SINGLE VARIABLE BELIL POLYNOMIALS

by
L. CarLITZ
To Professor José M.s Orls
1. Let
(1.1 S H-L1< 1= (%)
\‘) (”;)-—p%(_) 1,:7’

denote the Stirling number of the second kind. The polynomial
(1.2) A, (x) = D S(n, k) 2*
k=0

is of considerable combinatorial interest[4, p. 76]. The first
few values are
Ag=1 A, =2, Ay =x + 22, A3 =x + 3x? + x°
Ay = x4 Tx2 + 653 4+ x4, A5 = x + 1522 + 2543 4 1044443,
A¢=x -+ 13 22 + 90x3 + 65x* -+ 15x° + «°.

Removing the factor w, it is easily checked that the complemen-
tary factors in A,, A;, A4, As, Ag are irreducible over the rational
field R. For A, and A, this is obvious. For A, we have

2T A4x) =23 +x + 1 (mod 2);
since 3 + x + 1 is irreducible (mod 2) it follows that x=14,(x) is
irreducible over R. As for A5 we have

xTUAsx) =2t 2+ 1=+ 1)@ + 224 1) (mod 2),

¥TAs(x) =2+ 1= (24 2) (%2 —2) (mod 5);
it follows that x—! As(x) is irreducible over R. Finally for A4¢ we
have

xl"Ag=x+ 2+ 3+ x+1 (mod 2);
since x5 4 x* + 23 4+ x 4+ 11is divisible by neither x + 1 nor ¥2 4x+41
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14 L. Carlitz

(mod 2) it must be irreducible (mod 2) and therefore x'~A¢ is irre-
ducible over R.
If n = p, a prime greater than 2 it follows from (1.1) that

pk—ii‘ (k)r 0 (mod $)
=7 2 = P
for 1 < k < p. As for the excluded values we have

S({), 1) =1, S(ﬁ: 75) = 1.
Thus

x7 1 Ay =214 1 (mod p).

It is known that ##~! 4 1 is the product (mod p) of (p — 1)/2 irredu-
cible quadratics, indeed

(1.3) w1 1= 111 —p (mod p),

where the product is extended over the quadratic non-residues of p.
Touchard [5] has obtained the congruence

(1.4) Apyp=Ayp1+ 2 4, (mod p),

where p is an arbitrary prime ; see also [4, p. 81]. In particular, for
P =2, (1.4) reduces to

(15) An-l-.Z = An+l +x2 4, (mOd 2),

a recurrence of the second order.

The chief object of the present paper is to determine the fac-
torization (mod 2) of the polynomial A,(x). This is described in
Theorem 1 below and depends in particular upon the factorization
(mod 2) of the cyclotomic polynomial. We incidentally determine
the residue (mod 2) of the Stirling number (1.1).

It seems plausible that the polynomial x~'4,(x) is irreducible in
R for all » > 1. However we are unable to prove such a result ex-
cept in the special case covered by Theorem 4 below.

For a discussion of arithmetic properties of general Bell and
Stirling polynomials see [1] and [2].

2. It will be convenient to make a change of notation. Put

1

(2.1) Co = C,(x) = 2"+ 4, 4 (;) m=0,1, 2,...).

Then C, is of degree » and satisfies
(2.2) Chp2=%Cpy+C, (mod?2) (n=0,1,2...).



Single variable Bell polynomials 15

The first few values reduced (mod 2) are
Co=1, Ci=x+1, Co=x*>+x+1, Cy=x3+x2+1, Cy=1*}+x342241,
Cs=xF24+x2+x+1, Co=a54-254x4+x+1, Cr=xT4x64x441,
Cog=x84-x74- a8 x41-1.
It follows from (2.2) that
(2.3) Chyz = (22+1) Cyuyq + 2C, (mod 2).

Since C; = «x + 1 we infer that C3n41 (%) is divisible (mod 2) by
% + 1; on the other hand C;,(x) and Cs,,,(x) are prime to x+1.
If we put

n
Cn (x) = Z (2 X",
r=0

so that by (1.2) and (2.1)

(2'4) cm = S(” + 1’ 4 + 1)1
it is evident that
(25) Catly = Cnyp—1 + (7’ + 1) Cnypre
It follows that
(26) - Cni12s = Cpas—1 + Cn,2s mod 2):
(27) Cntt, 2s+1 = Cn)2s (mOd 2)
The congruences (2.6), (2.7) imply
(2.8) Cat12s = Cn—1,25—2 T Cn2s - (mod 2).

We adjoin a table of the residues (mod 2) of ¢,, for o <7 <n <10.

2 3 4 5 6 7 8 9 10

=]
o]
o

0] 1

11 1

21 1 1 1

311 1 0 1
4,1 1 1 0 1

51 1 0 1 1 1

6/ 1 1 1 0 0 1 1
7(1 1 0 1 0 O 0 1
g8, 1 1 1 0 1 O O 0 1
91 1 o0 1 1 1 0 O 1 1
o, 1 1 1 O O 1 1 O 1 1
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It is evident that
tw=1 >=0), cy=1 (=1
and it is easily proved that
Cpp=mn+1 (mod 2) (n >2).
Then by (2.7)
Cn3 =1 (mod 2) (n > 3).

Making use of (2.6) we can show that

Cia =1+ (’Zf) (mod 2) (n > 4).
Similarly we find that
w=("TY) ("3 mean e,
=14 (") 4 ("77) mear  wzs

These special results suggest the general consequence :

(2.9) cn,zsz—zZ(”s‘ié}z) (mod 2) (1 =2s),
: .

which is easily proved by induction. In view of (2.7) we have also

(2.10) = 2 ("?_SZ 1) (mod 2)  (n>2s+ 1)

The congruences (2.9) and (2.10) are not very satisfactory for
large values of s. Now it is evident that
Cpn = 1; Cn,n—l = 12”’ (n+ 1)

Méking use of (2.5) it is not difficult to show that

C,,’n_z.—-—: (n 1_ 1) + (n _; 1) ) cn,n—B = (n _g 1) + (n—: 1) (mOd 2)

These special results suggest the following general congruence

s

~1
(2.11) Crp—s = 9 (s 7 1) <gs_t;) (mod 2) (m>s>1),
j—0

)
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which can be proved by induction without much trouble. However

since
s —1) (n+1 n s
507G = ()

i=0

(2.11) may be replaced by the simpler formula

(2.12) Cpn— s = (n ;; s) (mod 2) n>s>0).

Replacing s by » — s, (2.12) becomes

(213) o= (2”; s) (mod 2) (n>s>0).

In particular, since

(2.13) impli (2"5;23) - (Z) fmod 2
.13) implies

(2.14) Oy = (” N S) (mod 2) (n > 25 > 0).

By (2.7) we have also

(2.15)  Cuaesr = (”_ﬁ—’) (mod 2) (n > 2s + 1).

Comparison of (2.14) and (2.15) with (2.9) and (2.10) leads to
a rather curious result.

It is not difficult to give a direct proof of (2.13). The formula is
obviously true for » = 0. Then by (2.5)

Ciit1,s = Cns—1 + (S + ]) Cys
_ (2%:_3—1{—1) 45 ) (Zns—s)

(211;j1k1) Fen—2s+1) (Zn—ss—I—l)

2n—s—+1 2n—s+1
() (e

(Zn —‘s+2) _

il

S

This evidently completes the induction.

2 — Collectanea Mathematica.
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The right member of (2.14) suggests a connection with the Che-
byshev polynomial U, (¢) defined by [4, p. 222]

_sin(n41) &
— sin S

=2 (—1 (” 77) (222,

2rsn

(2.16) U,(x) (x = cos &)

We may replace (2.16) by
ntl _ p—n—1 - _
(2.17) W,(@t+t71) = f_t—f_l_ = Z (_1)1(” , 7) (t 4 11y,
- 2rsin

where W, (x) = U,(x/2), so that W,(x) is a polynomial with integral
coefficients. It follows from (2.13) and (2.17) that

(2.18) C.(x?) = Wy,(x) (mod 2).
Also, making use of (2.14) and (2.15), we get
(2.19) Calx) = Wa(x) + Wo_iy(%) (mod 2).

Since the Stirling number S(n, #) satisfies

x”=i’5(n,7)x(x——1)...(x—r+l) (n>1)
and v .
Zx—1)...(x—=274+1)= (x(x— 1)), x(x—1)...(x—27) ==2(x—1)),
it follows from (2.4), (2.14) and (2.15) that
e20) et = Z(P T ) ey a2 (") e 0y

7

It is of some interest to determine the number of odd coefficients
in the polynomial C, (x). For fixed #, let ©y(n) denote the number
of odd coefficients c,, and ©;(n) the number of odd coefficients
Cnas+1- It is clear from (2.7) that

(2.21) S, (n + 1) = S,).

In the next place since
<2n —’,—sl—s) =0 (mod 2)

unless s is even and

2n+1—2s\ (2n—2s) [(n—s
2s ) T\ 2 o s )
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it follows from (2.14) that (2.15) that
(2.22) So(2n + 1) = Oy(n).

Similarly since

2n—2s\ (m-—s m—2s—1) (2n—2s—2
2s = s ’ 2s 41 = 2s
we have also

(2.23) So(2n) = So(n) + So(n — 1).

If S(n) denotes the number of odd c,, 0 <s <#, we have by
(2.21) and (2.23)

(2.24) O(n) = Co(n) + Oi(n) = So(2n).
It follows from (2.22) and (2.23) that the generating function

i

().

G = 3 Sofn) 27
n=0

satisfies
Gx) = (1 4+ x + x2) G(x?),
so that
(2.25) G) = (1 +x+ 22 (1 + 22+ 2%) (1 + 2 + 28). ..
By means of (2.22) and (2.23) it is easy to show that for example

(2.26) So(2) =7 +1, (27 — 1) =1
and

(2.27) So(2r + 25 =7+ s +rs (s>0);
however the general formula for Oy(n) with

(2.28) 7= 20 f 2~ L | ottty

seems to be complicated. We reamrk that if we put
my =2 4 25t 4 f 2t
my = 210 4 2rotr L L Qndnt AT gy =0,
then
(229)  Oq(n) = Oo(my) Oo(n;11) — Oolmj—1) Oo(njy2) (0 <7 < k).
In particular (2.29) implies
(2.30) Oo(no) = (1 + 70) Oy(ny) — Oo(n2),



20 L. Carlitz

(2.31) o) = (1 + 1) So(my—y) — Solmy_s).
3. If we put
(3.1) X =t 1,

(2.18) becomes
Cullt + 172 = Wiyt + 1)

t—t1
If2"+2 —1
= ¢ ﬁ (nlOd 2).
Replacing #2 by ¢, this reduces to
t2n +1 __ 1
(3.2) " Cn (t —|- t—l) == —T—l— (mod 2).

We remark that (3.2) can be proved directly using only (2.2).
We recall next that the cyclotomic polynomial defined by means of

(3.3) " — 1= [ ; F, (@)

dln
has the following factorization property. Let # be odd and let 2
belong to the exponent e (mod #). Then if ¢ (n) = ef, where ¢ (n)
is the Euler function, we have the factorization

(3.4) Ft) = Py(t) ... P,t) (mod 2),

where the P; are distinct irreducible polynomials (mod 2) of degree e.
Thus the factorization (mod 2) of the polynomial

(3.5) " Cy (¢4 ¢7Y)

is determined by means of (3.4). However to get the factorization of
C, (¥) we need something more.

We remark first that if the a; are arbitrary integers then
integers b; can be determined so that

n

(3.6) N g (4 1) = Z bt + 1),

i=0

a like statement holds (mod 2). Now if 4 (x) is an arbitrary polynomial
with integral coefficients it is evident that we may apply (3.6) to
obtain

(3.7) Al) A = B(t + 1Y),
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where B(x) is a polynomial with integral coefficients.
We assume that A4(x) is irreducible (mod 2) and moreover that

(3.8) A(x) # 2 A(xY (deg A = n) ;

we shall show that B(x) is also irreducible (mod 2). For if we assume
that

B(x) = R(x) S(x) (mod 2)
then (3.7) becomes
(3.9) A(t) A(t) = t"R(t + t7Y) S(t + ¢7Y),
where A() = t"A(t~Y). If deg R(x) = &, it follows from (3.9) that
R+ t71) = A(t), P*S(E+t7Y) = A(@).
But from the last of these relations we have
St 4 1) = A(¥),

" so that R = S, A = A, which contradicts (3.8). Therefore B(x) as
defined by (3.6) is irreducible (mod 2).
If in place of (3.8) we have

(3.10) A@x) = A(x) = 2 A (x1)

and A4 (x) is irreducible (mod 2) of degree » > 1, then, to begin with,
n is even. For otherwise A4(x) contains an even number of terms,
which implies divisibility (mod 2) by x 4+ 1. If we put n = 2& we
may apply (3.6) to get

t=FA(t) = B(t — t71).
It follows at once that B(x) is also irreducible (mod 2).

We can now describe the factorization (mod 2) of C(n). We state
the following

THEOREM 1. To obtain the factorization (mod 2) of C,(x) we first
factor the polynomial in t

(3.11) (Bt — 1)/ 1)

by means of (3.3) and (3.4). Let P(t) be an irreducible factor of (3.11)
of degree m << 2. Then if

(3.12) P(t) = P(t™1)
it follows that m = 2k and
=% P(t) = Q%)
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furnishes an irveducible factor of C,(x) of degree k. If (3.12) is not
satisfied then

(3.13) P P(tY) = Q)
furnishes an irreducible factor of C,(x) of degree m. The polynomial
(3.11) has the quadratic factor t> 4 ¢t 4 1 if and only if 3[2n + 1; to
this factor corvesponds the linear factor x + 1 of C,(x). In this way
all trreducible factors of C,(x) are obtained. Morevoer C,(x) has no
repeated factors.

The only ambiguity in the theorem is that we have no way of
deciding in advance when (3.12) is satisfied. We are therefore unable
to predict the number of irreducible factors of C,(x) of a given degree.

We remark that in the factorization (mod 2) of the cyclotomic
polynomial F,(¢) irreducible factors occur that may or may not sa-
tisfy (3.21). For example we have

2P () =R+ t+ 14+t 144 2=22+x+ 1,

F () = (B4t ) (1) =2 4

t3F9(t);t—|—1-{—t3—x3—[—x+1

5Fn(t)5 A=t 224 x 4,

178F;3(8) = At =8 S oty 1,

t4F,5(t)E( 1)t 1) =t B

tRF(t) = (P2 L2 03 ) (- T )
=@+ 1) (x40,

FSFut) = 8+ 8+ 2+ 1) @6+ 4+24+1) = 26— 25— 1.

4. The following additional properties of C,(x) follow easily
from (3.2).

THEOREM 2. If 2m + 1/2n + 1, then C,(x) is a factor (mod 2)
of C,(x).

THEOREM 3. If 2m 4+ 1, 2n 4+ 1) = 27 + 1, then C,(x) is the
greatest common divisor (mod 2) of C,(x) and C,(x). In particular if
(2m~+1, 2n+1) = 1, then C,,(x) and C,(x) are relatively prime (mod 2).

As a corollary of Theorem 1 we state

THEOREM 4. If p=2n + 1 is prime and 2 is a primitive root
(mod p) then C,(x) is trreducible (mod 2) and therefore irreducible in R.

If 2 belongs to an odd exponent (mod n) it is clear from the dis-
cussion following (3.10) that if P(#) is an irreducible factor (mod 2)
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of I,(f) then P(f) does not satisfy (3.12). Therefore the irreducible
factor of C,(x) corresponding to P(¢) is given by (3.13). Note that
in this case the degree of Q(x) is necessarily odd. However the con-
verse is not true as is evident for example from the factorization
of ¢73F; () or ¢=3F(f) given above.

In the present connection the following theorem is of some in-
terest.

THEOREM 5. Let

(4.1 Q) =x"Fcx" '+ ...t + ¢,
be an irreductible polynomial (mod 2) of degree n > 1. Then Q(x)
admits the factorization
(4.2) Q¢ +t71) = P(t) P(t),
vhere P(t) and P(t) are distinct irreducibles of degree m, if and only
if cuy = 0. S

Proof. If (4.2) holds it is evident that P(f) = #*P(¢~1). Thus if
« is a root of P(#) then a~!is a root of P(f). It follows that

(4.3) B=a+ a1

is a root of Q(x). Moreover from (4.2)
)2 o 1
U)“ﬂ+ﬁ’

which implies

/a‘ 2"/ o "Lﬂ .
G =5+ 3
i=1
Since «, f ¢ GF(2") we get
i*ﬂ—zf = 0.
i=1

But since f-2, =%, ..., p~2" are the roots of Q(r) we have also

Comt = i g7
j=1
Hence the necessity of the condition
(4.4) oy = O.
Conversely when (4.4) holds the equation
1

E=tt g
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is solvable in GF(2"); in other words for given f there exists
o e GF(2") satisfying (4.3). Moreover since Q(x) is irreducible the
least positive integer ¢ such that

=5
is £ = n. If we assume that «?' = «, where 0 < ¢ < n, (4.3) implies
p?* = B, which is impossible. Therefore the polynomial

n—1

P =11 ¢—#)

i=0

is irreducible in GF [2, ¢]. This evidently completes the proof of
the theorem.

Theorem 5 may be compared with the known result [3, p. 34]
that the irreducible polynomial (4.1) satisfies

Q@+t =R R+ 1),
where R(f} is also irreducible, if and only if ¢; = 0.

We conclude with a few additional factorizations (mod 2) of C, (x).
We have already noted that C,, C,, C;, Cs are irreducible while
CGi=@E+1) @ +x+1).

Coe =28 + x5+ x4 +x+ 1,

C,r=x+1) +x4+224+ x4+ 1),
@432+ x4+ 1) F+x+ 1),
Co =% + 28 + &8 4+ x5 + x4 + x + 1.
Co=@+1) B+x+1) @+ 41),
X o100 ot 43 a2 ]
Co=@F4+x+1) 426+ 25+ 23 + 524 x -+ 1).

We remark that the irreducibility of C4, Cy, Cy; is implied by
Theorem 1 while the factorizations of C;, Cg, Cyo, and C;, depend
upon the factorization of Fys, Fy;, Fy and I,s, respectively.

Y
I

O
I
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