A STRUCTURE THEOREM FOR 2-HYPERGROUPOIDS WITH
TOPOLOGICAL APPLICATIONS

by

P. CARRASCO, AM. CEGARRA and J. OLMOS

ABSTRACT:

BRANDT [1] gave a structure theorem for connected groupoids G, which in
a simplicial version stablishes that K(II; (G,*), 1) is a strong deformation
retract of G. The main object of this paper is to generalice Brandt’s theorem to
dimension tow: “If G is a Kan 1-connected 2-hypergroupoid, K(Il, (G,*), 2)isa
strong deformation retract of G”. Then, for a 1-connected topological space X
and *eX the homotopy 2-hypergroupoid of X is equivalent to the second homo-
topy group II,(X,*) and the Hurewicz theorem is obtained as an elemental
application.

Under the classical set theoretic notion of groupoid, i.e. a non empty cate-
gory in which every arrow is an isomorphism, BRANDT in 1940 [1] gave a struc-
ture theorem for “Brandt groupoids™, i.e. connected groupoids, in which he pro-
ve that they are characterized by a group G and a non empty set S in such a
fashion that set of morphims of the groupoid is bijective to the set SxSxG. By
the present terminology the Brandt’s theorem simply says that every groupoid of
Brandt is equivalent (as category) to a group, and this group is precisely, up to
isomorphism, the group of automorphisms in the groupoid of any object chosen
of the groupoid.

Thus, for instance, the fundamental groupoid of a path-connected topologi-
cal space X is equivalent to the fundamental group Il (X, #) for any * € X.

If for a simplicial set K we denote AIIIH(K) the set of open m-hors in dimen-
sion 1, i.e. A;(K) ={(Xq,.-- K= Xy ,xn), xieKn_l,and such that
di(xj) = dj_1 (x)), for i <j, ij # m} and A (K) is the n-th simplicial kernel,

A (K)=1{(xo0,-.-xp)/ di(xj) = dj-1 (x,),1<j }, the concept of groupoid has
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a simplicial version, that is: A groupoid is a simplicial set G such that Gz’EA; G),
i=0,1, 2, by the canonical applications x = (—, d,; (x), d;2(x)),

X F—=(do(x), —, d2(x)) and x —=(do(x), d1 (x), —), and such that G_=A_(G),
m > 2 by the canonical application xt—(do(x),....,d (x)) (see [8] for
example). In this versién Go corresponds to the set of objects of the groupoid,
G, to the set of morphisms, dg: G;7Gq to the domain map, d;: G; "Gy
to the range map and the composition d; : G~ G; to the multiplication or
composition in the groupoid. In this terminology, Brandt’s theorem says that if
the groupoid is connected (I13(G) = coequalizer (do, d;) = #), then the subgroup
of automorphisms of * e Gy, which is precisely the Eilenberg-MacLane space
K(II, (G, *), 1} is a deformation retract of G.

This simplicial version of groupoid has been generalized in the last years,
when the n-dimensional problems in homological algebra were studied ([4]
[5]116][7] [8]), by introducing the concept of n-hypergroupoid, n > 1; thus, for
instance, a 2-hypergroupoid is a simplicial set G such that G;EAQ(G)', i=0,1,2,
3, and GmEAm(G), m > 3, (in this case each composition A3(G)—>G;—G,
isa 3-ary operation satisfying certain identities). Analogously as a topological space
X has associated a groupoid, the fundamental groupoid, X has also associated a 2-
hypergroupoid which is precisely the Eilenberg-MacLane space K(II, (X,*), 2), for
* e X.

The main object of this paper is to generalize the structure Brandt theorem
to dimension two. Thus we obtain:

Teorema 1.1.- If G is a Kan 1-connected 2-hypergroupoid, then for every
* € Gg, K(IT1 (G, *), 2) is a deformation retract of G.

Then, for a 1-connected topological space X and # € X, we obtain that the
homotopy 2-hypergroupoid of X is equivalent to the second homotopy group
I, (X, #) (considered as a 2-hypergroupoid).

This fact implies the Hurewicz theorem (Hy(X, A) = 0 = H' (X, A),
H?(X, A) =Hom (I1, (X, %), A) and Hy(X, A) =I1,(X, *) @A, if X is 1-connec-
ted) as a elemental application with which we end the present work.

1.— THE BRANDT’S THEOREM FOR 2-HYPERGROUPOIDS.

The following lemma will be useful to proof the main theorem:

LEMMA 1.1.—‘ Let G be a 2-Hypergroupoid, K a simplicial set.
i) A truncated simplicial map
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has an extension, necessarly unique, to a simplicial map f=(f ) > o:K—G

if, and only if, for each 3-simplex x € K, there exists y € G3 such that d, y)=
= f,d,(x). In this case f3(x) =y andf ,m>3,isgivenby (%) =(fm_1 do(x),...,
£, 3 d_ (x)) which belongs to A (G)=G . ’

ii) Given simplicial maps f,g: K—G, a truncated homotopy

has an extension, necessarly unique, to a homotopy h: f—g if, and only if,
for each x € K, the following condition is satisfied: If y, € G3 is the element

such that do(y;) = f5(x), d2(y;) = hgdl(x) and d3(y,) = h‘:dz(x) (this unique
y1 exists since (f3(x), —, hgd,(x), h(: dy(x)) € A;(G)EG;,) and y, € Gj is the
element such that do(y2) = hydo(x), d1(v2) = di(y1) and ds(y2) = hyds(x)
(which exists and is unique since (h?do(x), d;(v1), —, h: d,(x)) e A:(G) = IG3),
then the element y; € Gs, the unique one such that dg(y;) = h} do(x),d;(v3) =
= h: dy(x) and d,(y3) =d,(y,), satisfies that d3(y3) =g3(x).

) In this case the extended homotopy is such that hg(x) =y, hlz (x) =y, and
h, (x)=ys.

Proof

i) If (fz, f1, fo) has an extension to a simplicial map f: K—™G, then
dif 3(x) =1f>d,(x) and exists y = f3(x). Conversely, let us suppose that for each
x € K3 there exists y € G; such that d,(y) = f,d;(x). y is necessarly unique since

G, = A; (G) and we define f3(x) =y. Then (f3, f,, f;, fo) is a truncated simpli-
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cial map since by construction difa(x) = f,d; and also f, 5 = sjf2 because disjfz =
= f2 dls_] .

Finally, since G = A_ (G) for m > 3, the truncated map (f3, f2, f1,fo)
determines an unique extension (fm)m o bY I ()=(f 4 do(x),....f 4 d_(x)
form > 3.

i) If the truncated homotopy (hi()o <k has an extension to a ho-

<i<2
motopy h: f 7 g one has that: 1) dohg(x) = f,(x), dzhz(x) ,=h1 d;(x) and
d3hy (x) = hy dy (x), s0 that y; =h3(x);2) dohs (x) = hy do(x), 1 hy(x) = d, ha (%),
and d3h;(x) = hyd;(x), then y, = hy(x); and 3) doha (%) = hy do(x), dyhy (x) =
= hidl(x) and dzh:(x) = dzh; (x), consecuently y; = h;(x) and it is satisfied

2
that d3(ys) = dsh; (x) = g2(x). «
Reciprocally, under the hypothesis it is plain to see that the maps h, given

by hg x) =vi, h; (x) =y, and h; (x) =y3 define a truncated homotopy which

has an extension to a homotopy h = (h]f)0 < x < given inductively by:

() = (5,00, Y160,y diG, oy 4 () €Gpy = AL (G)

hy (0 =(h7,_ do(®), Y1(x), Y2 (), .- .. .. b4 (x)eG,

h- ‘(x) (W do(x), . . ... 2 (), Y, (), Y (0, hE T d ()
€G,,,

() =(hp " do(x), - venn D Td (), Y 00,8, (0)€G

where

Y1(x) = (dof,(x), dih,_ ds (), ... ... dih) d (x)eG, =A (G)

0 0 1
Y2 (X) =(d1 hm—l do(x), dlhm—l dl(x), dz hm'-l dz(X), ..... d2 m-1 dm(x)) € G
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m l(x) (dm e el 1d(,(x) ....... dm 2hm 1dm 2(x) dm 1hm 1dm l(x)

d_ h™%d_(x)

m-1 m-1 m

Y (x)=(d,_hn 7 de(), ... A4 w24 (x),d_hTd_(x)eG_

m1m1m1 m m-1 m

1.2.— For a Kan simplicial set K(i.e. a simplicial set such that (dj): K — Ain(K)

is a apimorphism for each 0 < i < n), it is said that two n-simplices x and x' of
K are homotopic, written x ~ X', if d,(x) = d,(x"), 0 <i < n, and there exists

y e K , suchthatd (y) =x,d , (¥)= x" and diy) =s,_ di(x) =s,_ ldi(x'),

0 < i < n. The simplex y is called a homotopy from x to x "and ~ is a equivalen-
ce relation on the n-simplices of K, n 2 0. For # € K, if we denote Kn(*) =
= {xeK [d(x) = o7 ) (=507 D s¢ (*)) } then the n-th homotopy group
of XisII (K, *) =K (#)/~, which are group for n 2 1 and abelian groups if
n=2.

Let X a topologicla space and S(X) the (total) singular complex of X (i.e.
Sn(X), n > 0, is the set of singular n-simplices or continuous maps A" —X);
S(X) is a Kan simplicial set and the homotopy groups of X coincide with the
homotopy groups of 8$(X), i.e. Il (X, *) =IL (S(X), *),n = 0.

We finally recall that for A an abelian group, the Eilenberg-MacLane com-
plex K(A, 2) (which is a 2-hyperfroupoid) is given by: K(A, 2)o =K(A, 2); ==,
and K(A, 2); = A%, d(ao, a1, 22) =2,1=0, 1, 2;d3(ao, a1,22) =20 —4; +ay
and for m > 3 K(A, 2)m =A (K(A 2))

, /_\
KA, Do A3 %\A@@x

This complex, K(A 2), is such that I, (K(A, 2), #) = 0if i # 2 and
1, (K(A, 2), #)=A.If B is another abelian group, the homology and cohomo-
logy of K(A, 2) with coefficients in B are such that H*(K(A, 2), B) = Hom(A, B)
H,(K(A, 2),B)=A& B and H' (K(A, 2), B) =0 =H, (K(A, 2), B).

For more details see [9].

LEMMA 2.3.— Let G be a Kan 2-hypergroupoid and * € G4. Let E»(G, *) the
sub-2-hypergroupoid of G over = (i.e. the subcomplex of G which consists of
those n-simplices whose faces on dimension 0 and 1, are # and sq(*), respecti-
vely).

Then E,(G, *) = K(I,(G, #), 2); therefore one has a natural inclusion
i: K(I,(G, *), 2) —G.
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Proof.

It is clear that E4 (G, #), = * =K(II,(G, %), 2),,i=0, 1. Now let us note that
(G, *) =G, (*)={x € G2/di(x) =so(*),1=0,1,2 } since if y € G3 is a ho-
motopy from x to x', x, x" € G5(*), then d(y) = d;s,(x), i =0, 1, 2, and as
Gj3 = A3(G) we deduce that y = s,(x); consecuently di(y) = dss,(x), that is
X= X,. Thus EZ(G: *)2 =,G2(*) = HZ(G’ *) =K(H2(Gs *)1 2)2 .

Finally, E5 (G, *)3 = A3(E,(G, *)) = A3(K(I1,(G, *), 2)) = K(I1,(G, *), 2)3
and using induction for m > 3. we have: Ey(G, *) = A_(E,(G, *) =
=Am(K(H2(Ga *)’ 2)) =K(H2(G! *)’ 2)m

Now we can prove the structure theorem.

THEOREM 1.4.— Let G be a 1l-connected Kan 2-hypergroupoid; let # € Gy.
Then K(I1, (G, *), 2) is a deformation retract of G.

Proof.

Firstly we defme maps ho Gy~ G, and hl, h1 G, G, as following:
For u e Gy, ho(u) is a homotopy from * to u(ie. an element of G, such that
dohg(u) = * and d, ho(u) u; this exists because G is connected). If u = *, hg(*)
will be so(*).
- Forz e Gy, hi (x) is an element of G, such that dohi (z) = hgdo(z) and
dzhl(z) z, this element ex1sts since G is a Kan complex. If z = so(*) we take
hl(z) as so(*) For each z € G; we define hl(z) asa homotopy from d, h 1(z) to
ho 1(2) (ie. hl(z) € G, is such that dohl(z) = 5o(%), d hl(z) d hl(z) and
d,h{(z) = hod; (2); this exists because G is 1-connected). If z = s (*), h?(z) will

be s5(*).
Now we define r: G_’K(HZ(G *), 2) as followmg For each x € G, we

consider the element (hl o(x) h di(x), —, x) € A3(G) As A3(G) = G3 there
exists an unique element h2 (x) e G3 such that dohz(x) hl o(x), dy hz(x) =
= hld (x) and d hz(x) =x. Let X, =d hz(x) then (h]do(x), — , X5, hid,(x))
€ A;.,(G) 2= G; and there exists an unique element hz (x) € G3 such that doh3(x) =
= hydo(x), dyhy (x) =X, and dshg (x) = h; d, (x). Finally, let X; = d;hy(x) € Gy
we define r,(x) € K(I1; (G, *), 2), as dohg(x), where hg(x) is the unique element
of G5 such that d; hy (x) =Xy, dyha(x) =hyd; (x) and dsh (x) = hy dy (x).

By using the lemman 1.1, we can deduce that r, is extended to a simplicial
map r: G—K(II; (G, %), 2) and the maps (hji),j =0,1,0<1i<]j are extended
to a homotopy h: ir — 1. Clearly ri = lK(l'I2 (G.%), 2)
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2.— THE FUNDAMENTAL 2-HYPERGROPOID ASSOCIATED TO A TOPOLOGICAL
SPACE.

Let K a Kan simplicial set, we will define a 2-hypergroupoid associated to K,
5,K, as following:

Let (62K)m = Km for m =0, 1, and (6,K); =K;/~, where ~ is the homo-
topy relation between 2-simplices considered in (1.1). ‘

Since if x ~ x’ then d,(x) =d,(x"), it is induced a truncated simplicial set:

/A/,—\

(SZK)Z_—_:" K1 ;KO

- We consider (6,K); = A:((&zK)zig K,) and the canonical projections
a;: (6,K)s == (6,K),, i =0, 1, 2. For each (zo, 21, Z2, —) € (§2K)3, let Xo, x4,
x, € K, the representatives of z9, z; and z, respectively. Then (xo, X1, X2, =)
€ AZ(K) and since K is a Kan complex, there exists y3 € K3 such that di(y3) =X
i=0, 1, 2. It is plain to see that the homotopy class of d3(y3) =z is indepen-
dent of the choice of y3 and x;,i = 0, 1, 2. Therefore we have a map dj:
(6,K)3— (56:K), given by d3(2o, 21, 22, —) =23, according to the above.

We have now the truncated simplicial set:

/ﬁ\ﬁ J—

(§ K)::;( 5 K) ——h—-—lKr______,___, KO

where the degeneraby maps s;: (5,K),—(8,K); are given by: so(z) =
=(2, 2, 5041 (2), —), $1(2) = (s0d0(2), 2, 2, —) and 5,(2) = (51do(2), $1d1(2), Z, -);
we extend this truncated simplicial set to a simplicial set §,K by iteration the
simplicial kernels construction.

It is easy to see that §,K is a Kan simplicial complex and it is also a 2-hyper-
groupmd By construction, we have only to see that (§,K); = Al 3(8:K) =

A3(62K), i=0, 1, 2. It is sufficient to see that if two elements y,y" € K3 are such
that dy(y) ~ d;(y") for each i #j, then d; (y) ~d; (y "). In fact, let us suppose that
do(y) ~ do(¥y"), d1(y) ~ dy(y’) and dz(Y) ~ dz(y) by the homotopies uo, u;
and u, respectively, then a homotopy ujz: da(y) ~ ds(y") is obtained as follo-
wing Since K is a Kan complex, there exists x,x’ € K4 such that d;(x) = dl(x') =

=0, 1 2, da(x) =y and d3(x") = y". As (s;do(y"), 51d1(y"), da(x),
d4(x) —)e A4(K) there exists w € K4 such that do(w) =s;do(y’), d;(w) =
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=$,d,(y"), da(w) = d4(x) and d3(w) = da(x'). Then d4(w) =ujs is a homotopy
from ds(y) to d3(y") since dg(us) =dss;do(y") =s1dods(y"), d1(us)=das; d;(y")
=3,d;1d3(y"), d2(u3) =dsda(x) =da(y) and d3(u3) =d3da(x’) = ds(y).

DEFINITION 2.1.— If K is a Kan simplicial set, the 2-hypergroupoid §,K, cons-
tructed above, is called the fundamental 2-hypergroupoid (or fundamental ho-
motopy 2-hypergroupoid).

If X is a topological space, it is defined the fundamental 2-hypergroupoid of
X, §,X, a5 8, X =8,5(X)

From the theorem 1.4 we have:

THEOREM 2.2.— If X is a l-connected topological space, the fundamental
2-hypergoupoid of X is equivalent, in a natural way, to the second homotopy
group of X II,(X, *) (where I1, (X, *) is considered as a 2-hypergroupoid, that is
K (IL, (X, *), 2)).

A elemental propierty of 6, X is the following:

PROPOSITION 2.3.— If X is a topological space and A is an abelian group, then:
H'(X,A) = H'(6,X,A) and H?(X,A) = H?(6,X,A)

in a natural way.

Proof.

By the definition of §,(X) it is plain to see that H'(X,A) =H'(8,X, A). To
proof the second isomorphism it is sufficient to see that every normalized 2-co-
cycle is factorized through (6,X), (since the coborders are equal); in fact, let
f e Hom(S,X,A) a normalized cocycle and let x,x" € S, X such that x ~x', then
there exists y e (S3X); such that ds(y) = x, dp(y) = x" and di(y) = s;d;(x),
i=0, 1. Then, since f is a mormalized 2-cocycle, one has that E? 0(—l)ifdi =0
and therefore E;o(——l)ifdi(y) =0, so that we deduce that f(x) = f(x") and there-
fore f is factoriced through (8, X),. Thus H*(X,A) = H?(5, X,A).

Finally, let us see that the theorem 2.2 implies the Hurewicz theorem on
dimension two.
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COROLLARY 2.4.— If X is a 1-connected topological space, then one has natu-
ral isomorphisms (which are induced by the Hurewicz morphism):

H? (X,A) = Hom(II (X, *), A) Hy(XA) = I (X, *) @A
also H' (X,A) =0 =H; (X,A), for every abelian group A.

Proof.
Since X is 1-connected, the canonical inclusion i: K(l'[z (X, %), 2) —6,8(X)
(see lemma 1.3) is a homotopy equivalence and the corollary is a consequence of

the proposition 2.3 and of the elemental homological propierties of K{A,n)
(see 1.1). )
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