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ON KUNNETH RELATIONS

Marek Golasiñski

Abstract . The aim of this note is to subsume a number

of apprently quite distrinct results in one general theorem . For

a left exact functor

	

T : R-Mod --' Ab and a cochain complex

C * we give a long exact sequence including the canonical map

HnT - THn , where Hn is the n-th cohomology functor . Un-

der the appropriate hypothesis the usual form of the Künneth re

lation (see [1], chap . VI) is a special case of our long exact

sequence (Remark 1 .2) . Also the latest results of Coelho-Peze-

nnec (see [2]) are contained in this long sequence (Proposi-

tion 2 .3) .

In particular, we obtain a simple proof of the following

results of Osofsky on upper bounds of cohomological dimensions

(see [7], [8)) . If I is a directed set and the cardinal num

ber of it is no greater than 8m, then :

1 . 1.pdcolimIRi colimIDIi < supl 1 .pdRi Mi + m + 1

in the category of modules,

2 . cdRcolimIGi < supIcdRGi + m + 1 in the category of



groups .

1 . Main re sults . Let R be a ring and let R-Mod and

Ab denote the category of left R-modules and the category of

abelian groups, respectively . For a left exact functor

T : R-Mod

	

Ab denote by Tn the right n-th derived func-

tor of

	

T

	

and for a cochain complex

	

C* = (Cn,dn )

	

of

	

R-modu-

les we put

	

Zn = Ker

	

dn,

	

Bn = Im dn-1

	

and

re n runs over the integers .

Hn = Zn/Bn, whe-

Theorem 1 .1 . (General theorem) . If TkCn = 0 for k % 1

and all integers n, then there exists a long exact sequence

of abelian groups

0 -> T1 Zn-1 -+ HnT -s THn -i

T1 Zn	T1Hn___> T3Zn-1 --> . .

--~ TkZn --, TkBn -~ Tk+2 Z n-1 --~

Proof . The canonical short exact sequence of R-modules
n n

0 -~ 7.n -~ Cn -~ Bn+1 - 0 yields a long exact sequence of

abelian groups

where

n
0 -~ TZn Til,~n TCn T-d~n TBn+1 á0 T 1Zn Tlin T1Cn T1dn

n n

	

n
--, T1Bn+1 j-1.> . . . ak-~ TkZn Tkin TkCn Tkdn TkBn+l ak~ , . .

TkBn+l - 0 Tk+lzn is the connecting map .



By assumption Tkcn = 0 for k . : 1 and all integers n . So

we get a short exact sequence

n

	

n + an
a)

	

0 - TZn Ti> TCn Td-~ TBn 1 -~4 TiZn _ 0

and a family of isomorphisms
an

b)

	

TkBn+1 Ñk,

	

Tk+1Zn

	

for

	

k > l

	

and all integers

	

n

The sequence a) yields an isomorphism

n

a')

	

TBn+1
a

/im
Tdn
~ T1Zn .

Moreover, the canonical short exact sequence of R-modules
n n

0 --> Bn -j, Zn -É-1 ' Hn --> 0 yields a long exact sequence of

abelian groups

c) 0 - TBn

nTon yo
TZn ---, THn --> T1Bn T1Zn -

n
Tl0n 1 n yl

n

	

7k-1

	

k n Tk3n

	

k n TkBn k n 7k
--> T H

	

->

	

. . . --;

	

T B

	

---~ T Z

	

-~ T H

	

-~. . . ,

n
where yk : TkHn --> Tk+1Bn is the usual connecting map . Hence,

by b) we obtain the following long exact sequence of abelian

groups

TZn	TRn

	

al 1 7n

	

T1jn(an-1)-1

	

T

TB

ion
0 -+/n

	

THn	' T2Zn-1

	

T1Zn

an-ó yn

	

an-1
^
1~

	

Tk .n (ak-1 ) -1
T1 Hn 2

	

1 , . . . k-

	

Tk+lZn-l -

	

_ TkZn



The functor T : R-Mod -~ Ab is left exact, hence Ker Tdn =

TZn and the commutative diagram

0
1

	

j1
0 -' Im Tdn-1 ~ Ker Tdn	H nT --> 0

Tjn

	

S
0

	

TBn	' TZn	' TZn	0

1 /TBn
0

n
yields Kero = coKerW = TB /Im Tdn-1, by the Snake Lemma . Let

n : Kero --'> HnT be the canonical inclusion . Then, finally, we

obtain the lona exact sequence

nn-1 n

	

1 .n

	

(an-1~ 1

0

	

T1Zn-1 ~ - (a 0-1 ) y HnT T~ � 1 THn

	

1-0Y O` T2Zn-1 " J o

	

1

1

	

n

	

n-1 n

	

2n an-1

-~ T1Zn
T ~` T1Hn a 2 oyl> T3Zn-1 T i o 2

k .n

	

(an-l ) -1

	

k n

	

an

	

oyn	T k+l

	

jn (a n-1-1
T 3 0 k

	

TkZn
T R ` Tk xn k+l k, Tk+2Zn-1 -~ o. k+l

As a corollary we get the usual form of the Künneth relation

(see (11, chap . VI) .

1 nT R
Remark 1 .2 . If Tk = 0 for k > 2, then T 1 Zn	~' T1Hn

and the short sequence

, . (a n-1 ) -1 o (T10
n-l ) -1

	

TQn 0 0
0 ----+ T1Hn-1

	

0

	

. HnT

	

- THn _, 0



is exact .

Moreover, the above Theorem yields the following result .

Corollary 1 .3 . If the maps T Z - T H

	

induced by
n

	

R
n

	

nthe canonical map Z --> H

	

are left split (i .e . there

exists a map

	

pn : TkÉn -

	

'TkZn	suchthat

	

p'OT'R' = idTkzn),

then there exists a long exact sequence of abelian groups

. _> T2k+lHn kj . . . ~> T3Hn-2 , T1Hn-1 -> HnT -> THn .-

T2Hn_1 --> T4Hn-2 --~,

Proof . In virtue of assumption the sequence c) from the

proof of Theorem 1 .1 determines the short exact sequence

and the split short exact sequences

k n
Tk0

n

0 ---> TZ F _
pn

for k > 1 and all integers n.

k n TkR n
k n

n
TR

n

	

n 70

	

ln
/TBn -

	

TH -> T B -> 0

n
k n 7 k

	

k+1 nT H f=~ T

	

B -> 0
Sn

. -> T2kHn-k -> . . .

Hence, using the isomorphisms b) from Theorem 1 .1 we ob-

tain the following diagram



n-k-2

0-->T2k+3 Zn-k-28 n-k ó (a 2k+2 )-1T2k+1Hn-k-1 P.n-k-§T2k+1Zn-k-1 -, 0

.n-l an-2 -1

	

n-l
0-->T3 Zn-2 8 °( 2 ) -> T1Hn-1 -> T 1Zn-1 -" 0

n-l -1
0-, T1Zn-1 ti .

(
a

	

)

	

.

	

HnT -
P

>

	

TZn
/TB

n _,

	

0

n

	

n-1 n
O~TZ

/TB
n

	

n ~- THn a-

	

0~ T2 Zn-1 -, 0

T20n-1
«
n-2^ n-1

0--. T2 Zn- l- --------------, T2Hn-1

	

3 . 2

	

. T4Zn-2 ---, 0

4 n-2

	

an-3 n-2
0-, T4 Zn-2 T !3

	

i T4Hn-2 5 °7 4 , T6 Zn-3 , 0

-k n-kT2kpn-k

	

a

n

2k+1°y 2kn-k

	

* T2kHn-k

	

, T2k+2 Zn-k-1 ,

	

0

Composing the above short exact sequences we obtain the announ-

ced long exact sequence of abelian groups .o

2 . Applications . Let I be a directed set . It isorell, known

that the functor colimI is exact . Moreover, if the cardinal num

ber of I is no greater than t~m , then limen+k = 0 for

k > 2 (see [41) .

Let .

	

{Ri,

	

~pij }i, j E I

	

. and

	

{Mi P

	

`
P
ij }

	

i, j E I

	

be directed

systems of rings and abelian groups respectively, such that



each

	

Mi	isa left

	

Ri-module and

	

0ij (r iMi )

	

= w ij (ri ) Oij (Mi )

for

	

riE Ri , mi E Mi	and

	

i < j .

(Such systems will be called cou.vstent) .

Then, M = colimIMi is a left R = colimIM¡-module and

M :z; colim R ® M .in the category of R-Mod .I Ri 1
For further purposes the following lemmas will be useful .

Lemma 2 .1 . If each Mi is a (pure) projective Ri-module

for all

	

iE I,

	

then

limn HomR, (MiN)^Extn(colimIMiN)(^Pextn(colimIMi,N))
1

for any R-module N.

Proof . A directed system

	

{Mi ,gL ij } i,jE I

	

yields an exact

sequence of R-modules (see [3], Appendix I)

---

	

i <~< ,

	

R

	

®

	

M.

	

. . .

	

--~

	

®

	

R

	

® M.

	

-~

	

© R ~ M.-
0 . . .1n

	

Ri0 10

	

10< 11 Ri010

	

10I Ri010

---' colimlR O . Mi^ colimIMi .
1

If each

	

Mi	isa (pure) projective

	

Ri-module for all

	

i El

then the above sequence is an R-(pure) projective resolution

of colimIMi .

Applying the functor HomR (-,N) we obtain the following chain

complexes :



0

0

HomR(i ÉIR	R.Mi,N)
- HomR(

i
R

il R1
MiNO

22
) ~ . . .

0

i É I HomR

	

(Mi ,N)

	

----->

	

, l
i

	

HomR	(M .

	

,N)

	

--~

Consequently, limn HomR- (Mi ,N) Ilt!Extn (colimIMi ,N)

( --PextR
n (colim

IMiF N» .

Let FM, denotes the free Ri-module generated by the
i

elements of

	

Mi ,

	

then

	

Fcolim M
~ colimIFmi *

	

Hence, we obtain
I

the following generalization of Lemma 9 .5 from [11 .

Lemma 2 .2 . There exist Ri-(pure) projective resolutions

1Pi

	

of

	

Mi	forming a consistent directed system {IPi,.zij}

	

i,jEI

such that IP= colimT IP~

	

is an R-(pure) projective resolution

of colimIMi .

The two lemmas stated above will be used in the sequel .

Let

	

{C ;' ~ij}i,j El

	

be a consistent directed system of

chain complexes such that Ci are R .-modules for all i E I .

Put

	

C* = colimlC*

	

and

	

Zñ1 = coKer dñ .

Then the following generalization of the Coelho-Pezennec

result is a simple consequence of Theorem 1 .1 and Lemma 2 .1 .

Probosition 2 .3 . (see (21) . If Cñ are (pure) projecti-

ve Ri-modules for all integers n, then the following long

12



sequence

0 ---->

	

limI HomR .	(Zn1
1,N)
-

	

Hn(C, ,N) -

	

liml Hn (Cyi, , N)
1

-->

	

limÍ HomR,(Zn11,N) - limÍ HomR . (Zñ1N) - lim, H'(C'�N)
1

	

1

limÍ HomR . (Zn 11,N) -> .
1

limé Ho

	

(Z' i , N) - limé Hn (C,i,,N) -limé+2Hom

	

(Z ' 1 ,N)-I

	

mR1.

	

n

	

I

	

I

	

R.

	

n-11

Moreover, as direct consequences of this Proposition we

obtain the results of Osofsky (see [7] abd [81) and Kielpifiski-

Simson (see [ 6] ) .

Let 1 .pdRM(1.P .pdRP4) denote the left (pure) projective

dimension of an R-module M and let 1.91 dimR (1 .P .gl dimR) de

note the left (pure) global dimension of a ring R .

and

is exact .

Corollary 2 .4 . i) 1 .pdcolim R, colimIMi
I 1

< supl 1 .pdR . Mi + m + 1

(1 .P .pdcolimIRi colimIMi < supl 1 .P .pdR1 Mi + m + 1)

ii) l .gl dim colimIMi < supI 1 .gl dimRi 4 m + 1



(1 .P .gl dim colimIRi < supIl .gl dimRi + m + 1) .

Proof . Applying Proposition 2 .3 to the directed sistem

{Ipi'~ij } i, j E I

	

of projective resolutions of

	

{Mi , ~ij} i, j E I
given by Lemma 2 .2 we obtain the exact sequence

0 -- liml Hom

	

(Z' 1

	

,N) --~ Extn (colim M . ,N) ---> lim Extn (M .

	

N) -I

	

Ri	n-1

	

R

	

IMi,N)

	

Ri

	

1

-+limi HomR
i
(Zñ 11 ,N) -+ lim, HomR, (Zñ;N) --> lim, ExtR . (M,,N) -

1

	

1

--> limk Hom

	

(Z'~',N) - limé Extn (M .,N) - limé 2Hom

	

(Z' 1 ,N)-I

	

Ri	n

	

I

	

Ri
(Mi#N)

	

Ri	n-1

--~ limÍ HomR . (Zñ1 1 ,N) -

where R = colimIRi .

Hence, for n > supI l .pdR . Mi we have the following ¡so-
1

morphisms

limI HomR . (Zñ 1 1 ,N) - limI HomR . (Zñ 1 ,N)
1

	

1

limI HomR.(Znll,N) - lim,-1 HomR.(Zn1,N) .
1

	

1

Therefore, for n-k > suDI1.pdR .mi
1

limI HomR1 (Zril l ,N)

	

lim, HomR1 (Zñik,N) .



But

	

limI = 0

	

for k > m + 1 .

	

Consequently,

limÍ HomR, (Zñ 1 1 ,N)

	

= 0

	

and

	

ExtR(colimIMi, N)

	

= 0

	

for
i

n > supl 1 .pdR . Mi + m + 1 . Hence,

1 .pdcolimlRi colimlmi < supl 1 .pdR1Mi + m + 1 .

ii) For any R-module M we have M = colimIMi , where

Mi = M are Ri-modules for all icI . Therefore, by i)

1 . pdcolimIRiM _< supl 1 . pdR1M + m + 1 < supIl . g l dimRi+ m + 1

and hence l.gl dim colimIRi< supI1 .gl dimRi + m + 1 .

The analogous results for the left (pure) projective and

global dimension are obtained by the same methods .N

In particular, if

	

{Gi,spij } i,j El

	

is a directed system

of groups, then for group-rings over a ring R we have

R[ colimIGi1	-colimIR[Gil .

So, by the above Corollary pdcolimIR[G11áR
<

SunIpdR[ 6116 R + m +l,

	

where

	

OR

	

denotes the trivial module

over the appropriate group-ring .

Therefore, we get another result due to Osofsky (see [81)



cd R colimIGi < sur)I cdRGi + m +

	

1,

	

where

cd
R

	

denotes the

	

R-cohomological dimension .

More generally, if

	

{Ci`pij}i,jE I

	

is a directed system

of small categories, thén using methods similar to those above,

we obtain

cdR colimIe i < supI cdR Ci + m + 1 .

Remark 2 .5 . By results from 151

	

and [91 we can replace

the directed set I by any small category such that the functor

colimI is exact .

Now let

	

R

	

be a hereditary ring and let{C ;,VGij )i, j E I

be a directed system of chain complexes over the category R-mod .

Prooosition 2 .6 . If C* and C ;* = coliml Ci are chain

complexes of projective R-modules for all i C=I, then the

following long sequence

.

	

limik+l Hn-k-1
(C*, N) -,

	

. . . --,

	

limI Hn-2 (C * ,N)

---, limI Hn-1 (C*,N) --' Hn (C*,N) - limI Hn (C*,N)

2 n-1 i

	

4 n-2 i

	

2k n-k i-~ limI H

	

(C*,N) - limI H

	

(C * ,N) -> . . .

	

limI H

	

(C * ,N)-

is exact for all integers n and any R-module M .



1
Proof . Because

	

{ZnHomR(C*,N)}IEI = {HomR ( Cn/ i,N)}iE IB
and the sequence

	

n

therefore

i

	

i
0 -

	

HnC*
--j

	

Cn/ i
---,

CB

	

n/,¡ -----> 0 splits,
n

	

n

{HomR(Cn/B¡,N) } i E I - {HomR(HnC*,,N) }i El ®{HomR( Cn/Zi ,N) }i E I
n

	

n
and

i
limé ZnHom (C1 N) = limé Hom H (C 1 N)1) limé Hom ( Cn

	

,N) .I

	

R

	

*'

	

I

	

R

	

n

	

*'

	

I

	

R

	

/Zi
n

i

	

Ci

	

CBut

	

Cn/Zi

	

are projective

	

R-modules and coliml

	

n/Zi =

	

n
/Z

n

	

n n
is a projective R-module, so by Lemma 2 .1

limÍ.HomR (Cn/ i ,N) = ExtR(Cn/	N)= 0 for k > 1 .
Z

	

Z

Moreover, by Universal Coefficient Theorem (see (1]chap .

VI) we have natural epimorphisms Hn (C*,N) ----» HomR(HnC*,,Id)

for all

	

iE I .

	

Consequently, the map

limI Z nHomR(C*, N) = limIHomR (Hnc*, N) -~ limI Hn (C*,N)

splits and an appropriate long exact sequence is determined by

Corollary 1 .2 .

Corollary 2 .7 .

	

If

	

{Xi ,~P ij } i,j E I

	

is a directed system

of compact topological spaces, then the cochain functor commutes



with limits . Thus, the following sequence of singular cohomolo-

gy groups

-+

	

lim2 Hn-1 (Xi,A)

	

-

	

liml4 Hn-2I

	

(Xi,A)-- . . .-lim2lnH0 (X i ,A)

	

-' , 0

is exact for any abelian group

	

A,

	

where

	

X =colimIXi .

Similary,

	

if

	

{Gi,%Pij}

	

i, j E I

	

and

	

{Cifspij}i,j El
are directed systems of groups and small categories respective-

ly, then we obtain the appropriate long exact sequence as above .

0 -> lim2 n-1 H0 (xi ,A) --' .

--, lim1 Hn-1 (Xi ,A) -----> Hn (X,A) -' liml Hn(Xi ,A)
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