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Abstract

In this paper we survey some recent results in connection with the so
called Painlevé’s problem and the semiadditivity of analytic capacity
γ. In particular, we give the detailed proof of the semiadditivity of the
capacity γ+, and we show almost completely all the arguments for the
proof of the comparability between γ and γ+.

This paper arose from a series of three lectures given at the 7th In-
ternational Conference on Harmonic Analysis and Partial Differential
Equations, at El Escorial (Madrid), in June 2004.

In this article we will discuss and review some recent results in con-
nection with the so called Painlevé’s problem and the semiadditivity of
analytic capacity, as well as other related questions. Some parts of this
work, specially those sections which are purely expository, follow quite
closely our previous (but very recent) survey paper [53]. However, the
present article contains much more detailed information. For instance,
unlike [53], it includes the detailed arguments for the proofs of the semi-
additivity of γ+ and of the comparability between γ and γ+.

The plan of the paper is the following. In the first section, which
is introductory and purely expository, the notions of analytic capacity
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and Painlevé’s problem are explained. Also, some basic properties of
analytic capacity are shown and the theorem of Guy David which solves
Vitushkin’s conjecture is stated. The final part of this section deals with
the Cauchy transform and the capacity γ+.

In the second section we introduce the notion of curvature of a mea-
sure, and we show its close relationship with the L2 norm of the Cauchy
transform on the one hand, and with rectifiability on the other hand.
This section is also mainly expository.

In Section 3 we survey several results on Calderón-Zygmund theory
with non doubling measures. This theory plays a key role in the study
of analytic capacity. We discuss some of the results more useful in con-
nection with analytic capacity, such as the weak (1, 1) boundedness of
Calderón-Zygmund operators, Cotlar’s inequality, and the T (1) and T (b)
theorems.

Section 4 deals with the semiadditivity of the capacity γ+. We give
the detailed proof of this result. Further, we show a new (as far as we
know) proof which avoids the use of the T (1) theorem (although we also
explain the alternative arguments based on the use of the T (1) theorem).

In Section 5 we state the theorem about the comparability between
γ and γ+, which in particular implies the semiadditivity of analytic ca-
pacity. We describe the main ideas and difficulties in the proof of the
comparability theorem. We give the “almost complete” proof of this re-
sult in Section 6. With the exception of some few technical and lengthy
details, we describe all the arguments.

The final Section 7 is again purely expository. It contains a quick
overview of some recent results related to analytic capacity. For example,
it deals with questions concerning the continuous analytic capacity α,
the behavior of analytic capacity under bilipschitz mappings, Lipschitz
harmonic capacity, the capacities γs associated to signed s-dimensional
Riesz kernels with s non integer... Of course, there is no attempt at
completeness in this survey.

Some comments about the notation used in the paper: by a cube Q
we mean a closed cube with sides parallel to the axes. We denote its side
length by ℓ(Q). As usual, the letter ‘C’ stands for an absolute constant
which may change its value at different occurrences. The notation A . B
means that there is a positive absolute constant C such that A ≤ CB.
Also, A ≈ B is equivalent to A . B . A.

I would like to thank the organizers of the conference of El Escorial
for inviting me to give the lectures from which this paper arose.

1. Analytic capacity

1.1 Analytic capacity and Painlevé’s problem

A compact set E ⊂ C is said to be removable for bounded analytic
functions if for any open set Ω containing E, every bounded function
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analytic on Ω \ E has an analytic extension to Ω. In order to study
removability, in the 1940’s Ahlfors [1] introduced the notion of analytic
capacity. The analytic capacity of a compact set E ⊂ C is

γ(E) = sup |f ′(∞)|, (1)

where the supremum is taken over all analytic functions f : C \ E−→C

with |f | ≤ 1 on C \ E, and f ′(∞) = limz→∞ z(f(z)− f(∞)).
In [1], Ahlfors showed that E is removable for bounded analytic func-

tions if and only if γ(E) = 0.
Painlevé’s problem consists in characterizing removable singularities

for bounded analytic functions in a metric/geometric way. By Ahlfors’
result this is equivalent to describing compact sets with positive analytic
capacity in metric/geometric terms.

Vitushkin in the 1950’s and 1960’s showed that analytic capacity and
the so called continuous analytic capacity play a central role in problems
of uniform rational approximation on compact sets of the complex plane.
The continuous analytic capacity of a compact set E ⊂ C is defined as

α(E) = sup |f ′(∞)|,

where the supremum is taken over all continuous functions f : C−→C

which are analytic on C\E and uniformly bounded by 1 on C. Many re-
sults obtained by Vitushkin in connection with uniform rational approx-
imation are stated in terms of α and γ. See [58] and [59], for example.
See also [55] for a more modern approach. Because of its applications to
this type of problems he raised the question of the semiadditivity of γ
and α. Namely, does there exist an absolute constant C such that

γ(E ∪ F ) ≤ C(γ(E) + γ(F )) ?

And analogously for α.

1.2 Basic properties of analytic capacity

One should keep in mind that, in a sense, analytic capacity measures
the size of a set as a non removable singularity for bounded analytic
functions. A direct consequence of the definition is that

E ⊂ F ⇒ γ(E) ≤ γ(F ).

Moreover, it is also easy to check that analytic capacity is translation
invariant:

γ(z + E) = γ(E) for all z ∈ C.

Concerning dilation, we have

γ(λE) = |λ|γ(E) for all λ ∈ C.
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Further, if E is connected, then

diam(E)/4 ≤ γ(E) ≤ diam(E).

The second inequality (which holds for any compact set E) follows from
the fact that the analytic capacity of a closed disk coincides with its
radius, and the first one is a consequence of Koebe’s 1/4 theorem (see [9,
Chapter VIII] or [15, Chapter I] for the details, for example). Thus if E
is connected and different from a point, then it is non removable. This
implies that any removable compact set must be totally disconnected.

1.3 Relationship with Hausdorff measure

The relationship between Hausdorff measure and analytic capacity is the
following:

• If dimH(E) > 1 (here dimH stands for the Hausdorff dimension),
then γ(E) > 0. This result follows easily from Frostman’s Lemma.

• γ(E) ≤ H1(E), where H1 is the one dimensional Hausdorff mea-
sure, or length. This follows from Cauchy’s integral formula, and
it was proved by Painlevé about one hundred years ago. Observe
that, in particular, it implies that if dimH(E) < 1, then γ(E) = 0.

By the statements above, it turns out that dimension 1 is the critical
dimension in connection with analytic capacity. Moreover, a natural
question arises: is it true that γ(E) > 0 if and only if H1(E) > 0?

Vitushkin showed that the answer is no. He showed that there are
sets with positive length and vanishing analytic capacity. A typical ex-
ample of such a set is the so called corner quarters Cantor set. This
set is constructed in the following way: consider a square Q0 with side
length 1. Now replace Q0 by 4 squares Q1

i , i = 1, . . . , 4, with side
length 1/4 contained in Q0, so that each Q1

i contains a different vertex
of Q0. Analogously, in the next stage each Q1

i is replaced by 4 squares
with side length 1/16 contained in Q1

i so that each one contains a dif-
ferent vertex of Q1

i . So we will have 16 squares Q2
k of side length 1/16.

We proceed inductively (see Figure 1), and we set En =
⋃4n

i=1 Qn
i and

E =
⋂∞

n=1 En. This is the corner quarters Cantor set. Taking into
account that

4n∑

i=1

ℓ(Qn
i ) = 1

for each n, it is not difficult to see that 0 < H1(E) < ∞. The proof of
the fact that γ(E) = 0 is more difficult, and it is due independently to
Garnett [14] and Ivanov1 [18].

1Vitushkin constructed a different example previously.
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Q0 E1 E2 E3

Fig. 1. The square Q0 and the sets E1, E2 and E3, which appear in the first stages of the

construction of the corner quarters Cantor set.

Recall that a set is called rectifiable if it is H1-almost all contained
in a countable union of rectifiable curves. On the other hand, it is called
purely unrectifiable if it intersects any rectifiable curve at most in a set
of zero length.

It turns out that the corner quarters Cantor set, and also Vitushkin’s
example, are purely unrectifiable. Motivated by this fact Vitushkin con-
jectured that pure unrectifiability is a necessary and sufficient condition
for vanishing analytic capacity for sets with finite length.

Guy David [4] showed in 1998 that Vitushkin’s conjecture is true:

Theorem 1

Let E ⊂ C be compact with H1(E) < ∞. Then, γ(E) = 0 if and
only if E is purely unrectifiable.

To be precise, let us remark that the “if” part of the theorem is not
due to David. In fact, it follows from Calderón’s theorem on the L2

boundedness of the Cauchy transform on Lipschitz graphs with small
Lipschitz constant. The “only if” part of the theorem, which is more
difficult, is the one proved by David. See also [31, 6] and [22] for some
previous important preliminary contributions to the proof.

Theorem 1 is the solution of Painlevé’s problem for sets with finite
length. The analogous result is false for sets with infinite length (see [28]
and [21]). For this type of sets there is no such a nice geometric solu-
tion of Painlevé’s problem, and we have to content ourselves with a
characterization such as the one in Corollary 16 below (at least, for the
moment).

1.4 The capacity γ+ and the Cauchy transform

Given a finite complex Radon measure ν on C, the Cauchy transform of
ν is defined by

Cν(z) =

∫
1

ξ − z
dν(ξ).

Although the integral above is absolutely convergent a. e. with respect
to Lebesgue measure, it does not make sense, in general, for z ∈ supp(ν).
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This is the reason why one considers the truncated Cauchy transform of
ν, which is defined as

Cεν(z) =

∫

|ξ−z|>ε

1

ξ − z
dν(ξ),

for any ε > 0 and z ∈ C.
Given a positive Radon measure µ on the complex plane and a µ-

measurable function f on C, we also denote

Cµf(z) := C(f dµ)(z)

for z 6∈ supp(f), and

Cµ,εf(z) := Cε(f dµ)(z)

for any ε > 0 and z ∈ C. We say that Cµ is bounded on L2(µ) if the
operators Cµ,ε are bounded on L2(µ) uniformly on ε > 0.

The capacity γ+ of a compact set E ⊂ C is

γ+(E) := sup
{
µ(E) : supp(µ) ⊂ E, ‖Cµ‖L∞(C) ≤ 1

}
. (2)

That is, γ+ is defined as γ in (1) with the additional constraint that
f should coincide with Cµ, where µ is some positive Radon measure
supported on E (observe that (Cµ)′(∞) = −µ(C) for any Radon measure
µ). To be precise, there is another slight difference: in (1) we asked
‖f‖L∞(C\E) ≤ 1, while in (2), ‖f‖L∞(C) ≤ 1 (for f = Cµ). Trivially, we
have γ+(E) ≤ γ(E).

2. The curvature of a measure

A Radon measure µ on R
d has growth of degree n (or is of degree n) if

there exists some constant C0 such that

µ(B(x, r)) ≤ C0r
n for all x ∈ Rd, r > 0. (3)

When n = 1, we say that µ has linear growth.
Given three pairwise different points x, y, z ∈ C, their Menger curva-

ture is

c(x, y, z) =
1

R(x, y, z)
,

where R(x, y, z) is the radius of the circumference passing through x, y, z
(with R(x, y, z) = ∞, c(x, y, z) = 0 if x, y, z lie on a same line). If two
among these points coincide, we let c(x, y, z) = 0. For a positive Radon
measure µ, we set

c2
µ(x) =

∫ ∫
c(x, y, z)2 dµ(y)dµ(z),
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and we define the curvature of µ as

c2(µ) =

∫
c2
µ(x) dµ(x) =

∫ ∫ ∫
c(x, y, z)2 dµ(x)dµ(y)dµ(z). (4)

The notion of curvature of a measure was introduced by Melnikov [33]
when he was studying a discrete version of analytic capacity, and it
is one of the ideas which is responsible of the big recent advances in
connection with analytic capacity. The notion of curvature is connected
to the Cauchy transform by the following result, proved by Melnikov and
Verdera [34].

Proposition 2

Let µ be a Radon measure on C with linear growth. We have

‖Cεµ‖2
L2(µ) =

1

6
c2
ε(µ) + O(µ(C)), (5)

where |O(µ(C))| ≤ Cµ(C).

In this proposition, c2
ε(µ) stands for the ε-truncated version of c2(µ)

(defined as in the right hand side of (4), but with the triple integral over
{x, y, z ∈ C : |x − y|, |y − z|, |x − z| > ε}).

The identity (5) is remarkable because it relates an analytic notion
(the Cauchy transform of a measure) with a metric-geometric one (cur-
vature). We give a sketch of the proof.

Sketch of the proof of Proposition 2. If we don’t worry about truncations
and the absolute convergence of the integrals, we can write

‖Cµ‖2
L2(µ) =

∫ ∣∣∣∣
∫

1

y − x
dµ(y)

∣∣∣∣
2

dµ(x)

=

∫∫∫
1

(y − x)(z − x)
dµ(y)dµ(z)dµ(x).

By Fubini (assuming that it can be applied correctly), permuting x, y, z,
we get,

‖Cµ‖2
L2(µ) =

1

6

∫∫∫ ∑

s∈S3

1

(zs2
− zs1

)(zs3
− zs1

)
dµ(z1)dµ(z2)dµ(z3),

where S3 is the group of permutations of three elements. An elementary
calculation shows that

∑

s∈S3

1

(zs2
− zs1

)(zs3
− zs1

)
= c(z1, z2, z3)

2.
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So we get

‖Cµ‖2
L2(µ) =

1

6
c2(µ).

To argue rigorously, above we should use the truncated Cauchy trans-
form Cεµ instead of Cµ. Then we would obtain

‖Cεµ‖2
L2(µ) =

∫∫∫
|x−y|>ε
|x−z|>ε

1

(y − x)(z − x)
dµ(y)dµ(z)dµ(x)

=

∫∫∫
|x−y|>ε
|x−z|>ε
|y−z|>ε

1

(y − x)(z − x)
dµ(y)dµ(z)dµ(x)

+ O(µ(C)). (6)

By the linear growth of µ, it is easy to check that |O(µ(C))| ≤ µ(C).
As above, using Fubini and permuting x, y, z, one shows that the triple
integral in (6) equals c2

ε(µ)/6. �

The notion of curvature is related to rectifiability. Indeed, it is
strongly connected with the coefficients β which appear in the travel-
ling salesman theorem of P. Jones [20]. In spite of the importance of
Jones’ ideas (which first appeared in the paper [19], from El Escorial
conference in 1987), in our paper we will skip most of the details which
have to do with β’s and rectifiability. We refer the reader to [41] for
additional information.

The following nice result of David and Léger [22], which plays a key
role in the proof of Vitushkin’s conjecture (Theorem 1), is an example
of the relationship between curvature and rectifiability.

Theorem 3

Let E ⊂ C be compact with H1(E) < ∞. If c2(H1
|E) < ∞, then E is

rectifiable.

Observe that from the preceding result and Proposition 2 one infers
that if H1(E) < ∞ and the Cauchy transform is bounded on L2(H1

|E),

then E must be rectifiable. A more quantitative version of this result
proved previously by Mattila, Melnikov and Verdera [31] asserts that if
E is such that

H1(E ∩ B(x, r)) ≈ r for all x ∈ E and 0 < r ≤ diam(E)

and the Cauchy transform is bounded on L2(H1
|E), then E is contained in

a regular curve Γ (i.e. a curve which also satisfies the preceding estimates,
with Γ instead of E).
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3. Calderón­Zygmund theory with non doubling measures

The study of analytic capacity has led to the extension of Calderón-
Zygmund (CZ) theory to the situation where the underlying measure µ
on C is non doubling. Recall that µ is said to be doubling if there exists
some constant C such that

µ(B(z, 2r)) ≤ Cµ(B(z, r)) for z ∈ supp(µ)) and r > 0.

Let us remark that in the classical CZ theory this doubling assumption
plays an essential role in almost all results. When one deals with analytic
capacity one is forced to deal with measures which may be non doubling,
and which are only assumed to have linear growth.

The use of CZ theory has been fundamental in most of the recent
developments in connection with analytic capacity. For instance, the
so called “T (b) type theorems” are essential tools in the proofs of Vi-
tushkin’s conjecture by G. David and of the semiadditivity of analytic
capacity in [49]. In this section we will describe briefly some results of
CZ theory without doubling assumptions that are useful in connection
with analytic capacity.

Let us introduce some terminology. We say that

k(·, ·) : R
d × R

d \ {(x, y) ∈ R
d × R

d : x = y} → C

is an n-dimensional Calderón-Zygmund kernel if there exist constants
C > 0 and η, with 0 < η ≤ 1, such that the following inequalities hold
for all x, y ∈ R

d, x 6= y:

|k(x, y)| ≤ C

|x − y|n , and

|k(x, y) − k(x′, y)| + |k(y, x) − k(y, x′)| ≤ C|x − x′|η
|x − y|n+η

if

|x − x′| ≤ |x − y|/2.

(7)

For example, the Cauchy kernel 1/(y − x), with x, y ∈ C, is a 1-
dimensional CZ kernel.

Given a real or complex Radon measure µ on Rd, we define

Tµ(x) :=

∫
k(x, y) dµ(y), x ∈ R

d \ supp(µ). (8)

We say that T is an n-dimensional Calderón-Zygmund operator (CZO)
with kernel k(·, ·). We also consider the following ε-truncated operators
Tε, ε > 0:

Tεµ(x) :=

∫

|x−y|>ε

k(x, y) dµ(y), x ∈ R
d.
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If µ is non negative and f ∈ L1
loc(µ), we denote

Tµf(x) := T (f dµ)(x) x ∈ R
d \ supp(f dµ),

and
Tµ,εf(x) := Tε(f dµ)(x).

We say that Tµ is bounded on L2(µ) if the operators Tµ,ε are bounded on
L2(µ) uniformly on ε > 0. Analogously, with respect to the boundedness
from L1(µ) into L1,∞(µ). We also say that T is bounded from M(Rd)
into L1,∞(µ), where M(Rd) stands for the space of real (or complex,
depending on the context) Radon measures, if there exists some constant
C such that for all ν ∈ M(Rd) and all λ > 0,

µ{x ∈ R
d : |Tεν| > λ} ≤ C‖ν‖

λ

uniformly on ε > 0. We have denoted ‖ν‖ = |ν‖(Rd).
As in the doubling case, if a CZO is bounded on L2(µ), it turns

out that it is also of weak type (1, 1), assuming the appropriate growth
condition on µ:

Theorem 4

Let µ be a Radon measure on Rd of degree n. If Tµ is an n-
dimensional Calderón-Zygmund operator which is bounded in L2(µ),
then T is bounded from M(Rd) into L1,∞(µ). In particular, Tµ is of
weak type (1, 1).

This result was first obtained in [36], although a previous proof valid
only for the Cauchy transform appeared in [44].

Now we turn our attention to Cotlar’s inequality. We need to in-
troduce some additional terminology. The centered maximal Hardy-
Littlewood operator applied to ν ∈ M(Rd) is, as usual,

Mµν(x) = sup
r>0

1

µ(B̄(x, r))

∫

B̄(x,r)

d|ν|.

A useful variant of this operator is the following:

M̃µν(x)

= sup

{
1

µ(B̄(x, r))

∫

B̄(x,r)

d|ν| :r > 0, µ(B̄(x, 5r)) ≤ 5d+1µ(B̄(x, r))

}
.

For f ∈ L1
loc(µ) we set Mµf := Mµ(fdµ) and M̃µf := M̃µ(fdµ). The

operators Mµ and M̃µ are bounded in Lp(µ), and from M(Rd) into
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L1,∞(µ). This fact follows from Besicovitch’s covering theorem. Let us

remark that the non centered version of M̃µ, given by

Nµν(x)

=sup

{
1

µ(B̄)

∫

B̄

d|ν| : B̄ closed ball, x ∈ B̄, µ(5B̄) ≤ 5d+1µ(B̄)

}
,

is also bounded in Lp(µ) and from M(Rd) into L1,∞(µ). This fact can
be proved using Vitali’s covering theorem with balls B(x, 5r).

If T is a CZO, the maximal operator T∗ is

T∗ν(x) = sup
ε>0

|Tεν(x)| for ν ∈ M(Rd), x ∈ R
d,

and the δ-truncated maximal operator T∗,δ is

T∗,δν(x) = sup
ε>δ

|Tεν(x)| for ν ∈ M(Rd), x ∈ R
d.

We also set Tµ,∗ f := T∗ (f dµ) and Tµ,∗,δ f := T∗,δ (f dµ) for f ∈ L1
loc(µ).

We have:

Theorem 5 (Cotlar’s inequality)

Let µ be a positive Radon measure on Rd with growth of degree n.
If the T is an n-dimensional CZO bounded in L2(µ), then for 0 < s ≤ 1
we have

T∗,δ ν(x)

≤ Cs

(
M̃µ(|Tδν|s)(x)1/s + Mµν(x)

)
, for ν ∈ M(Rd), x ∈ R

d,
(9)

where Cs depends only on the constant C0 in (3), s, n, d, and the norm
of the Tδ from M(Rd) into L1,∞(µ). As a consequence, Tµ,∗ is bounded
in Lp(µ), p ∈ (1,∞) and from M(Rd) into L1,∞(µ).

Cotlar’s inequality with non doubling measures was proved by Nazarov,
Treil and Volberg [36], although not exactly in the form stated above,
which is from [45].

Given ρ > 1, we say that f ∈ L1
loc(µ) belongs to the space BMOρ(µ)

if

sup
Q

1

µ(ρQ)

∫

Q

|f − mQ(f)| dµ < ∞,

where the supremum is taken over all the cubes in Rd and mQ(f) is the
µ-mean of f over Q.

Following [35], a Calderón-Zygmund operator Tµ is said to be weakly
bounded if
∣∣〈Tµ,εχQ, χQ〉

∣∣ ≤ Cµ(Q) for all the cubes Q ⊂ Rd, uniformly on ε > 0.
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Notice that if Tµ is antisymmetric, then the left hand side above vanishes
and so Tµ is weakly bounded.

Now we are ready to state the T (1) theorem:

Theorem 6 (T (1) theorem)

Let µ be a Radon measure on R
d of degree n, and let T be an n-

dimensional Calderón-Zygmund operator. The following conditions are
equivalent:

(a) Tµ is bounded on L2(µ).

(b) Tµ is weakly bounded and, for some ρ > 1, we have that Tµ,ε(1),
T ∗

µ,ε(1) ∈ BMOρ(µ) uniformly on ε > 0.

(c) There exists some constant C such that for all ε > 0 and all the
cubes Q ⊂ Rd,

‖Tµ,εχQ‖L2(µ|Q) ≤ Cµ(Q)1/2 and ‖T ∗
µ,εχQ‖L2(µ|Q) ≤ Cµ(Q)1/2.

The classical way of stating the T (1) theorem is the equivalence (a)
⇔ (b). However, for some applications it is sometimes more practical
to state the result in terms of the L2 boundedness of Tµ and T ∗

µ over
characteristic functions of cubes, i.e. (a) ⇔ (c).

Theorem 6 is the extension of the classical T (1) theorem of David
and Journé to measures of degree n which may be non doubling. The
result was proved by Nazarov, Treil and Volberg in [35], although not
exactly in the form stated above. An independent proof for the partic-
ular case of the Cauchy transform was obtained almost simultaneously
in [44]. Another more recent proof of the T (1) theorem for non doubling
measures for the particular case of the Cauchy transform is in [56].

By Proposition 2, the T (1) theorem for the Cauchy transform can be
rewritten in the following way:

Theorem 7

Let µ be a Radon measure on C with linear growth. The Cauchy
transform is bounded on L2(µ) if and only if c2(µ|Q) ≤ Cµ(Q), for all
the squares Q ⊂ C.

Observe that this result is a restatement of the equivalence (a) ⇔ (c)
in Theorem 6, by an application of (5) to the measure µ|Q, for all the
squares Q ⊂ C.

Let us remark that the boundedness of Tµ on L2(µ) does not imply
the boundedness of Tµ from L∞(µ) into BMO(µ) (this is the space
BMOρ(µ) with parameter ρ = 1), and in general Tµ,ε(1), T ∗

µ,ε(1) 6∈
BMO(µ) uniformly on ε > 0. See [56] and [24]. On the contrary, one
can show that if Tµ is bounded on L2(µ), then it is also bounded from
L∞(µ) into BMOρ(µ), for ρ > 1, by arguments similar to the classical
ones for homogeneous spaces. However, the space BMOρ(µ) has some
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drawbacks. For example, it depends on the parameter ρ and it does not
satisfy the John-Nirenberg inequality. To solve these problems, in [46]
a new space called RBMO(µ) has been introduced. RBMO(µ) is a
subspace of BMOρ(µ) for all ρ > 1, and it coincides with BMO(µ)
when µ is an AD-regular measure, that is, when

µ(B(x, r)) ≈ rn for all x ∈ supp(µ) and 0 < r ≤ diam(supp(µ)).

Moreover, RBMO(µ) satisfies a John-Nirenberg type inequality, and all
CZO’s which are bounded on L2(µ) are also bounded from L∞(µ) into
RBMO(µ). For these reasons RBMO(µ) seems to be a good substitute
of the classical space BMO for non doubling measures of degree n.

The precise definition of RBMO(µ) is the following. Given a function
f ∈ L1

loc(µ), we say that f is in RBMO(µ) if there is a constant C1 such
that for any Q ∫

Q

|f − mQ(f)| dµ ≤ C1 µ(2Q),

and for all cubes Q, R with Q ⊂ R

|mQ(f)−mR(f)| ≤ C1

(
1 +

∫

2R\Q

1

|x − cQ|n
dµ(x)

)[
µ(2Q)

µ(Q)
+

µ(2R)

µ(R)

]
,

where cQ is the center of Q. Let us remark that the definition of
RBMO(µ) does not depend on the choice of the parameter 2 in µ(2Q)
and µ(2R) in the estimates above. That is to say, µ(2Q) and µ(2R) can
be replaced by µ(ρQ) and µ(ρR), for any ρ > 1. See Lemma 2.10 in [46]
for several other equivalent definitions of RBMO(µ).

It can be shown that condition (b) in Theorem 6 is equivalent to

(b’) Tµ is weakly bounded and Tµ,ε(1), T ∗
µ,ε(1) ∈ RBMO(µ) uniformly

on ε > 0.

T (b) type theorems are other criteria for the L2(µ) boundedness of
CZO’s. To state one of these theorems in detail we need to introduce the
notion of weak accretivity. We say that a function b ∈ L1

loc(µ) is weakly
accretive if there exists some positive constant C such that

∣∣∣∣
∫

Q

b dµ

∣∣∣∣ ≥ C−1µ(Q) for all cubes Q ⊂ Rd.

Then we have:

Theorem 8 (T (b) theorem)

Let µ be a Radon measure on Rd of degree n, and let T be an
n-dimensional Calderón-Zygmund operator. Let b1, b2 be two weakly
accretive functions belonging to L∞(µ). The following conditions are
equivalent:
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(a) Tµ is bounded on L2(µ).

(b) b2Tµb1 is weakly bounded and Tµ,εb1, T ∗
µ,εb2 belong to BMOρ(µ)

uniformly on ε > 0, for some ρ > 1.

(c) b2Tµb1 is weakly bounded and Tµ,εb1, T ∗
µ,εb2 belong to RBMO(µ)

uniformly on ε > 0.

The condition that b2Tµb1 is weakly bounded means that

〈b2Tµ,ε(χQb1), χQ〉 ≤ Cµ(Q)

uniformly on ε > 0, for all cubes Q ⊂ R
d. Notice that if Tµ is antisym-

metric and b1 = b2 = b, then bTµb is always weakly bounded.
The preceding theorem has been proved in [38], and it is a generali-

zation of a classical theorem of David, Journé and Semmes to the case
of non doubling measures (and so it requires new ideas and techniques).
Other variants of this result (i.e. other T (b) type theorems) can be found
in [37] and [39].

For the particular case of the Cauchy transform, Theorem 8 yields
the following result.

Theorem 9

Let µ be a Radon measure on C with linear growth. Suppose that
there exists a function b such that:

(a) b ∈ L∞(µ),

(b) b is weakly accretive,

(c) Cµ,εb ∈ BMOρ(µ) uniformly in ε > 0, for some ρ > 1.

Then Cµ is bounded on L2(µ).

Many more results on Calderón-Zygmund theory with non dou-
bling measures have been proved recently. For example, there are re-
sults concerning Lp and weak (1, 1) estimates [36]; Hardy spaces [47];
weights [12, 23, 40]; commutators [2, 17, 46]; fractional integrals [13, 10];
Lipschitz spaces [11]; etc. See also the survey paper [57].

4. Semiadditivity of γ+ and its characterization in terms of curvature
and L2 boundedness of the Cauchy transform

Recall that the capacity γ+ of a compact set E ⊂ C is

γ+(E) = sup{µ(E) : supp(µ) ⊂ E, ‖Cµ‖L∞(C) ≤ 1}.

In order to relate the L2 boundedness of the Cauchy transform with γ
and γ+, the following lemma is a key result.
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Lemma 10

Let µ be a Radon measure with linear growth on C. The following
statements are equivalent:

(a) The Cauchy transform is bounded from M(C) into L1,∞(µ).
(b) For any set A ⊂ C there exists some function h supported

on A, with 0 ≤ h ≤ 1, such that
∫

h dµ ≥ C−1µ(A) and
‖Cε(h dµ)‖L∞(C) ≤ C for all ε > 0.

The constant C in (b) depends only on the norm of the Cauchy transform
from M(C) into L1,∞(µ), and conversely.

This lemma is a particular case of a result which applies to more
general linear operators. The statement (b) should be understood as
a weak substitute of the L∞(µ) boundedness of the Cauchy integral
operator, which does not hold in general.

We will prove the easy implication of the lemma, that is, (b) ⇒ (a).
For the other implication, which is due to Davie and Øksendal [7] the
reader is referred to [3, Chapter VII].

Proof of (b) ⇒ (a). It is enough to show that for any complex measure
ν ∈ M(C) and any λ > 0,

µ
{
x ∈ C : Re(Cεν(x)) > λ

}
≤ C‖ν‖

λ
.

To this end, let us denote by A the set on the left side above, and let h
be a function supported on A fulfilling the properties in the statement
(b) of the lemma. Then we have

µ(A) ≤ C

∫
h dµ ≤ C

λ
Re

(∫
(Cεν)h dµ

)

=
−C

λ
Re

(∫
Cε(h dµ) dν

)
≤ C‖ν‖

λ
. �

Remark 11 Notice that if E supports a non zero Radon measure µ with
linear growth such that the Cauchy integral operator Cµ is bounded on
L2(µ), then there exists some nonzero function h with 0 ≤ h ≤ χE

such that ‖Cε(h dµ)‖L∞(C) ≤ C uniformly on ε, by Theorem 4 and the
preceding lemma. Letting ε → 0, we infer that |C(h dµ)(z)| ≤ C for all
z 6∈ E, and so γ(E) > 0.

A more precise result will be proved in Theorem 12 below.

We denote by Σ(E) the set of Radon measures supported on E such
that µ(B(x, r)) ≤ r for all x ∈ C, r > 0.

The following theorem characterizes γ+ in terms of curvature of mea-
sures and in terms of the L2 norm of the Cauchy transform.
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Theorem 12

For any compact set E ⊂ C we have

γ+(E) ≈ sup
{
µ(E) : µ ∈ Σ(E), ‖Cεµ‖L∞(µ) ≤ 1 ∀ε > 0

}

≈ sup
{
µ(E) : µ ∈ Σ(E), ‖Cεµ‖2

L2(µ) ≤ µ(E)∀ε > 0
}

≈ sup
{
µ(E) : µ ∈ Σ(E), c2(µ) ≤ µ(E)

}

≈ sup
{
µ(E) : µ ∈ Σ(E), ‖Cµ‖L2(µ),L2(µ) ≤ 1

}
.

In the statement above, ‖Cµ‖L2(µ),L2(µ) stands for the operator norm

of Cµ on L2(µ). That is, ‖Cµ‖L2(µ),L2(µ) = supε>0 ‖Cµ,ε‖L2(µ),L2(µ).

Proof. We denote

S1 := sup
{
µ(E) : µ ∈ Σ(E), ‖Cεµ‖L∞(µ) ≤ 1 ∀ε > 0

}
,

S2 := sup
{
µ(E) : µ ∈ Σ(E), ‖Cεµ‖2

L2(µ) ≤ µ(E)∀ε > 0
}
,

S3 := sup
{
µ(E) : µ ∈ Σ(E), c2(µ) ≤ µ(E)

}
,

S4 := sup
{
µ(E) : µ ∈ Σ(E), ‖Cµ‖L2(µ),L2(µ) ≤ 1

}
.

We will show that γ+(E) . S1 . S2 . S3 . S4 . γ+(E). The inequality
S3 . S4 requires more work than the others. We will give two proofs
of it. One uses the T (1) theorem and the other not and so it is more
elementary.

Proof of γ+(E) . S1. Let µ be supported on E such that ‖Cµ‖L∞(C) ≤ 1
with γ+(E) ≤ 2µ(E). It is enough to show that µ has linear growth and
‖Cεµ‖L∞(µ) ≤ C uniformly on ε > 0.

First we will prove the linear growth of µ. For any fixed x ∈ C, by
Fubini it turns out that for almost all r > 0,

∫

|z−x|=r

1

|z − x| dµ(z) < ∞.

For this r we have

µ(B(x, r)) = −
∫

|z−x|=r

Cµ(z)
dz

2πi
≤ r.

Now the linear growth of µ follows easily.
To deal with the L∞(µ) norm of Cε we use a standard technique: we

replace Cε by the regularized operator C̃ε, defined as

C̃εµ(x) =

∫
rε(y − x) dµ(y),
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where rε is the kernel

rε(z) =





1

z
if |z| > ε,

z

ε2
if |z| ≤ ε.

Then, C̃εµ is the convolution of the complex measure µ with the uni-

formly continuous kernel rε and so C̃εµ is a continuous function. Also,
we have

rε(z) =
1

z
∗ χε

πε2
,

where χε is the characteristic function of B(0, ε). Since µ is compactly
supported, we have the following identity:

C̃εµ =
1

z
∗ χε

πε2
∗ µ =

χε

πε2
∗ Cµ.

This equality must be understood in the sense of distributions, with Cµ
being a function of L1

loc(C) with respect to Lebesgue planar measure.

As a consequence, if ‖Cµ‖L∞(C) ≤ 1, we infer that ‖C̃εµ‖L∞(µ) ≤ 1 for
all ε > 0.

Since µ has linear growth, we have

|C̃εµ(x) − Cεµ(x)| =
1

ε2

∣∣∣∣∣

∫

|y−x|<ε

(y − x)dµ(y)

∣∣∣∣∣ ≤ C, (10)

and so ‖Cεµ‖L∞(µ) ≤ C uniformly on ε > 0.

Proof of S1 . S2. Trivial.

Proof of S2 . S3. This is a direct consequence of Proposition 2.

Proof of S3 . S4 using the T (1) theorem. Let µ supported on E with
linear growth such that c2(µ) ≤ µ(E) and S3 ≤ 2µ(E). We set

A :=
{
x ∈ E : c2

µ(x) ≤ 2
}
.

By Tchebychev µ(A) ≥ µ(E)/2. Moreover, for any set B ⊂ C,

c2(µ|B∩A) ≤
∫∫∫

x∈B∩A

c(x, y, z)2 dµ(x)dµ(y)dµ(z)

=

∫

x∈B∩A

c2
µ(x) dµ(x) ≤ 2µ(B).
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In particular, this estimate holds when B is any square in C, and so Cµ|A

is bounded on L2(µ|A), by Theorem 7. Thus S4 & µ(A) ≈ S3.

Proof of S3 . S4 without using the T (1) theorem. Take µ supported on
E with linear growth such that c2(µ) ≤ µ(E) and S3 ≤ 2µ(E). To prove
S3 . S4 we will show that there exists a measure ν supported on E with
linear growth such that ν(E) ≥ µ(E)/4 and ‖Cν‖L2(ν),L2(ν) ≤ C.

Given C2 > 0, let

Aε :=
{
x ∈ E : |Cεµ(x)| ≤ C2 and c2

µ(x) ≤ C2
2

}
.

Since
∫

c2
µ(x) dµ(x) = c2(µ) ≤ µ(E) and, by Proposition 2,

∫
|Cεµ|2 dµ ≤

Cµ(E), we infer that µ(Aε) ≥ µ(E)/2 if C2 is chosen big enough, by
Tchebychev.

We want to show that the Cauchy integral operator Cµ|Aε
,ε is bounded

on L2(µ|Aε
). To this end we introduce an auxiliary “curvature operator”:

for x, y ∈ Aε, consider the kernel k(x, y) :=
∫

c(x, y, z)2 dµ(z), and let T
be the operator

Tf(x) =

∫
k(x, y)f(y) dµ(y).

By Schur’s Lemma, T is bounded on Lp(µ|Aε
) for all p ∈ [1,∞], because

for all x ∈ Aε,
∫

k(x, y) dµ|Aε
(y) =

∫
k(y, x) dµ|Aε

(y)

=

∫

y∈Aε

c(x, y, z)2 dµ(y)dµ(z) ≤ c2
µ(x) ≤ C2

2 .

Given a non negative (real) function f supported on Aε, by arguments
similar to the ones in the proof of Proposition 2, we have

4

∫
|Cε(f dµ)|2 dµ =

∫∫∫
|x−y|>ε
|x−z|>ε
|y−z|>ε

c(x, y, z)2f(x)f(y) dµ(x)dµ(y)dµ(z)

− 2Re

∫
(Cεµ) Cε(f dµ) f dµ + O(‖f‖2

L2(µ)).

See [56, Lemma 1] for the details, for example. Thus,
∫

|Cε(f dµ)|2 dµ ≤ 1

4

∣∣〈Tf, f〉
∣∣ +

1

2

∫ ∣∣(Cεµ) Cε(f dµ) f
∣∣ dµ

+ C‖f‖2
L2(µ). (11)

To estimate the first term on the right side we use the L2(µ|Aε
) bound-

edness of T (recall that supp(f) ⊂ Aε):
∣∣〈Tf, f〉

∣∣ ≤ ‖Tf‖L2(µ) ‖f‖L2(µ) ≤ C‖f‖2
L2(µ).
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To deal with the second integral on the right side of (11), notice that
|Cεµ| ≤ C2 on the support of f , and so

∫ ∣∣(Cεµ) Cε(f dµ) f
∣∣ dµ ≤ C2

∫ ∣∣Cε(f dµ) f
∣∣ dµ

≤ C2‖Cε(f dµ)‖L2(µ)‖f‖L2(µ).

By (11) we get

‖Cε(f dµ)‖2
L2(µ) ≤ C‖f‖2

L2(µ) +
C2

2
‖Cε(f dµ)‖L2(µ)‖f‖L2(µ),

which implies that ‖Cε(f dµ)‖L2(µ) ≤ C‖f‖L2(µ).

So far we have proved the L2(µ|Aε
) boundedness of Cµ|Aε

,ε. If Aε

were independent of ε, we would set ν := µ|Aε
and we would be done.

Unfortunately this is not the case and we have to work a little more. We
set

Bε :=
{
x ∈ E : |Cε,∗µ(x)| ≤ C3 and c2

µ(x) ≤ C2
3

}
,

where C3 is some constant big enough (with C3 > C2) to be chosen
below. By Theorem 5 and the discussion above, we know that Cε,∗ is
bounded from M(C) into L1,∞(µ|Aε

) (with constants independent of ε).
Thus,

µ
{
x ∈ Aε : |Cε,∗µ(x)| > C3

}
≤ Cµ(E)

C3
.

If C3 is big enough, the right hand side of the preceding inequality is
≤ µ(E)/4 ≤ µ(Aε)/2. Thus, µ(Bε) ≥ µ(E)/4.

We set
B :=

⋂

ε>0

Bε.

Notice that, by definition, Bε ⊂ Bδ if ε > δ and so we have

µ(B) = lim
ε→0

µ(Bε) ≥
1

4
µ(E).

By the same argument used for Aε, it follows that Cµ|Bε
,ε is bounded on

L2(µBε
) (with constant independent of ε), and thus Cµ|B

is bounded on

L2(µ|B). If we take ν := µ|B, we are done.

Proof of S4 . γ+(E). This is a direct consequence of Lemma 10 and
the fact that the L2(µ) boundedness of Cµ implies its boundedness from
M(C) into L1,∞(µ), as shown by Theorem 4. �

From Theorem 12, since the term

sup
{
µ(E) : µ ∈ Σ(E), ‖Cµ‖L2(µ),L2(µ) ≤ 1

}

is countably semiadditive, we infer that γ+ is also countably semiaddi-
tive.
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Corollary 13

The capacity γ+ is countably semiadditive. That is, if Ei, i = 1, 2, . . .,
is a countable (or finite) family of compact sets, we have

γ+

( ∞⋃

i=1

Ei

)
≤ C

∞∑

i=1

γ+(Ei).

Another consequence of Theorem 12 is that the capacity γ+ can
be characterized in terms of the following potential, introduced by
Verdera [56]:

Uµ(x) = MRµ(x) + cµ(x), (12)

where MRµ(x) := supr>0
µ(B(x,r))

r and cµ(x) is the pointwise version of
curvature defined in (4). The precise result is the following.

Corollary 14

For any compact set E ⊂ C we have

γ+(E) ≈ sup
{
µ(E) : µ ∈ Σ(E), Uµ(x) ≤ 1 ∀x ∈ C

}
.

The proof of this corollary follows easily from the comparability be-
tween γ+ and the third sup in Theorem 12, and the fact that Uµ satis-
fies a kind of maximum principle: if Uµ(x) ≤ C for x ∈ supp(µ), then
Uµ(x) ≤ C′ for any x ∈ C (see [44] for the proof).

Let us remark that the preceding characterization of γ+ in terms of
Uµ is interesting because it suggests that some techniques of potential
theory can be useful to study γ+. See [48] and [56] for more detailed
information.

5. The comparability between γ and γ+

In [49] the following result has been proved.

Theorem 15

There exists an absolute constant C such that for any compact set
E ⊂ C we have

γ(E) ≤ Cγ+(E).

As a consequence, γ(E) ≈ γ+(E).

Let us remark that the comparability between γ and γ+ had been
previously proved by P. Jones for compact connected sets by geometric
arguments (see [41, Chapter 3]), very different from the ones in [49].
Also, in [27] it had already been shown that γ ≈ γ+ holds for a big class
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of Cantor sets. In particular, for the corner quarters Cantor set E (see
Fig. 1) it was proved in [27] that γ(En) ≈ γ+(En). Recall that En is the
n-th generation appearing in the construction of E. By results due to
Mattila [29] and Eiderman [8] (see also [48]) it was already known that
γ+(En) ≈ 1/n1/2. Thus, one has γ(En) ≈ 1/n1/2.

An obvious corollary of Theorem 15 and the characterization of γ+

in terms of curvature obtained in Theorem 12 is the following.

Corollary 16

Let E ⊂ C be compact. Then, γ(E) > 0 if and only if E supports a
non zero Radon measure with linear growth and finite curvature.

Since we know that γ+ is countably semiadditive, the same happens
with γ:

Corollary 17

Analytic capacity is countably semiadditive. That is, if Ei, i =
1, 2, . . ., is a countable (or finite) family of compact sets, we have

γ
( ∞⋃

i=1

Ei

)
≤ C

∞∑

i=1

γ(Ei).

5.1 Some ideas about the proof of Theorem 15

Notice that, by Theorem 12, to prove Theorem 15 it is enough to show
that there exists some measure µ supported on E with linear growth, sat-
isfying µ(E) ≈ γ(E), and such that the Cauchy transform Cµ is bounded
on L2(µ) with absolute constants. To implement this argument, the
main tool used in [49] is the T (b) theorem of Nazarov, Treil and Volberg
in [37], which is similar in spirit to the T (b) type theorem stated in The-
orem 9 but more appropriate for the present situation. To apply this
T (b) theorem, one has to construct a suitable measure µ and a function
b ∈ L∞(µ) fulfilling some precise conditions, analogous to the conditions
(a), (b) and (c) in Theorem 9.

Because of the definition of analytic capacity, there exists some func-
tion f(z) which is analytic and bounded in C \ E with f ′(∞) = γ(E)
(this is the so called Ahlfors function). By a standard approximation
argument, it is not difficult to see that one can assume that E is a finite
union of disjoint segments, so that in particular H1(E) < ∞. Then one
has to construct µ and b and to prove the comparability γ(E) ≈ γ+(E)
with estimates independent of H1(E). Since E is a finite union of dis-
joint segments, there exists some complex measure ν0 (obtained from
the boundary values of f(z)) supported on E such that f = Cν0. This
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measure satisfies the following properties:

‖Cν0‖∞ ≤ 1, (13)

|ν0(E)| = γ(E), (14)

dν0 = b0 dH1|E, where b0 satisfies ‖b0‖∞ ≤ 1. (15)

Given this information, by a more or less direct application of a T (b)
type theorem we cannot expect to prove that the Cauchy transform is
bounded with respect to a measure µ such us the one described above
with absolute constants. Let us explain the reason in some detail. Sup-
pose for example that there exists some function b such that dν0 = b dµ
and we use the information about ν0 given by (13), (14) and (15) (notice
the difference between b and b0). From (13) and (14) we derive

‖C(b dµ)‖∞ ≤ 1 (16)

and ∣∣∣∣
∫

b dµ

∣∣∣∣ ≈ µ(E). (17)

The estimate (16) is very good for our purposes. In fact, most classical
T (b) type theorems (like Theorem 9) require only the BMOρ(µ) norm
of b to be bounded, which is a weaker assumption. The estimate (17) is
likewise good; it is a global accretivity condition, and with some technical
difficulties (which may involve some kind of stopping time argument,
like in [4] or [37]), one can hope to be able to prove that the accretivity
condition ∣∣∣∣

∫

Q

b dµ

∣∣∣∣ ≈ µ(Q ∩ E)

holds for many squares Q.
Our problems arise from (15). Notice that this implies that

|ν0|(E) ≤ H1(E), (18)

where |ν0| stands for the variation of ν0. This is a very bad estimate
since we don’t have any control on H1(E) (we only know H1(E) < ∞
because our assumption on E). However, as far as we know, all T (b) type
theorems require the estimate ‖b‖L∞(µ) ≤ C, or variants of it, which in
particular imply that

|ν0|(E) ≤ Cµ(E) ≈ γ(E). (19)

That is to say, the estimate that we get from (15) is (18), but the one
we need is (19). So by a direct application of a T (b) type theorem we
will obtain bad results when γ(E) ≪ H1(E).

To prove Theorem 15, we need to work with a measure “better be-
haved” than ν0, which we call ν. This new measure will be a suitable
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modification of ν0 with the required estimate for its total variation. To
construct ν, in [49] we consider a set F containing E made up of a fi-
nite disjoint union of squares: F =

⋃
i∈I Qi. One should think that

the squares Qi approximate E at some “intermediate scale”. For each
square Qi, we take a complex measure νi supported on Qi such that
νi(Qi) = ν0(Qi) and |νi|(Qi) = |νi(Qi)| (that is, νi is a constant mul-
tiple of a positive measure). We set ν =

∑
i νi. So ν is some kind of

approximation of ν0, and if the squares Qi are big enough, the variation
|ν| becomes sufficiently small (because there are “cancellations” in the
measure ν0 in each Qi). On the other hand, the squares Qi cannot be
too big, because we need

γ+(F ) ≤ Cγ+(E). (20)

In this way, we will have constructed a complex measure ν supported
on F satisfying

|ν|(F ) ≈ |ν(F )| = γ(E). (21)

Taking a suitable measure µ such that supp(µ) ⊃ supp(ν) and µ(F ) ≈
γ(E), we will be ready for the application of an appropriate T (b) type
theorem, such as the one in [37], which is a very powerful tool. Indeed,
notice that (21) implies that ν satisfies a global accretivity condition
and that also the variation |ν| is controlled. On the other hand, if we
have been careful enough, we will have also some useful estimates on
|Cν|, since ν is an approximation of ν0. Then, using the T (b) theorem
in [37], we will deduce γ+(F ) ≥ C−1µ(E), and so γ+(E) ≥ C−1γ(E),
by (20), and we will be done. Nevertheless, in order to obtain the right
estimates on the measures ν and µ it will be necessary to use an induction
argument involving the sizes of the squares Qi, which will allow to assume
that γ(E ∩ Qi) ≈ γ+(E ∩ Qi) for each square Qi.

6. The proof of Theorem 15

By a standard discretization argument we may (and will) assume that
H1(E) < ∞, and even that E is a finite union of disjoint compact
segments. Then we have to prove that γ(E) ≤ Cγ+(E), with C be-
ing an absolute constant (independent of H1(E), in particular). Before
explaining the construction of the intermediate set F mentioned in Sub-
section 5.1, we first need to explain some properties of the potential
Uµ := MRµ + cµ introduced in (12). Recall the characterization of γ+

in terms of Uµ in Corollary 14.
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6.1 Potential theory for γ+

Theorem 18

There exists an absolute constant C4 such that for any positive Radon
measure σ on C and all λ > 0, we have

γ+{x ∈ C : Uσ(x) > λ} ≤ C4
σ(C)

λ
.

The proof of this lemma follows by Fubini and an appropriate maxi-
mum principle for Uσ. See [48] for the details.

By variational arguments, we also obtain:

Theorem 19

Let A ⊂ C be compact. There exists a Radon measure σ on C such
that σ(C) ≈ γ+(A) and Uσ(x) & 1 for all x ∈ A.

See [48] for the proof again.
Notice that from the preceding two theorems we have the following

characterization of γ+ in terms of Uσ, dual to the one in Corollary 14:

Corollary 20

For A ⊂ C compact we have

γ+(A) ≈ inf{σ(C) : µ ∈ M+(C), Uσ(x) ≥ 1 ∀x ∈ E},

where M+(C) stands for the class of all positive Radon measures on C.

6.2 Construction of the intermediate set F

Next lemma, which deals with the construction of F , is one of the key
points of the proof of Theorem 15. We will show an almost complete
proof. For the whole arguments see [49, Lemma 5.1].

Lemma 21

Suppose that γ+(E) ≤ C5diam(E), where C5 is small enough. There
exists a compact set F =

⋃
i∈I Qi, where {Qi}i∈I is a finite family of

squares such that
∑

i χ10Qi
≤ C and

(a) E ⊂ F and γ+(F ) ≈ γ+(E),

(b)
∑

i γ+(E ∩ 2Qi) ≤ Cγ+(E),

(c) diam(Qi) ≤ 1
10 diam(E) for all i.
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Example: Consider the 1/4 planar Cantor set in Fig. 1. Let En = be
the n-th generation of this set, n ≥ 4. Recall that γ+(En) ≈ 1/

√
n. A

good choice for F in this case would be En/2 (assuming n even). The

squares Qi, i ∈ I, would be the 4n/2 squares of generation n/2. The
reader can check easily that (a), (b), and (c) are satisfied (hint: use
that γ+(En) ≈ γ+(En/2) and γ+(Qi ∩ En) = ℓ(Qi)γ+(En/2) by “self
similarity”).

Proof of Lemma 21. Let σ be a maximal measure for γ+(E) described
in Theorem 19. Then, σ(E) ≈ γ+(E) and Uσ(x) & 1 for all x ∈ E.
Consider the open bounded set Ω = {x ∈ C : Uσ(x) > λ0}, where
0 < λ0 ≪ 1. Let Qi, i ∈ I, be the Whitney squares of Ω such that
2Qi ∩ E 6= ∅. We assume also that Qi have been constructed so that∑

i χ10Qi
≤ C. We set F :=

⋃
i∈I Qi. By compactness, it is easy to

check that I is finite.
The statement (a) follows easily: we have E ⊂ F by construction,

and also

γ+(F ) ≤ γ+(Ω) ≤ Cσ(E)

λ0
≤ Cγ+(E),

by Theorem 18, since Uσ & λ0 on Ω.
To prove (b), notice that for any square Qi, i ∈ I, there exists some

point x′ ∈ ∂Ω such that Uσ(x′) = MRσ(x′) + cσ(x′) ≤ λ0 ≪ 1, with
dist(x′, 2Qi) ≈ ℓ(Qi). Since for all x ∈ E ∩ 2Qi we have Uσ(x) & 1, it
can be shown that, roughly speaking, most of the potential Uσ at x is
originated by σ|4Qi

, and then

Uσ|4Qi
(x) &

1

2
for all x ∈ E ∩ 2Qi

(at this point the reader should think about the typical arguments in-
volved in good λ inequalities for CZO’s). As a consequence,

γ+(E ∩ 2Qi) ≤ γ+

{
x : Uσ|4Qi

(x) &
1

2

}
. σ(4Qi),

and so ∑

i

γ+(E ∩ 2Qi) .
∑

i

σ(4Qi) . σ(E) . γ+(E).

The proof of (c) follows easily from the fact that for x ∈ C one has
Uσ(x) . σ(C)/dist(x, E) and the assumption that γ+(E) ≤ C5diam(E),
with C5 small enough. The details are left for the reader. �

6.3 Construction of µ and ν

The following lemma is another key step for the proof of Theorem 15.
It deals with the construction of µ and ν, which will be good measures
for the application of a suitable T (b) type theorem.
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Lemma 22

Let F =
⋃

i Qi be intermediate set constructed in Lemma 21. Let
A ≥ 1 be fixed. If γ(E ∩ 2Qi) ≤ Aγ+(E ∩ 2Qi) for all i, then:

(1) either γ(E) ≤ Aγ+(E),

(2) or γ(E) > Aγ+(E), and there exist measures µ, ν supported on F
(µ ≥ 0 and ν complex) and a subset H ⊂ F , such that, such that

(a) γ(E) ≈ µ(F ),

(b) dν = b dµ, with ‖b‖L∞(µ) ≤ C,

(c) |ν(F )| = γ(E),

(d) |ν(Q)| . ℓ(Q) for any square Q.

(e)

∫

F\H

C∗ν dµ ≤ Cµ(F ).

(f) If µ(B(x, r)) > K0r (for some big constant K0), then B(x, r) ⊂
H . In particular, µ(B(x, r)) ≤ K0r for all x ∈ F \ H , r > 0.

(g) H is of the form H =
⋃

k∈IH
B(xk, rk), with

∑
k∈IH

rk .

K−1
0 µ(F ).

The constants do not depend on A.

Let us insist on the fact that all the constants different from A which
appear in the lemma do not depend on A. This fact will be essential for
the proof of Theorem 15.

For the reader’s convenience, before going on we will make some
comments on the lemma. Assume we are in Case (2). The properties
(a), (b), (c) and (e) are basic properties which must satisfy µ and ν
in order to apply a T (b) type theorem with absolute constants. In (e)
notice that instead of the L∞(µ) or BMO(µ) norm of Cν, we estimate
the L1(µ) norm of C∗ν out of H .

Roughly speaking, the exceptional set H contains the part of µ with-
out linear growth. The properties (f) and (g) describe H . Observe that
(g) means that H is rather small if we choose K0 big enough. For ex-
ample, (g) combined with (d), (a) and (b), implies that

|ν(H)| .
∑

k∈IH

ℓ(Rk) . K−1
0 µ(F ) . K−1

0 |ν(F )| ≪ |ν(F )|

(assuming K0 big enough).
Below we will show the construction of µ and ν and the detailed

proof of (a), (b) and (c) in Case (2). We think that these are the most
interesting points of Lemma 22. The proof of (d)−(g) is more technical,
and it uses more standard estimates (perhaps with the exception of (e)).
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We will give only some hints about the arguments in this case. For the
details, see [49, Lemma 5.1].

Construction of µ and ν and proof of (a), (b), (c) in Case (2) of
Lemma 22. We assume that γ(E) > Aγ+(E).

It is easily seen that there exists a family of C∞ functions {gi}i∈J such
that, for each i ∈ J , supp(gi) ⊂ 2Qi, 0 ≤ gi ≤ 1, and ‖∇gi‖∞ ≤ C/ℓ(Qi),
so that

∑
i∈J gi = 1 on Ω. Notice that by the definition of I we also

have
∑

i∈I gi = 1 on E.
Let f(z) be the Ahlfors function of E (i.e. f which maximizes the

supremum in the definition of γ(E) in (1)), and consider the complex
measure ν0 such that f(z) = Cν0(z) for z 6∈ E, with |ν0(B(z, r))| ≤ r for
all z ∈ C, r > 0 (see [29, Theorem 19.9], for example). So we have

|Cν0(z)| ≤ 1 for all z 6∈ E,

and
ν0(E) = γ(E).

The measure ν will be a suitable modification of ν0. As we explained in
Subsection 5.1, the main drawback of ν0 is that the only information that
we have about its variation |ν0| is that |ν0| = b0 dH1

E , with ‖b0‖∞ ≤ 1.
This is a very bad estimate if we try to apply some kind of T (b) theorem
in order to show that the Cauchy transform is bounded (with absolute
constants). The main advantage of ν over ν0 is that we will have a much
better estimate for the variation |ν|.

First we define the measure µ. For each i ∈ I, let Γi be a circum-
ference concentric with Qi and radius γ(E ∩ 2Qi)/10. Observe that
Γi ⊂ 1

2Qi for each i. We set

µ =
∑

i∈I

H1|Γi.

Let us define ν now:

ν =
∑

i∈I

1

H1(Γi)

∫
gi dν0 · H1|Γi.

Notice that supp(ν) ⊂ supp(µ) ⊂ F . Moreover, we have ν(Qi) =∫
gi dν0, and since

∑
i∈I gi = 1 on E, we also have

ν(F ) =
∑

i∈I

ν(Qi) = ν0(E) = γ(E)

(which yields (c)).

We have dν = b dµ, with b =

∫
gi dν0

H1(Γi)
on Γi. To estimate ‖b‖L∞(µ),

notice that
|C(giν0)(z)| ≤ C for all z 6∈ E ∩ 2Qi. (22)
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This follows easily from the formula

C(giν0)(ξ) = Cν0(ξ) gi(ξ) +
1

π

∫ Cν0(z)

z − ξ
∂̄gi(z) dL2(z), (23)

where L2 stands for the planar Lebesgue measure on C. Let us remark
that this identity is used often to split singularities in Vitushkin’s way.
Inequality (22) implies that

∣∣∣∣
∫

gi dν0

∣∣∣∣ =
∣∣(C(gi ν0))

′
(∞)

∣∣ ≤ Cγ(E ∩ 2Qi) = CH1(Γi). (24)

As a consequence, ‖b‖L∞(µ) ≤ C, and (b) is proved.
It remains to check that (a) also holds. Using (24), the assumption

γ(E ∩ 2Qi) ≤ Aγ+(E ∩ 2Qi), (b), and the hypothesis Aγ+(E) ≤ γ(E),
we obtain the following inequalities:

γ(E) = |ν0(E)| =

∣∣∣∣∣
∑

i∈I

∫
gi dν0

∣∣∣∣∣ ≤
∑

i∈I

∣∣∣∣
∫

gi dν0

∣∣∣∣

≤ C
∑

i∈I

γ(E ∩ 2Qi) = Cµ(F )

≤ C A
∑

i∈I

γ+(E ∩ 2Qi)

≤ C Aγ+(E) ≤ Cγ(E),

which gives (a) (with constants independent of A). �

Sketch of the proof of (d)−(g) in Case (2) of Lemma 22
(d) Since ‖Cν0‖L∞(C) ≤ 1, by Fubini it follows easily that |ν0(Q)| . ℓ(Q)
for any square Q. Since ν is a kind of approximation of ν0, then it can also
be shown (rather easily) that |ν(Q)| . ℓ(Q) also holds, by comparison
with ν0. See [49, Lemma 5.1] for the details.

(e) The estimate
∫

F\H C∗ν dµ . µ(F ) is more delicate than the one

in (d). However, it is also a direct consequence of the fact that
‖Cν0‖L∞(C) ≤ 1, and the fact that ν is an approximation of ν0. See [49,
Lemma 5.1] for the details again.

(f) Given x ∈ F , r > 0, we say that B(x, r) is a non Ahlfors disk if
µ(B(x, r)) > K0r. For a fixed x ∈ F , if there exists some r > 0 such
that B(x, r) is a non Ahlfors disk, then we say that x is a non Ahlfors
point. For any x ∈ F , we denote

R(x) = sup{r > 0 : B(x, r) is a non Ahlfors disk}.

If x ∈ F is an Ahlfors point, we set R(x) = 0.
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Observe (a) implies that µ(F ) . γ(E) ≤ γ(F ) ≤ diam(F ). There-
fore, for r ≥ diam(F )/100

µ(B(x, r)) ≤ µ(F ) ≤ Cdiam(F ) ≤ K0r,

assuming K0 big enough. Thus R(x) ≤ diam(F )/100 for all x ∈ F .
We denote

H0 =
⋃

x∈F,R(x)>0

B(x,R(x)).

By Vitali’s 5r-Covering Theorem there is a disjoint family {B(xk,R(xk))}k,
k ∈ IH , such that H0 ⊂ ⋃

k∈IH
B(xk, 5R(xk)). We set

H :=
⋃

k∈IH

B(xk, 5R(xk)).

Observe that by construction H0 ⊂ H , and so all non Ahlfors disks are
contained in H .

(g) Since the balls B(xk,R(xk)) are disjoint, we have

∑

k∈IH

R(xk) . K−1
0

∑

k∈IH

µ(B(xk,R(xk)) ≤ K−1
0 µ(F ). �

6.4 Application of the T (b) theorem of Nazarov, Treil and Volberg

The next step of the proof of Theorem 15 consists of proving the following
result. We use the same notation as above (i.e. F , µ, and ν are as in
Lemma 22).

Lemma 23

Assume γ+(E) ≤ C5diam(E), γ(E) ≥ Aγ+(E), and γ(E ∩ 2Qi) ≤
Aγ+(E ∩ 2Qi) for all i ∈ I. Then there exists some subset G ⊂ F , with
µ(F ) ≤ C5µ(G), such that µ(G∩B(x, r)) ≤ C6r for all x ∈ G, r > 0, and
the Cauchy transform is bounded on L2(µ|G) with ‖C‖L2(µ|G),L2(µ|G) ≤
C7. The constants C6, C5, C5, C7 are absolute constants, and do not
depend on A.

This lemma follows from a suitable version of a T (b) type theorem
of Nazarov, Treil and Volberg [37] to the measure µ and the function
b constructed in Lemma 22. To state this T (b) theorem we need to
introduce the dyadic lattices D(w), w ∈ Ω, called random dyadic lattices

by Nazarov, Treil and Volberg. Suppose that F ⊂ B(0, 2N−3), where
N is a big enough integer. If we denote by D the collection of all the
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usual dyadic squares in D, given w ∈
[
−2N−1, 2N−1

)2
=: Ω we set

D(w) := w + D. That is to say, a square from D(w) is the translation
by w of a dyadic square from D.

We are ready to state the T (b) theorem of [37] (see also [60]).

Theorem 24 (T (b) theorem)

Let µ be a measure supported on F ⊂ C. Suppose that there exist
a complex measure ν and, for each w ∈ Ω, two exceptional sets HD(w)
and TD(w) made up of dyadic squares from D(w) such that:

(a) Every ball Br of radius r such that µ(Br) > C6r is contained in
HD(w), for all w ∈ Ω.

(b) dν = b dµ, with ‖b‖L∞(µ) ≤ C.

(c)
∫

C\HD(w)
C∗ν dµ ≤ C µ(F ), for all w ∈ Ω.

(d) If Q ∈ D(w) is such that Q 6⊂ TD(w), then µ(Q) ≤ K1|ν(Q)| (i.e.
Q is an accretive square).

(e) µ
(
HD(w) ∪ TD(w)

)
≤ δ0 µ(F ), for some δ0 < 1 and all w ∈ Ω.

Then there exists a subset G ⊂ F \
⋂

w∈Ω

(
HD(w) ∪ TD(w)

)
such

that the Cauchy transform is bounded on L2(µ|G), with the L2 norm
bounded above by some constant depending on the constants above.

Proof of Lemma 23 As mentioned above, we intend to apply The-
orem 24. Let us define the sets HD(w) and TD(w). Recall that
H =

⋃
k∈IH

B(xk, rk), with
∑

k∈IH
rk . K−1

0 µ(F ). Each ball B(xk, rk)
is covered by at most 4 dyadic squares from D(w) with side length
≤ 4rk. Let DH(w) denote the family of these squares. We set
HD(w) :=

⋃
R∈DH(w) R. Observe that by construction, H ⊂ HD(w),

and it is also clear that
∑

R∈DH(w)

ℓ(R) . K−1
0 µ(F ).

Now we deal with TD(w). We say that a square R ⊂ C is accretive if

µ(R) ≤ K1|ν(R)|, (25)

where K1 is some big constant to be chosen below. We denote by DT (w)
the collection of non accretive squares from D(w).

It is clear that the assumptions (a), (b), (c) and (d) of Theorem 24
hold. It only remains to check that (e) is satisfied too. Let DHT (w)
be the subfamily of maximal (and thus disjoint) squares from DH(w) ∪
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DT (w). Then, using (d) from Lemma 22 and the fact that µ(F ) ≈ |ν(F )|,
we get

|ν(HD(w) ∪ TD(w))| ≤
∑

R∈DHT (w)

|ν(R)|

=
∑

R∈DH(w)∩DHT (w)

|ν(R)| +
∑

R∈DT (w)∩DHT (w)

|ν(R)|

≤ C
∑

R∈DH(w)

ℓ(R) + K−1
1

∑

R∈DHT (w)

µ(R)

≤ CK−1
0 µ(F ) + K−1

1 µ(F ) . (K−1
0 + K−1

1 )|ν(F )|.

Thus, if we choose K0 and K1 big enough we have

|ν(F \ (HD(w) ∪ TD(w))| ≥ 1

2
|ν(F )|.

Therefore, taking into account that ‖b‖L∞(µ) ≤ C,

µ(F ) ≤ C|ν(F )| ≤ 2C|ν(F \ (HD(w) ∪ TD(w))|
≤ C8µ(F \ (HD(w) ∪ TD(w)).

Thus µ(HD(w) ∪ TD(w)) ≤ δ0µ(F ), with δ0 = 1 − C−1
8 .

So from Theorem 24 we infer that there exists some set G ⊂ F like
the one required in Lemma 23. �

6.5 Proof of Theorem 15 by induction on the size of rectangles

If we put together Lemmas 21, 22, and 23, we get:

Lemma 25

There exists some absolute constant B such that if A ≥ 1 is any fixed
constant and

(a) γ+(E) ≤ C5diam(E),

(b) γ(E ∩ Q) ≤ Aγ+(E ∩ Q) for all squares Q with diam(Q) ≤
diam(E)/5,

(c) γ(E) ≥ Aγ+(E),

then γ(E) ≤ Bγ+(E).

Proof. By Lemmas 21, 22, and 23, there are sets F, G and a measure µ
supported on F such that

(i) E ⊂ F and γ+(E) ≈ γ+(F ),
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(ii) µ(F ) ≈ γ(E),

(iii) G ⊂ F and µ(G) ≈ µ(F ),

(iv) µ(G∩B(x, r)) ≤ Cr for all x ∈ G, r > 0, and ‖C‖L2(µ|G),L2(µ|G) ≤
C7.

From (iv) and (iii), we get

γ+(F ) ≥ C−1µ(G) ≥ C−1µ(F ).

Then, by (ii), the preceding inequality, and (i),

γ(E) ≤ Cµ(F ) ≤ Cγ+(F ) ≤ Bγ+(E). �

As a corollary we deduce:

Lemma 26

There exists some absolute constant A0 such that if γ(E ∩ Q) ≤
A0γ+(E∩Q) for all squares Q with diam(Q) ≤ diam(E)/5, then γ(E) ≤
A0γ+(E).

Proof. If γ+(E) > C5diam(E), then we get γ+(E) > C5γ(E), and we
are done provided that A0 ≥ C−1

5 . We set A0 = max(1, C−1
5 , B). If

γ+(E) ≤ C5diam(E), then we also have γ(E) ≤ A0γ+(E). Otherwise,
from the preceding lemma we infer that γ(E) ≤ Bγ+(E) ≤ A0γ+(E),
which is a contradiction. �

Now we are ready to prove Theorem 15.

Proof of Theorem 15 Remember that we are assuming that E is a finite
union of disjoint compact segments Lj. We set

d :=
1

10
min
j 6=k

dist(Lj, Lk).

We will prove by induction on n that if R is a closed rectangle with sides
parallel to the axes and diameter ≤ 4nd, n ≥ 0, then

γ(R ∩ E) ≤ A0γ+(R ∩ E). (26)

Notice that if diam(R) ≤ d, then R can intersect at most one segment
Lj. So either R ∩E = ∅ or R ∩E coincides with a segment, and in any
case, (26) follows (assuming A0 sufficiently big).
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Let us see now that if (26) holds for all rectangles R with diameter
≤ 4nd, then it also holds for a rectangle R0 with diameter ≤ 4n+1d.
We only have to apply Lemma 26 to the set R0 ∩ E, which is itself a
finite union of disjoint compact segments. Indeed, take a square Q with
diameter ≤ diam(R0 ∩ E)/5. By the induction hypothesis we have

γ(Q ∩ R0 ∩ E) ≤ A0γ+(Q ∩ R0 ∩ E),

because Q ∩ R0 is a rectangle with diameter ≤ 4nd. Therefore,

γ(R0 ∩ E) ≤ A0γ+(R0 ∩ E)

by Lemma 26. �

7. Other results

In [50], some results analogous to Theorems 12 and 15 have been ob-
tained for the continuous analytic capacity α. Recall that this capacity
is defined like γ in (1), with the additional requirement that the functions
f considered in the sup should extend continuously to the whole com-
plex plane. In particular, in [50] it is shown that α is semiadditive. This
result has some nice consequences for the theory of uniform rational ap-
proximation on the complex plane. For example, it implies the so called
inner boundary conjecture (see [7] and [54] for previous contributions).

Corollary 16 yields a characterization of removable sets for bounded
analytic functions in terms of curvature of measures. Although this
result has a definite geometric flavour, it is not clear if this is a really
good geometric characterization. Nevertheless, in [51] it has been shown
that the characterization is invariant under bilipschitz mappings, using
a corona type decomposition for non doubling measures. See also [16]
for an analogous result for some Cantor sets.

Using the corona type decomposition for measures with finite curva-
ture and linear growth obtained in [51], it has been proved in [52] that if
µ is a measure without atoms such that the Cauchy transform is bounded
on L2(µ), then any CZO associated to an odd kernel sufficiently smooth
is also bounded in L2(µ).

Volberg [60] has proved the natural generalization of Theorem 15 to
higher dimensions. In this case, one should consider Lipschitz harmonic
capacity instead of analytic capacity (see [32] for the definition and prop-
erties of Lipschitz harmonic capacity). The main difficulty arises from
the fact that in this case one does not have any good substitute of the
notion of curvature of measures, and then one has to argue with a poten-
tial very different from the one defined in (12). See also [26] for related
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results about Cantor sets in Rd which avoid the use of any notion similar
to curvature.

However, the relationship of Lipschitz harmonic capacity with rec-
tifiability is not well understood. That is to say, a result analogous
to David’s Theorem 1 is missing for this capacity. The reason is that,
given a set E ⊂ R

d with Hd−1(E) < ∞ (where Hd−1 stands for the
(d − 1)-dimensional Hausdorff measure), it is not known if the fact that
the Riesz transform, i.e. the CZO associated to the vectorial kernel
(x − y)/‖x − y‖d, is bounded on L2(Hd−1

|E ) implies that E is (d − 1)-

rectifiable.
The techniques for the proof of Theorem 15 have also been used by

Prat [43] and Mateu, Prat and Verdera [25] to study the capacities γs

associated to s-dimensional signed Riesz kernels with s non integer:

k(x, y) =
x − y

|x − y|s+1
.

In [43] it is shown that sets with finite s-dimensional Hausdorff measure
have vanishing capacity γs when 0 < s < 1. Moreover, for these s’s it
is proved in [25] that γs is comparable to the capacity C 2

3
(n−s), 3

2

from
nonlinear potential theory. The case of non integer s with s > 1 seems
much more difficult to study, although in the AD regular situation some
results have been obtained [43]. The results in [43] and [25] show that
the behavior of γs with s non integer is very different from the one with
s integer.

For more information, we recommend the interested reader to look
at the recent surveys [5] and [42], where the geometric part of the re-
cent developments in connection with Painlevé’s problem are treated in
more detail than in the present paper. For open questions about the
relationship between the length of projections of sets and their analytic
capacity, as well as other related problems, see [30].
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42. H. Pajot, Capacité analytique et le problème de Painlevé, Astérisque 299
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