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ABSTRACT
Characterizations of various monotonicity properties (UM, LUM, STM) in the
sequential Orlicz spaces( h, for the Luxemburg norm || - ||, are considered
(cf.[23]). It followsthat the strong monotonicity (STM) and the uniform mono-
tonicity (UM) do not coincide in general for the counting measure case. Some
applications to (dominated) best approximation are also given.

1. Preliminaries

Let Iy = lg(p) be a sequential Orlicz space for the counting measure g ([16], [17],
[15], [27], [31], [11]). In [23] (Theorem 2.7), for x nonatomic, it was proved that the
strict monotonicity (STM) and the uniform monotonicity (UM) (and hence all the
intermediate monotonicity properties) coincide for the Luxemburg norm (the case
of the Orlicz norm is considered in [14]). For the counting measure such equivalence
is not longer true. It is proved below for [, that the monotonicity properties UM,
LUM, CWLUM, H{STM and STM (cf. [23]) fall into two groups and that within
these two groups they are equivalent each to other. We proceed by characterizations
of these properties. The methods we apply in this paper differ essentially from that
for the nonatomic case ([23]).

We begin with brief recalling of some basic definitions. A Banach lattice X,
with the positive cone X, is called uniformly monotone (UM) (cf. [3], Chap. XV,
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(23], [14], [1], [4], [5], [6], [26]), if for each € > O there exists a 6(¢) > 0, such that
Ilf —gll <1—6(e), whenever f > g > 0,|f|| = 1 and ||g|| > €. Equivalently, for
all sequences (fy), (gn) in X4 with ||f,]| = 1 and f, > g¢,, there holds ||g,| — 0
whenever || f,, —gn|| — 1. X is said to be a strictly monotone space (STM), if for all
f,9 € X4 such that f > g there holds ||f — ¢|| < || f]| whenever ||g|]| > 0. The STM
and UM properties can be viewed as the rotundity (R) and the uniform rotundity
(UR) restricted to compatible elements in X, ([23], [14]). If in the definition of
the UM property f,, = f for all n, or we look for I(g,) — 0 as n — 400
instead of ||g,|| — 0, for some positive functional I, we arrive to the concept of
the local uniform monotonicity (LUM), or to the the weak uniform monotonicity
(WUM), respectively. If both these properties take place simultaneously then we
get the weak local uniform property (WLUM). Further, if for all positive functionals
[ € S(X*) (S - the unit sphere), f, € S(X4) and g, € X4 with f,, > gy, there
holds ||gn|| — 0 whenever I(f, — gn) — 1, then X is said to be a CWUM space
(i.e. weakly uniformly monotone in different sense; cf. [19] for an analogy with the
CWUR property studied originally under a different name in [8], [30]). If in this
definition f = f, for all n then X is said to be CWLUM space (localization of
CWUM). Finally, X is said to have a Hy property ([23]), if f > g, > 0,]|f]| =1
and the weak-* convergence g,, — f imply the norm convergence || f — gn|¢ — 0.
From the definitions it follows that UM = LUM = WLUM, LUM = CWLUM
= H; and STM, UM = WUM = WLUM = STM, UM = CWUM = CWLUM.
Let us point out that H, always implies the order continuity in Banach lattice X
and that CWLUM is equivalent to Hy STM (i.e. Hy and STM) (cf. [23], [14]). In
the paper, applying these implications, all the mentioned properties (except the
property WUM) are characterized directly in terms of the function ¢ for Musielak-
Orlicz spaces 1.

Sequential Musielak-Orlicz spaces [4 consist of all (real) sequences f = ()
satisfying I,(af) = 212 én(alz,]) < +oo for some o > 0 depending on f. By ¢
we mean a function ¢(-,-) : Ry x N — R ,, or a sequence ¢ = (¢,,(-)) of functions
dn() = ¢(-,n) (n € N), such that ¢,,(0) = 0, ¢,(-) are nontrivial, convex, Isc and
continuous at zero. We will write ¢ < +oo (resp. 0 < ¢), if ¢, (r) < +oo (resp.
0 < ¢n(r)) for all n € N) and for all » > 0.

The space hg consists of all sequences f = (z,,) such that I4(af) < 400 for all
a > 0 (cf. [11] for different approach concerning the definition of k). Further, let I3
be a subspace of [, on which the Luxemburg norm || f||¢ = inf{av > 0 : I(f/ax) < 1}
is absolutely continuous, i.e.

lgz{f6l¢:f2fm207fm\0 = Hme(b_)O}
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From the definitions it follows that hy C I3 C I, ([31], [16], [2]).

Following [16] ¢ is said to satisfy a 69-condition, if there exist v,6 > 0, a
nonnegative sequence (o, ) and a natural number k, for which E;tiokan < 400, such
that for all n € N and r > 0 satisfying ¢,,(r) < 6 there holds ¢,,(2r) < v ¢, (r) + an,
(n € N). We will then write ¢ € 83 or ¢ € 6, whenever in the above definition
we have k = 1. If ¢ < +oo, or ¢ does not depend on n, the §3-condition and the
83-condition coincide. The role of the §9-condition explain the following results: (a)
I§ =1y if and only if ¢ € 69 (see Theorem 2.6 below), (b) hgs = I if and only if ¢ €63
and ¢ < +o0, [17]). Let us point out that: (c) hy = I3 if and only if ¢ < +oo ([31]).
In [11] it was proved that I§ = cl| {en} (- the closure in [). Thus the spaces hy
and [3 are different in general except the case when ¢ < +oc.

Remark. It can be verified that supp(h,) = N if and only if ¢ < +o0. If supp(hg) #
N, we can confine to all these functions ¢,, with n in some subset Ny of N which are
finite. Therefore, without loss of generality, one can assume that ¢ < 400 whenever
the space hg is considered.

Following [16] ¢ is said to satisfy a (x)-condition, if for each € > 0 there exists
6 € (0,1) such that for all z > 0 and n € N there holds ¢, (z) > 1 — ¢ whenever
dn((1 +6)x) > 1. Let us introduce a weaker condition then the (x)-condition. Let
(rn) be a positive sequence satisfying ¢, (r,) = 1 (n € N). If such a sequence exists,
we will write 1 € ¢,[R4] (n € N). We say that ¢ satisfies a (xx)-condition, if any of
the following (equivalent) conditions is satisfied:
1. For each sequence (6,,) in (0, 1] converging to 1 there holds

¢Gn(0nrn) — 1 whenever n — +o0.

2. For each € € (0,1) there holds n4(e) > 0, where

r
= inf inf 1——.
o=t (1-7)
We leave a simple proof of this equivalence. From 2 it follows that the condition (%*)
means that all the values r > 0 such that y = ¢,(r) remain below the horizontal
line y = 1 — € must be uniformly (with respect to n) far from the vertical lines at
x = 1y, in the sense that r/r,, < ng(e). If ¢,,(s) = s for all n then ny(€) = €.

Lemma 1.1
For the function ¢ the following statements are equivalent.
(a) ¢ satisfies the condition (x).

(b) () 1 € pn[Ry] (n € N),
(ii) ¢ satisfies the condition (xx).
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Proof. (a) = (b)(i). If 1 ¢ ¢,[R] for some n € N, then ¢,(ry) < 1 where
ro = sup{r > 0: ¢,(r) < 1} and ro > 0. Hence, for some ¢ > 0, we have ¢, (r¢) <
1 —e. From (a) it follows that there exists a 6 > 0 such that ¢, ((1 4+ 6)rg) <1, a
contradiction with the choice of rg.

(a) = (b)(ii). If this implication is not true then there exists a sequence (6,)
such that 0 < 0, <1 and 0,, — 1 with ¢, (6,7r,) <1 — € for some € € (0,1). Let n
be large enough such that 6,, > 1/(1 + §), where § € (0,1) is from the assumption
(a). Then, 1 < (1+6)0,, < ¢n((1+6)0,7,) <1 — ¢, a contradiction.

(b) = (a). If not, there exist € > 0, a subsequence (n,,) and 0 < z,, such that
On,, (1 +1/m)zy) > 1 and ¢y, (z,m) < 1 —e. We can confine ourselves to z,
satisfying 0 < z, < 7y, where ¢, (rp, ) = 1. Then, z,, < r,,, < (1+1/m)x,,.
Hence, 6y, = @y /Tn,, — 1 with 6, < 1, for m — +o00. From the assumption (b) it
follows that ¢y, (6m7Tn,, ) — 1. On the other hand ¢y, (61 7n,,) = én,, (Tm) < 1—F¢,
a contradiction. [J

For the sake of completeness we recall some basic results concerning the sequential
Musielak-Orlicz spaces.

Lemma 1.2 ([15])

The following statements are equivalent.
(a) || fll¢ = 1 implies that I,(f) =1, for all f € ly4.
(b) (i) The function ¢ satisfies the 89-condition,
(ii) 1 € GulRy] (n € N).

Let us point out that (b)(ii) is automatically satisfied whenever ¢ < +o0, i.e.
¢ (1) is finite for all » > 0 (n € N).

We will write &, T 1 whenever &, <1 and &, — 1 for m — +00. The following
lemma is essentially due to Kamiriska ([16]) under the assumption that ¢ < +oo
and ¢ € 0s.

Lemma 1.3

The following statements are equivalent.
(a) || fmlle T 1 implies that Is(fm) T 1, for sequences (fy,) € ls.
(b) For each € € (0,1) there exists 6 € (0,1) such that for all f € l, satisfying
| fll¢ > 1 — 6 there holds I,(f) > 1 —e.
(c) (i) ¢ satisfies the 69-condition,
(i) 1 € 6u[R4] (n € ),
(iii) ¢ satisfies the condition (*x).
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Remarks. The equivalence (a) < (b) is clear. The implications (a) = (c)(i),
(a) = (c)(ii) follow from Lemma 1.2. By virtue of Lemma 1.1 the conditions (c)(ii),
(c)(iii) are equivalent to the condition (x). Applying Lemma 9 from [16] we obtain
that (b) <= (%) under the d3-condition. It can be verified that this lemma is
still true for ¢ € 6. Thus the d>-condition can be replaced by the §9-condition and
(c) = (b) as desired.

Lemma 1.4

The following statements hold true for the space hg.
(a) || fmll¢ T 1 implies that I4(fn) 1 1, for sequences f = (fp,) satisfying 0 < |fp,| <
f, where f € hy.
(b) he does not contain an isomorphic copy of l.
In particular, if || f|l¢ = 1, then I4(f) = 1.

Proof. Since, by the definition, we have I(-) < 400 on hy and moreover I(f) <
Iflle < 1, we conclude that I,(-) is continuous at zero and consequently I4(-) is
continuous on hg. Hence, the last assertion of the lemma follows.

Next, let || fll¢ T 1 and a = 1/ fn |l Then, 1 = Iy(qm, fin) = Lp((otm —1)2fmm +
(2 —am)fm) < (am — 1) 14(2f) + (2 — o) 1y(fm). If for some subsequence we
have I4(fm,) < 1 — ¢, for some € € (0,1), then we arrive to a contradiction, since
I4(2f) < 4o00. Thus I4(f) 11 and (a) follows.

We have hy C Iy as a closed sublattice. Thus hg possess a lattice norm which is
order continuous. Therefore, by virtue of the well known result concerning general
Banach lattices, hy does not contain an isomorphic copy of lo, ([20]) which proves
(b) (cf. [11] and [17] for further results concerning copies of ¢y and Il in ly). O

Remark. In the above lemma as well as in Lemma 1.6 we need not assume that
@ < +o00.

Lemma 1.5 ([16])

The following statements are equivalent.
(a) For each € > 0 there exists n(e) > 0 such that for all f € ly satisfying ||f||s > €
there holds I4(f) > n(e); in other words the norm and the modular convergence
coincide.
(b) ¢ satisfies the 69-condition and ¢ > 0.

For the space hg one can prove a similar result.
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Lemma 1.6
Let ¢ > 0. If f > g, > 0, where f, g, € hg, then 14(g,) — 0 implies
lgmlls — 0.

Proof. Assume to the contrary, that a, = ||gm|¢ > € for some € € (0, 1], where a,, <
1 (for the sake of simplicity we do not pass to the subsequence). From Lemma 1.4
it follows that 1 = I4(gm/am). Moreover, I4(gm/m) < (1/am — 1) 14(2gm) +
(2 = 1/am) Ip(gm). Since I4(gm) — 0 and ¢ > 0, we obtain that g,,, — 0,
p— coordinatewise, with 0 < g,,,, < f. Since I4(2f) < 400, we conclude from the
Lebesgue convergence theorem that I4(2¢,,,) — 0. Now, since a,, € (e, || f||4], the
above inequalities lead to a contradiction which finishes the proof. [J

We call the modular I4(-) ¢—uniformly monotone (resp. uniformly monotone),
if for each € > 0 there exists n(e) > 0 such that f > g > 0 in Iy with I4(f) =1
and I4(g) > € (resp. with || f]|l4 =1 and ||g||¢ > €) imply that I4(f —g) < 1 —n(e).
Also I4(-) is said to be ¢—strictly monotone (resp. strictly monotone), if f > g >0
in I, with I,(f) = 1 and I4(g) > 0 (resp. |/f|ls = 1 and ||g|ls > 0) imply that
I4(f —g) < 1. We will write shortly that I(-) is a p—UM, UM, ¢—STM and STM
modular, respectively. Let us point out that all these properties can be considered
relatively to hy as well. Clearly, each UM modular is —UM and therefore ¢p—STM.
Also, each STM modular I,(-) is ¢—STM. However, thanks to the subadditivity of
I4(-) on the positive cone (ly), we have the following lemma ([23]), Proposition 1.4).

Lemma 1.7

The modular 1,(-) is always ¢— UM with n(e) = e. Consequently, the notions of
¢— UM and ¢—STM modulars coincide.

2. Main results

In the following it will be assumed that ¢ < 400 whenever the subspace hg of Iy is
considered (in this case hy = I3). We begin with the following lemma.

Lemma 2.1

Let Iy be an STM space. Then the following statements hold true.
(a) 1 € 6ulR4] (n € N),
(b) ¢ >0,
(c) ¢ satisfies the 63-condition.
If hy is an STM space (for h, we assume that ¢ < +oo) then, ¢ satisfy the
conditions (a) and (b).
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Proof. To prove (a) let us assume for a moment that 1 ¢ ¢,[Ry] for some n.
Applying the Isc of ¢ we get ¢, ({ox) < 1 and & > 0 where { = sup{r > 0 :
¢n(rx) < 1} and x > 0 is fixed but arbitrary. For n # m there exists y > 0 such
that ¢,,(y) < 1 — ¢, (§ox). Then, define f = &yze,, and g = ye,,. Clearly, f, g > 0.
Since I4(f) < 1 and I4(f/A) > 1 for A > 1, we conclude that ||f|l, = 1. On the
other hand I4(f + g) = ¢n(ox) + ¢n(y) < 1 and I4((f +g)/A) > 1 whenever A < 1.
Hence it follows that || f + g||¢ = || f|l¢ = 1. Now, applying the STM of I; we obtain
g = 0, a contradiction.

To prove (b) let us notice that if there exists n and x > 0 such that ¢, (z) = 0,
then choose a sequence h = (0, z9, ...) € lg with z; > 0 and ||h||4 = 1 and a sequence
g = (x,0,...). Let f = h+g. Then, I4(f) = I4(f —g) = 1 where f > g >0, a
contradiction with the assumption that [, is STM.

The same reasoning applies for the space hy, so we omit the proof of (b) in this
case. Let us point out that (a) is a consequence of the assumption ¢ < +o00.

To get (c), we will prove first that ||h||s = 1 implies I,(h) = 1 in ly. Then,
the proof will be completed by virtue of lemma 1.2. For this do assume that there
exists h = (x,,) € ls such that ||h|l, =1 and I4(h) < 1. Without loss of generality
let h > 0 and let x,,, > 0 for some m € N. Applying (a) we have ¢,,( x,,) = 1
for some £ > 0. Thus the following function ¢ — ¢, (tx,,) is continuous on [0, ¢]
and therefore there exists ¢y € (0,&) such that ¢, (toxm) + Xnstm@n(x,) = 1 and
to > 0. Define g = (to — 1)zmen, and let f = h 4+ ¢. Then I4(f) = 1 and therefore
lflle = 1. Moreover ||f —g|ls = 1 with f > g > 0. On the other hand, by our
assumption, g = 0, a contradiction with the choice of z,,,. Now, applying Lemma 1.2,
(c) follows. O

Remark. Since ¢ < 400, in proof of (b), one can referee to Theorem 1.1 in [17]
concerning (order) isometric copies of I in I, in the case when ¢ ¢ 69.

Lemma 2.2
Let 1, be a UM space. Then, the condition (xx) is satisfied.

Proof. By virtue of Lemma 2.1 there exists a positive sequence (r,) such that
¢n(rn) = 1. If the condition (%*) is not satisfied, then there exists € € (0,1) and
a sequence (6,) in the interval (0,1) such that 6, — 1 and ¢, (0,r,) < 1 — €
(we omit passing to the subsequence). Choose (s;,,) such that 1 = ¢o,(02,72,) +
Gan+1(s2n+1). Clearly ¢o,41(s2n41) > €. Next, define sequences (f,), (gn) in Iy
where fn = 92nT2n62n + Son+1€2n+1 and gn = (1 — 92n)r2ne2n + Son+1€2n41- We
assume that n is large enough such that 6, > 1/2. Then, I4(f,) = 1 and hence
| fulle = 1. Also, 0 < g,, < f,, for n large. Moreover, I(fr, — gn) = ¢an(r2,) =1, 50
that || f, — gnlls = 1. Finally, since I4(gn) = ¢2n+1(S2nt+1) > €, we have ||gn|l¢ > €,
a contradiction since [y is a UM space. [
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The property STM (and hence the local properties LUM, WLUM, CWLUM; The-
orem 2.4 below) and the property UM for the space [, can be expressed in terms of
the respective properties of the modular I,(-).

Theorem 2.3

The following, respective, pairs ((a), (b)) of statements are equivalent.
(a) ly is an STM space (resp. l4 is an UM space).
(b) (i) 14(-) is an STM modular (resp. I4(-) is a UM modular),

(i) [|fllg = 1 implies I(f) =1 (resp. | full¢ T 1 implies Is(fn) T 1).

Proof. (The STM case). Implications (b) = (a) and (a) = (b)(i) follow from
the definitions. We will prove that (a) = (b)(ii). If {4 is STM then, by virtue of
Lemma 2.1, 1 € ¢,[Ry], ¢ > 0 and ¢ € 3. In turn, applying Lemma 1.2, we get
that (b)(ii) is satisfied as desired.

(The UM case). The implication (b) = (a) follow immediately from the defini-
tions. To prove (a) = (b)(i) we apply the corresponding implication for the STM
case. Consequently, || f||4 = 1 implies I4(f) = 1 and, by virtue of Lemma 2.1, ¢ > 0.
Thus, by Lemma 1.7, I4(-) is ¢—UM and consequently UM. To prove (a) = (b)(ii)
we apply that by virtue of Lemma 2.2 ¢ satisfies the condition (%*). Again, since
each UM space is an STM space we conclude that (Lemma 2.1) ¢ satisfies the §9-
condition and 1 € ¢,[R4] (n € N). To finish the proof it suffices to apply Lemma 1.3

((¢) = (a). O

In theorems below characterizations of the STM, LUM, WLUM, CWLUM and
UM Musielak-Orlicz spaces [4in terms of the function ¢ are given.

Theorem 2.4

Let us consider the following statements (a), (b) and (c) (it is not necessary that
¢ < +00).
(a) ly is a LUM space.
(b) ly is an STM space.
(©) (i) 6> 0,

(i) 1 € pn[Ry] (n € N),

(iii) ¢ satisfies the 63-condition.
Then, (a) = (b) and (b) <= (c). If ¢ < 400 then also (b) = (a) and in this case
the properties LUM, WLUM, CWLUM, STM for l, coincide.
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Proof. The implication (a) = (b) follows from the definitions. Next, the implications
(b) = (c¢)(i)(ii)(iii) follow from Lemma 2.1.

We will prove that (¢) = (b). Let f > g > 0,||flls = ||f — glls and let us
assume for a moment that |g||s > 0. From (c)(ii),(iii) and Lemma 1.2 it follows
that I4(f) = 1 and I4(f —g) = 1. To finish the proof we apply that each modular is
$—STM (Lemma 1.7). Thus I4(g) = 0 and consequently, by virtue of the condition
(c)(i), g = 0, a contradiction.

To prove that in the case ¢ < +o0o (c) = (a), let us assume that (a) does not
hold true, i.e. there exist € > 0, f € Iy with || f|l, = 1 and a sequence (g,,) in Iy
satisfying f > ¢, > 0 with ||g,|l¢ > €, such that ||f — gn|l¢ — 1. First, we need
to prove that I4(f — g,) — 1. Since ¢ < 400, and ¢ satisfies the 63-condition,
we conclude that [, coincide with hg (see section 1). Therefore, we can apply
Lemma 1.4. Hence, it follows that I4(f — g,) — 1 as desired. Next, applying
Lemma 1.6 (cf. also Lemma 1.5), by virtue of (c¢)(i)(iii), we have I4(g,) > n(e) for
some 7(€) > 0. In hy (cf. also Lemma 1.2), we always have I,(f) = 1. On the
other hand, from Lemma 1.7, we know that I,(-) is automatically ¢-UM and hence
¢-LUM, ie. Iy(f) =1, f> gn > 0 with I,(f — gn) — 1 imply that I(g,) — 0.
Thus, we arrived to the contradiction. Thus (¢) = (a) and the proof is finished. O

From Theorem 2.5 below it will be seen that the LUM and UM properties for
the Musielak-Orlicz spaces [4 does not coincide in general. In the case of nonatomic
measure space the situation is quite different (cf. [23], Theorem 2.7).

Theorem 2.5

The following statements are equivalent.
(a) ly is a UM space.
(b) (i) 6 >0,
(i) 1€ 6,[R4] (n € N),
(iii) ¢ satisfies the condition (%),
(iv) ¢ satisfies the condition 63 or, equivalently, the norm || - || is o-order conti-
nuous.

Proof. Since the UM property implies the STM property, the implications
(a) = (b)(i)(ii)(iii) follow in the same way as in the proof of Theorem 2.4, i.e.
we apply Lemma 2.1. Moreover, from Lemma 2.2 it follows that (a) = (b)(iii).
Thus (a) = (b).

To prove that (b) = (a) let f,, > g, > 0,/ fnll¢ =1 and || fr — gnlle¢ — 1
as n — +o0o. From Lemma 1.2 and Lemma 1.3 it follows that I4(f,) = 1 and
I4(fn — gn) — 1. Since each modular I4(-) is —UM (Lemma 1.7) we obtain that
I4(9n) — 0. Applying Lemma 1.5, we conclude that ||g,||¢ — 0, i.e. (a) follows
whenever ¢ satisfies the 63-condition or, equivalently, || - [|4 is order continuous (cf.
Theorem 2.6 below). O
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Remark. From the above characterization and the nature of the (xx)-condition it
follows that the STM and the UM property coincide for sequential Musielak-Orlicz
spaces 4 whenever ¢, (-) does not depend on n.

The following proposition seems to be well known, however we do not know
any reference to a complete proof in the case under consideration. We apply in the
proof (in essential way) ideas from [15].

Theorem 2.6

The following statements are equivalent.
(a) ly=1g, i.e. the norm || - || is (0 —)order continuous.
(b) ¢ satisfies the 63-condition.

Proof. (b) = (a). Let 0 < fx < f, (fx) | 0 where f, fr = (zF) € l,. Without
loss of generality we can assume that I4(f) = 1. We will prove that I,(¢fi) — 0,
for k — +oo. Let £, € > 0 be arbitrary. Let 3, v > 0, m € N and (a,,) be from
the 69-condition. Then, given any ky € N there exists m large enough such that
Snsm®n(TE0) < €/(37), ¢n(zk0) < B, Npsman < €/3. Moreover, for k > ko large

enough there holds ™, ¢, (%) < €/3. Hence, for such k > ko we have

I¢(€fk) < 221:_11(?71(5'752) + 72n2m¢n(xﬁ) + Zanan <e

Finally, since  is arbitrary (positive), we conclude that | fx|ls — 0 as desired.

(a) = (b). Assume to the contrary that the §3-condition is not satisfied. As
in [15] (pp. 142-143) one can prove the existence of disjoint partition (Ny) (k € N), of
the set N of natural numbers and sequences (), (rx) of nonnegative numbers where
ri T 1 such that X,en, on(zn/Tr) > 1 with ¢ () < by = 1/ay and ¢y (2, /1E) —
axpn(zn) > 0, where n € Ny and aj, = 2872, Let u,, = Si>mEnen, Tnen. Then,
Uy, | 0. On the other hand Iy (um) = Sk>mEnen, dn(Tn) < Sp>11/2F+ < 1. Next,
let m be large enough such that if 0 < r < 1, then for k£ > m there holds 1/r, < 1/r.
Hence, it follows that I4(um) = Si>mEnen, @n(Tn/7) > Ep>mEnen, On(Tn/TE) =
+o00. Therefore, ||u,||¢ = 1 for m large, a contradiction with (b) and the proof is
finished. [

Theorem 2.7

The following respective pairs ((a), (b)) of statements are equivalent (it is not
necessary that ¢ < 4+00).
(a) hy is an STM space (resp. hy is a LUM space).
(b) 14(+) is an STM modular on hy (resp. I4(-) is a LUM modular on the space hg).
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Proof. (a) = (b). Since ||ull4 < o <1 implies I4(u) < a the implications follow by
virtue of the the corresponding definitions.

(b) = (a). Let I4(-) be an STM modular but let ||f —g||ls =1 with 0 < g <
Il fll¢ = 1. From Lemma 1.4 it follows that I4(f —g) = 1 so we get a contradiction
with the STM of I4(-).

If 14(-) is LUM but hy is not LUM then, for some f > 0 with ||f|l, = 1 and
€ > 0 there exists a sequence (gy,) satisfying 0 < g, < f, [|gmlle > €| f—gmlle — 1
as m — +o00. From Lemma 1.4 we obtain that I4(f — g») — 1, a contradiction
with the LUM property of I4(-) which finishes the proof. O

Theorem 2.8

The following statements are equivalent for the space hy.
(a) hy is a LUM space.
(b) hg is an STM space.
(c) () 1€ pulRy] (neN),
(ii)) ¢ > 0.

Proof. The implication (a) = (b) follows from the definitions. By virtue of
Lemma 2.1 (c) follows immediately. To prove that (c) = (a) we apply Lemma 1.7.
Next, by virtue of Lemma 1.4, we get that I4(-) is LUM. Now, applying Lemma 1.4
and Theorem 2.7 we conclude that hy is LUM as desired. [

Remark. We cannot expect that hg is UM in general since every UM space is
monotonically complete. Indeed, hg cannot be monotonically complete since hy is
order dense in Iy ([31]).

3. Monotonicity properties for L, (1) and induced copies of [,

To explain differences in characterizations of the UM property in the case of L., (u)
for p nonatomic and p purely atomic let us recall (cf. [23]) the following characteri-
zation.

Theorem 3.1

The following statements are equivalent for y nonatomic.
(a) L,(p) is an STM space.
(b) Ly(p) is a UM space.

(c) () ¢ >0,
(ii) ¢ satisfies the Ay-condition (i.e. || - |4 is order continuous).
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Recall (eg. [27], [28], [31]) L, () consists of all y-measurable functions on 7" such
that I,(Au) = [, @(Au(t)],t)dup < +oo for some A depending on u. Now, ¢ :
R, x T — R, is measurable and such that ¢(-,t) is convex, Isc, continuous at
zero with ¢(0,t) = 0 and nontrivial, for py—a.e. ¢t € T. We write ¢ € Ay, if ¢
satisfies a Ag-condition, i.e. if there exist K > 0 and an integrable nonnegative and
measurable function h such that ¢(2z,t) < Ko(z,t)+h(t) forallz € Ry and t € T
except a set of zero measure.

Let us consider a sequential Musielak-Orlicz space [4for ¢ given by the formula:

fu(z) = / oz, )du, (z€R, neN),

where (T,) is a partition of T satisfying 0 < u(T},) < +o0, T £ U Ty, T, T £ 0
whenever n # m. Such partition exists since ¢(-,t) is continuous at zero (this
continuity is equivalent to the decomposability of L, (¢) : Loo(Th, 1) C Ly () for all

n, see [24] for further bibliography). We endow [, with the Luxemburg norm || - || 4.
Let us consider the following mapping

jo s f=(xn) — j(f) = X021 walr,.

Clearly v = j(f) € Ly(p) and j defines an order isometry of l, into L, (u). From
Theorem 3.1 we obtain

Corollary 3.2

If L,(p) is an STM space then the space ly under consideration is a UM space.

In view of Theorem 2.5 this observation shows that the As-condition must be
stronger than the §9-condition with ¢ = (¢,,(+)) for ¢, (-) = (-, n). In fact, if ¢ € Ay
then ¢ €69 for v = K, 3 = 400, m = 1 and ¢,, = an h(t)du (see the definition of
the 69-condition). In particular, we have ¢ < +oo.

Proposition 3.3

If ¢ € Ay, then for ¢ defined above we have ¢ € 62. Moreover, 1 € ¢,[R4] (n €
N)and ¢ satisfies the condition (*x).
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4. Applications to dominated best approximation

Some applications to dominated best approximation were given in [23] (see also [14]
for further results). In this section we complete results from [23] in the case of the
counting measure p and for the Luxemburg norm. For the case of the Amemiya
norm see [14].

Let K be a subset of a normed lattice X. If f € X then let Pg(f) be the set of
all best approximations to f with respect to K. The problem of finding an element
g € Px(f) where K < f we call a dominated best approximation. As in the paper
[23], following to the identity (cf. [14], Lemma 4.1)

dist (f, K) = inf —g||= inf —

ist (£, K) = inf |If—gl= Iof [If—vl,

where V = 2f — K, the term “dominated” can be also applied in the case K > f.
Recall, a subset K C X is called a sublattice, if x,y € K implies that x Vy € X.

Proposition 4.1 ([23], Proposition 3.1)

The following statements are equivalent.
(a) X is an STM space.
(b) For all f € X and all sublattices K C X such that K < f there holds Card
(Pk(f)) <1 (i.e. the dominated best approximation with respect to sublattice is
unique).

This equivalence is still true when one consider the order intervals [u,v] instead
of sublattices K.

The existence problem for the dominated best approximation is solved by virtue
of the following result (cf. also [23], Proposition 3.3 and [14], Theorem 4.3).

Theorem 4.2

The following are equivalent for any Banach lattice X.
(a) X has order continuous norm.
(b) All order intervals [g,h] are weakly compact (hence, Py 5 (f) # 0 whenever
f <gorh<f, for each order interval [g, h] and f € X).
(c) Px(f) # 0 for every f € X and each closed sublattice K such that K < f.
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Proof. The equivalence (a) <= (b) is well known (cf. [20], section X4.1). In the
case (a) = (c) the proof is the same as the proof of the implication (a) = (b) of
Proposition 3.3 in [23] (¢) = (a). We proceed as in the proof of Proposition 3.3 in
[23]. In this case, however, we must apply Dini’s theorem (cf. Theorem 4.3, [14]).
Namely, let for a contrary (a) does not hold true, i.e. f, | 0 but inf,,{||f.||} = « for
some sequence (f,) and a > 0. Replacing f,, by g, = (1+1/n)f, we obtain ||gn1|
< |lgnll- Let K ={g,}. Then f =0 < K and Pk (f) = 0. Clearly K is a sublattice.
To prove that K is norm closed let for a moment || f,, — g|| — 0 with f,,, in K and
g ¢ K. Then, f,, — g weakly with (f,,) nonincreasing. Applying Dini’s theorem
we conclude that g = inf,,, {f,, } = 0, a contradiction. (J

In [14] we have proved (Theorem 4.3) that X is CWLUM space, equivalently:
X is STM and order continuous, if and only if the dominated best approximation
problem is uniquely solvable for any closed sublattice of X.

By virtue of the Proposition 4.1 and Theorem 2.4, it follows the following result
for the Musielak-Orlicz sequence space .

Theorem 4.3

The following statements are equivalent for ly.
(a) The dominated best approximation problem with respect to closed sublattices
is unique.
(b) (i) 6 >0,

(i) 1 € 6ulRy] (n € N),

(iii) ¢ satisfies the 89-condition.

By virtue of Theorem 4.2 and Theorem 2.6 we obtain a characterization of the
solvability in terms of the §3-condition.

Theorem 4.4

The following statements are equivalent.
(a) The dominated best approximation problem with respect to closed sublattices
is solvable.
(b) ¢ satisfies the 6-condition.

It is worth noticing that the solvability of the dominated best approximation
problem in [y is a consequence of the unicity.

Finally, we will give a characterization theorem concerning best approximation for
the spaces l,. We can apply a general characterization theorem (Theorem 3.6) from
[23] for ideal Banach function spaces E(u). The characterization of STM property
for [, (Theorem 2.4) enables us to prove more complete result.
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Theorem 4.5

Let ¢ satisfies the 63-condition or, equivalently, l, has an order continuous norm.
Let f = (z,,) € l,\K, where K is a (nonempty) convex subset in l, and let fo = (29).
The following statements are equivalent.

(a) fo € Pr(f).
(b) There exists a sequence g = (§,) € lg« (¢* - the Young conjugate to ¢) with &;
satisfying
(i) |&| € 0 (”‘? fIH ) for all i € N,
(i) sign(&;) = sign(x; — 2?) for all i € N such that &;(x; — 29) # 0.
(iii) 7% (x; — 29) >0, for all h = (y,,) € K.
Moreover:

1. Ifly is STM, i.e. ¢ >0 and 1€ qbn[R+] then for each i € N either & = 0 or,
in the opposite case, sign(&;) = sign(z; — 2¥) whenever x; — x? # 0 (in this case the
sign of §; can be undefined for some 1).

2. If ¢ is smooth at zero then for each i € N either £ = 0 or, in the opposite case,
sign(&;) = sign(x; — 29).

We omit the proof since we can proceed as in the proof of Theorem 3.7 in [23]
assuming that p is the counting measure. Now, the role of the As-condition is
replaced by the 69 condition. This fact yields in particular that the dual (l4)*
to [, can be identified with the associated space l4- and that the formula I(z) =
S Tnsn, with s = (s,) € Iy, gives a general form of the linear and continuous
functional on Iy (cf. [17]). Moreover, the §9-condition implies the continuity of the
modular [,(-). The rest of the proof runs in a standard way.
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