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A CHARACTERIZATION OF THE RADON-NIKCDYM PROPERTY

Oscar Blasco de la Cruz

51, INTRODUCTION.

The aim of this paper is toc give a new characterization
of the Radon-Nikodym preperty in terms of martingales in

X-valued Orlicz spaces.

Let X be a Banach space and put Z: , the Lebesgue

mcasurable sets in (0,1] . It is well known (see [1]):

(1.1). X has the Radon-Nikodym property with respect
1o [0,1] if and only if every bounded uniformly integrable
martingale in L1[0,1] , (£,,B)) where U(L)Bn) -2, is

convergent in L}[0,1].
We are interested in a generalization of this fact,

In this paper we shall prove the fellowing

Theorem (1.2).

let ¢ be a Young function with the le—condition. X
has the Radon-Nikodym property if and only if every bounded

. . ¢ . - i -
martingale in LX . (fn,Bn] wherte U(LJBH) = Z:, is con

vergent in Li

The definitions and the main results relating to X-
valued martingales and Orlicz spaces may be found in f1]

and [2] respectively.
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We are going to denote by ¢ a Young function, and
'fi = {£:[0,1] #+~x-stron$ly measurable with respect Lebesgue

measure s.t. p(f,d) = [ I E(x}[])dx < =}
0

Let ¢ be the complementary Young function of ¢ . We
1
shall write HfH¢ = sup { j [1£¢x || 1gi(x)|dx with

o~ Q .
g e H{, plg,¥) £ 1} and L? - {f:[0,11 —— X strongly

X
measurable with I|f]|¢ < e}
It is well known that Li is a vector space and ]|fj|¢ is

a norm on it.

X X
A, -condition. It is easy to prove that the convergence and

Besides, LY = L® if and only if ¢ verifies the

the boundedness in Li and Li are equivalent using the

follewing fact:

{(1.3) Suppose ¢ verifies le-condition, i.e. there
exists K >0 and T 0 such that ¢{2t) € K¢(t) for
all ¢t 2T

If there exists m helongs to(N with p(f,¢) € 1/k"

T)}+2

then |[f[[¢ = o see (2],page 158 for a proof.

§2, PREVIOUS LEMMAS .

Lemma 1.

T
LX’
(fn, n € N) is a bounded uniformly integrable sequence in

1
Ly

If (fn , 1 € N) is a bounded sequence in then .
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Proof.

For a Young function we have

(z.1) 8 —» » a5 t> =, and by (2.1) we ob-
tain !Efn1|L] € o(f ,4) + A, where A is a constant.
We have only ¥0 show.that 'J |lfn(x)|]dx — 0 as
m(E) —> 0 . Given € > 0 ,Eby (2.1} , there exists

T » 0 such that

(2.2) —E%EL > %E for t > 1 where sup p(fn,¢) £
n

Let & = ef21 . If m(E}) < & and denoting

=
u

{x :Ilfn(x)li L1} E and

n
B, = {x : ]|£n[x)|[ > tl}N E we obtain
[ eeon = { 1ge0ilax -
g " A, 1
+ J £ (x)|]dx < T(E) + o= Jtﬂllf (x)]])dx<e
B1| n l (2.2) 2¢C A n
Lemma 2.

If ¢ verifies the Zﬁz-condition then the simple func#

tions are dense in Li .

Proof:

Given f eﬁ'Li,

exists a sequence (fn , n € NJ of countably valued func-

simce € is strongly measurable, there

tions such that

C.
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(2.3) [1£,(0-£(x)|] < L for almost all x e [0,1]
and for all n e N Suppose f = Z; Xn,m Xg where
m=o n,m
X, € X and Xﬁ are the characteristic functions of
’ n,m

disjoint measurables sets.

since 2[[£, ()] < 2[[£(x) ]|+

convex function,we have 2f e'Li

number P, € N such that
(2.4) _j - (2] 1£,
N, E -
np,, n,m

We consider the simple function 2,
By (2.2) and (2.4)
1

% a,e, and ¢ 1is a

Therefore,there is a

1

(x)|[)dx < =
Pn

= 2. x X
meg M,m En,m

1

. 1
{ sqieeo g atex € 7 | e2l1£00 -5 (x| 1dx
o o
1 (! 1,2, 1
- [0 6211 £, (x)-g, (0| ax £ 7 0By + 1
Since d¢(t} » 0 as t = 0" the proof is finished.
Lemma 3
Let (B, T € I} be a family of sub-g-fields of J .
Suppose ¢ ‘with az—condition.
. ¢ . )
If fn convergs to f in LX then E{fn/BT} con
vergs to E[f/BT] uniformly in B, where E(./B;) denotes

the conditional expectation relative

Proof

It may be proved with .a slight,
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argument in [1).p2ge 322 that if B is a sub-o-field of

7, then p(E(G/B),%) < p(g,¢) for all g e‘tx .

Now, given € > 0 , let m be a number such that

max (EL%l:E-, —%—J < g where K,T are the constants in
, 0 g © .

the az-condition.

Since Ilfn—f|]¢ +0 (n —+ =) then

p(fn-f,¢) + 0 {n~+ =) so there is a number n, such that

if n » n, we have D(fn-f,¢} < ~%h . This implies,by

0
K
(1.3) and the first result in the proof,that

[|E[fn-f/iiT)||¢ <e for nn, and it is true for all

T el .

§3. PROOF OF THE THEQOREM (1.2}.

Suppose X has the Radon-Nikedym property and let
(f ,B ) be a bounded martingale in Li with o[L]Bn) =7
By lemma 71 and {1.1), there is a function f in L; such
that fn —a f in Li and fn = E(f/Bn) as 1t may be
seen in [l] . Since the convergence of martingales in L;
implies the convergence almost everywhere, we obtain, using
the continuity of ¢ that ¢(|]fn(x]|]] — ¢(||f(x)l|]

a.e. and by Fatou's lLemma.

5¢(l|f(x)llldx ¢ lin inf jwufncxmdx £ u

%

Therefore f belongs to L8 &

X which Coincides with L
We shall prove that f —> f in L? . From Lemma 2,

we see that given € > 0 , there exists a number m, and a
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sequence of simple functiens such that

- ¢ >
(3.1) ||:=,]Tl f||¢ <e€/2 for m=m
and using Lemma 3 with Bn , there is m, in M such that
- ’ 2
(3.2) |[E(£-s /B |¢ <€/2 for m 2 m, and for
all n
Since G(L}Bn) =) , we can take the functions Sn

on measurable sets from U/ Bn

Let m be a fixed number such that m » max (mo,m1).
If s = i Xni % , let n be a number such that
m P m,1 . o
1=1 m,1
Em,ic‘ Bno for i = 1,...,p and in this case
= =
E[Sm/Bn} S for n n,
Therefore if n 2 n_ , by (3.1) and (3.2)

- é - - =
Heg 01y & T1Esyll, + Hlsy-foll,

= Hf—sm||¢ + ||E(sm-f/Bn)|| < gf2 + ef2 =€ .

To prove the converse we are going to use the tharacte-
rization of the Radon-Nikodym property in terms of operators:

For every T:L1[0,1] —> X

there exists a function f in
1 R
L§ such that T(F) = S F(x)f(x)dx for
: 0
Pe Lt [0,1] (see {3], page §3).

Let T:L' [0,1] X be a bounded operator. We consider

the o-field generated by the dyvadic intervals of length

n

, 1.e. Bn = g1 ;3 i=20,...,2"-1) where

B

n
R
oM n,i



2P

Let f = zn T()LI )XI . It is easy to prove that

n 1=0 n,i— n,i

= i B_) =2_ . Since

E(f ,;/B,) = £, and obviously a(UB) i
n-

g 11 = 2 zn”T(XI )% , it is clear that

n i=0 I‘l,i n,i

||fn(x)|| € |iT}| for all x e [0,1] . Then p(f_ ,¢)

¢ ¢(}|T]}) for all n, and we can find a function £ in
Li such that fn — f in Li . This is eguivalent to

¢(]|fn||) -3 o(||£j1) in L' and therefore there is a

subsequence ¢(||fnk(x)||] — S| |£f(x)}]) 4aze. Henge
(IIEC) 1) ¢ #C(]|F]|]) a.e. and £ belongs to LS
To cenclude the proof, we must only prove that
{(3.3) T(s) = JIS[X)f[X)dX fer all simple function on
L}Bn~measurable segs. First,. we, shall prove that
(3.4) £ = E(£/B)).
If E is a Bn-measurable set,SEfn[x]dx =gEfn+k(x)dx for k3t
and then it is sufficent to prove that
SEfn(x)Qx -——rJEf(x)dx as n+a2 . It is c¢lear from the Holder
E||fn[>c} - £l dx< an- fl&le!b
‘Fron (3.4):J}n,f[x)dx =j; fn(x)dx = T[XIn,i}

n,i
and by linearity we obtain (3.3) and finish the proof,

inequality
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