) > \ge~*=F
for any a > B(2N — 1). Thus, given Ry, ug is bounded away from zero
in [0, 7] x [-Ro, Ro]" for R large enough, and = — < locally uniformly

. N s . Vull(t,z) * 00
in [0,7] x RY. This implies that Wy converges weakly” in L
to % and, hence
Vu(t) < Vug .
w(t) oo "l uo |l

We conclude the proof of Theorem 2.2 with the following lemma.

Lemma 3.11. Assume that ug € A°. Let u. be the solution of (2.2).
As ¢ — 00, u. converges to the solution U € C([0,T], LY(RYN)) of the
heat equation uy = Au with U(0, z) = ug(x).

Proof: As in Step 2 of the proof of Proposition 3.2, let us prove that
there is some v > 0 such that for any compact subset Q@ C RY we have

(3.51)  ue(t,x) —uc(s,z)| <Clt—s|” V0<s,t<T, VzeQ,

where C' > 0 is a positive constant depending on ) which does not
depend on ¢. For that, observe that we may write (2.2) as

uy = div(ac(t, z)Vu),

where
1
ac(t,z) =
2

14+ 4 (1)

Observe that
1
<ac(t,x) <1

1+ 2%

where M is the constant in the right hand side of (3.1). Hence the
assumptions of Theorem 10.1 of Chapter 3 in [14] are satisfied and
(3.51) holds. The estimates (3.42), (3.1), (3.51) for u. and the con-
vergence a.(t,z) — 1 uniformly as ¢ — oo, imply that u. converges
as ¢ — oo to the solution U € C([0,T], L*(RY)) of the heat equation
with U(0,x) = ug(x). O
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