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Random rearrangements in functional spaces
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ABSTRACT

We give an operator approach to several inequalities of S. Kwapien and C. Schiitt,
which allows us to obtain more general results.

Section 0

Let n be an integer, x = {x;;},1 < 4,5 < n,II =1II,, be the set of rearrangements of
{1,2,...,n}. Denote by s1,s2,...,5,2 the rearrangement of |z;;| in the decreasing
order. S. Kwapien and C. Schiitt proved the following statements.

Theorem A ([3])

The inequalities

s ool < 13
— ) s — max |T;.(; —
2n F= 1<i<n @l = F
k=1 mell k=1
are valid.

Theorem B ([5])

If 1 <p < g < oo, then
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The operator approach to such problems is presented in this article. It allows to
obtain more general results.

Section 1

If 2(t) is a measurable function on [0, 1], we denote by z*(¢) the decreasing rearrange-
ment of |z(¢)|. A Banach functional space E on [0, 1] with the Lebesgue measure m
is said to be rearrangement invariant (r.i.) if it satisfies the following condition: if
y € E and z*(t) < y*(t) for all t € [0,1], then z € E and ||z||g < ||y||g. Let 7 > 0.
The compression operators

z(L), 0<t¢<min(r,1)
orx(t) = {

0, min(7,1) <t <1
act in every r.i. space. The numbers

In o,
o i Dol

—0 InT T—oo InT

are named Boyd indexes of the r.i. space E. It’s known that 0 < ag < Bg < 1. Let
x,y € L1. We denote z < y if

/OT o (t)dt < /OT y* (t)dt

for each 7 € [0,1]. If a r.i. space E is separable or isometric to the conjugate of
some separable r.i. space, then < y implies ||z||g < ||y||g. For simplicity we shall
assume that a r.i. space F satisfies this assumption. The Hardy operator

Hzx(t) = /tl @ds

is bounded in a r.i. space E iff ag > 0. Without loss of generality 1|z = 1.
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Orlicz, Lorentz, Marcinkiewicz spaces are r.i. ones. If a function M (u) is even,
convex, increasing on [0, c0) and

im MW o v =0

U— 00 u

: ot
I#lza :mf{“ N RUCOUE 1}'

Let ¢(t) be an increasing concave function on [0, 1] s.t. ¢(0) = 0. Then

then

llirpy = / 2 (H)dip(1).

All the above mentioned properties of r.i. spaces can be found in [1,2,4].

Section 2

Let us fix some one-to-one correspondence ¢ of IT into {1,2,...,n!}. Let 1 < ¢ < 0
and zx is an n-square matrix. We define the quasi-linear operator

Tox(t) = <i|$m(i)‘q> 1/‘17 te (M’ @)

n! n!

with usual modification for ¢ = co. It’s evident that ||T,x| g does not depend on ¢
if E is a r.i. space. Define the operator
k—1 k
Sxz(t) = sk, te ( ,—),

n n

The following statement generalizes Theorem A.

Theorem 1

Let E be a r.i. space. Then
1
SISzle < ITwzle < |52 e

Proof. For simplicity we assume that s; > s > ... > s, > 0. Then m{t: Sz(t) >
sp} =k/n foreach k =1,2,...,n. As
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then .
m{t: Toox(t) > sp} < e

Hence (Toox)*(t) < Sz(t) and || Toox||e < [|Sz||E-
To prove the left side of the inequality, we fix k € {1,2,...,n} and construct

the matrix
|zijl, |zij| > sk
Yij = .

O, |‘T%J’ < Sk
Applying Theorem A to matrix Y = {y”} we have

1

k
< —
2n i = Z lIgza<Xn Yir(i)- (1)

Denote ej, = {t: Tooy(t) # 0}. Then mey S k:/n and

1
% 1<2<X Yir(4) _/ Tooy(t)dt
mell €k

< / Tooa(t)dt < / k/n(me)*(t)dt. (2)
ek 0

—Zsl = / Sax(t)dt

then (1) and (2) imply the inequahtles

k/n k/n
% /0 Sw(t)dt < /0 (Tooz)* (1)dt.

/ (Toor)* ()dt
0
is concave on [0, 1] and the function

L / Sw(t)dt
2 Jo

is linear on each interval kT, % 1 < k < n. Therefore the inequality

/ Sa(t dt</ (Tooz)* (t)dt

is valid for each 7 € [0, 1]. Hence Sz < Tooz and

The function

1
SI5zle < [ Toozlle- O

Usually the Orlicz space Ly, where M (u) = el*l — 1 is denoted by exp L.
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Theorem 2

There exists a constant C' > 0 such that

1 n
HﬂmmM§C<éﬁgmm+g§:WM) 3)

ij=1
Proof. It is well known that the extremal points of the convex set
n
s < S <
1,)=

are matrices such that some n elements z;; (1 < i,j < n) are equal to +1 and n®>—n
elements are equal to 0. It is sufficient to prove inequality (3) only for such matrices.
Let matrix z belong to this set and z > 0, 1 < 7 < n. We have

m{tTi(e(0) =} < UL - 5 ()

Therefore

1 [e%e] N
2(t) J/
/ (eTlA = 1)dt < - Tl 1=e"" —2.
0 = I

This means that C in (3) may be chosen as ——. [J

Lemma 3

If £ is an n xXn  matriz and

{(i,§): wi; # 0} < m

then

Proof. First we consider the case:

1, 1<i<k
S; =
0, k<i1<n

for some k < n. Given 1 < j < k we denote

R; = {71':71' eIl zn:xm(i) :j}, Q= U R,

i=1 m=j
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and 7; = l%l. It is clear that
_ 2C{(n—5)! 2k n—j)!  20k—j+1)...k _ 2k
TETT T k=) jln—g+1)..n " gl
As
Ik 0<t<t
HSz(t) =
0, LIS
then
m{t: HSxz(t) > j} = —e ™’
Therefore
) 2%k . )
m{t:Thz(t) > j} =1, < —e 7 < 8m{t: HSx(t) > j}.
So

Tix < 8HSz.

Let us consider the general case. There exist ax > 0, n-square matrices z;, (1 <

k < n) such that some k elements of z;, are equal to 1 and the other n? — k elements
are equal to 0,

{(i,5): (zr)ij = 1} C{(6,4): (e41)i5 = 1}
foreach kK =1,2,...,n—1 and

n
xTr = E A2y .
k=1

Then
/0 (Tya)* (t)dt < kzlak /O (Tiz)* () dt

SSZak/ HSzk(t)dt:8/ HSz(t)dt. O
k=1 0 0

Theorem 4

Let 1 < g < oo, E be ar.i. space, ag > 0. Then

1 " 1/q
||qur|E§c<||Sx|E+(ﬁ > st ) (5)

k=n+1

where C' depends only on E.
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Proof. Let

’I’L2

1
ISelp <1, = 3 sh<, (6)
k=n+1

We find n-square matrices y and z such that their supports are disjoint, x = y +
z, |suppy| < n and Sx = Sy. By Lemma 3, we have
1Tqylle < 8|HSyle < 8[| H| &llSyllz
— 8 H|| |52 5.

Denote |2;;|? = u;;, 1 <14,j7 <n. Then
1Tzl = [(Tvw) 9| 5 < || Tyul 4.

Assumptions (6) imply that
n
0<wuy; <1, 1<1, j<mn, Zuijﬁn-
ij=1
Applying Theorem 2 we have
[Tiulespr < 1
Ulexpr < ———.
PPt =101 3

It is well known that the assumption ag > 0 implies £ D L, for some 7 < co. So
E D expL and

z]lz < Cillzflexp 2

for some C7 > 0 and every x € exp L. Therefore

Cl 1/‘1
<
HquHE - <lnln3)
and

1Tyzlle < | Teylle + T4zl e
Cl )1/(1
Inln3 '

<s|Hl|s+

The assumption ag > 0 in Theorem 4 is essential, however it is not necessary.
In fact, the function T,I,(t) takes the value n'/? on some interval of length 1/n!.
Hence
i |7, 0 .. = oo

On the other hand, SI,(t) = 1 and s, = 0 for n < k < n?.
The inequality inverse to (5) is true without any restrictions.
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Theorem 5

Let E be a r.i. space and 1 < q < oo. Then

2
1 I = 4\a
E<||S$IIE+(5 Z Sk) )élqule-

k=n+1
Proof. By Theorem 3,

15z]| e < 2 Toozl e < 2| Ty 2-

A space E is embedded into L; with constant 1 ([2], I1.4.1). Applying Theorem B
with p =1 we have

1 n2 1/q
(a > s%) < 10| Tye|z, < 10| Tyl -
k=n+1

From the above given inequality we obtain the needed one. [J

Corollary 6
If M € Ay, 1 <q< oo, then

1 n? 1/q
HT(Z‘T”LM ~ stHLzu + (E Z S%) .

k=n+1
Corollary 7
1 <p, ¢ < oo then

L 1/p 1 n2 1/q
1Ty, ~ (;Zsi) +<5 > s%) -
k=1 k=n+1

Corollary 7 states that the restriction p < ¢ in Theorem B is superfluous.
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