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ON KUNNETH RELATIONS

' Marek Golasifiski

Abstract. The aim of this note is to subsume a number
of apprently quite distrinct results in one general theorem. For
a left exact functor T : R-Mod — Ab and a cochain cpmplex
{* we give a long exact sequence including the canonical map
't — THn, where H" is the n-th cohomolegy functor. Un-
der the appropriate hypothésis the usual form of the Kiinneth re
lation (see [1l], chap. VI} 1is a special case of our long exact
sequence (Remark 1.2). &Also the latest results of Coelho-Peze-
nnec (see [ 2]} are contained in this long sequence {(Proposi-

tion 2.3).

In particular, we obtain a simple proof of the following
results of Osocfsky on upper bounds of cohomological dimensions
{see {7]), [8l). If I is a directed set and the cardinal num-
ber of it is no greater than Rm’ then:

1. Yepd_oyim g, SOYimM, < sup l.pdy, M; + m + 1

Ii i
in the category of modules,

+m o+
2. cdpeolim G, < supcdpG, *+ m + 1 in the category of



groups.

.l. Main results. Let R be a ring and let R-Mod and

Ab denote the category of left R-modules and the category of
abelian greoups, respectively. For a left exact functor
T: R-Mod —> Bb denote by T° the right n-th derived func-

tor of T and for a cochain complex c* = (Cn,dn} of R-modu-
n n n-1

les we put 2" = Ker d”, B" = Im & and H" = Zn/Bn' whe-~

re n runs over the integers.

Theorem l.1. {(General theorem). If chn =0 for k&1

and all integers n, then there exists a long exact seguence

of abelian groups

0 — g™l — ylp s o — gL

len TlHn T3zn—1

» Tkzn N Tan - Tk+22n--1 .

Proof. The canonical short exact seguence of R-modules
n _i} n _a% _n+t1
g — & — C —* B —* 0 yields a long exact sequence of

abelian groups

n
.n n o 1.,n 1l.n
n — rz® Th gt T gttt 0, plpn T4, plon Tody
n n n
o o k,n k.n o
- +
- II‘lBrﬂl 1 . k-1 Tkzn T 1 chn T4 Tan 1 k .
+1 . +
where a; : Tan L — Tk lzn is the connecting map.



By assumption TkCn =0 for k-2 1 and all integers n. So

we get a short exact seguence

n
n n fa g
' +
a) 00— gt T, et Id, ppttl 0, ol

and a family of isomorphisms
n

o
b) rkp+1 —;5+ ™12 for k>1 and all integers n.

The seguence a} vyields an isomorphism

o

n
n+l 0 1.n

]
a') TB /Iden'—-ﬂTZ.

Moreover, the canonical short exact sequence of R-modules
: .n n .
0 — g" 1 3" £, B — 0 yields a long exact seguence of

abelian groups

n
nTjn n Tan n-ﬂ!0 l.n len 1l n
cy ¢ —TB ——— T — TH —— T°'B —— T2 —
n n .

l.n ¥ v k.n k.n n
TB 1 k-1 T3 T8 Tk
— plyn > . hgl s kg kgt L

f .

k

where 7}{ ¢ 7T —— Tk+1Bn

is the usual connecting map. Hence,

by b} we obtain the following long exact sequence of abelian

groups
_ n-l n n-1,-1
72" " Lo 5o ptyti®y ) L rip?
0 —/ n— r&" T<g" — prg"
TB
n-1,-1
n-1 n-1 k.n{a )
&, O Y a O'fl_ -1 I'J k
. TlHn 2 1-,__ k k-1 -Tk+lzn 1 Tkzn
n-1
X" T
" T H —_—* . '



The functor T : R-Mod —> Ab is left exact, hence Ker Td =

2" and the commutative diagram

0
o 3 g
0 — Im Ta" ! — Ker 7a® — ®"T — 0
@ ¥
n Tjn N 8 n
0 TE TZ " ——— TA4 — 0
/TB
1
4]
R
yields Keéry = coKery = /Irn Tdn-l, by the Snake Lemma. Let
n : Kery — #?T be the canconical inclusion. Then, finally, we

obtain the long exact seguence

— _ N n-1 1 Q11
1_n-1 T"'(“H ‘-) ! n TE o n al OTE 2_n-1 T jnot E }
00— TZ — H'T + TH T2
n-1
1l N n-1l_n 2.n o
T f a, T 1 Tj o 2
— plgh I, plpt —2. 0L, gdgnl
-1.-1
k.n (ay ) Kon n n k+1 .n, n-1-1
T3 6k pigh'] o, O -1 T R )
Tkzn Tan k+1- 'k Tk+2zn 1 o' k+1l "

As a corollary we get the usual form of the Kilnneth relation

(see [1], chap. VI).

Tlﬂn
k 1.n l.n
Remark 1.2. If T =0 for k=2, then T & —Z*> TH
and the short seguence
Loy (o:g—l)_lo (Tlﬁn-l]—l . 0 o .
0 — TH H'T —— TH — 0



is exact.

Moreover, the above Theorem vields the following result.

kan
k,.n T# k. n
Corcllary 1.3. If the maps T2 — = TH induced by
n
8
the canonical map 2" —— H" are left split (i.e. there

exists a map p° : ™" — 7¥2®  such that pTorts® = idgk,n),

then there exists a long exact sequence of abelian groups
N T2k+lHn-k—; . T3Hn—2 —_ TlHn-l By — e —

L an

Proof. In virtue of assumption the sequence ¢} from the

proocf of Theorem 1.1 determines the short exact sequence

n Tﬁn Tn
n —s T4 [ggh — TH" L plgn

and the split short exact sequences

Tkﬁn By
0 ~— T8N —— rFEt o K lgt
fn 6n

for k # 1 and all integers n.

Hence, using the isomorphisms b} from Theorem 1.1 we ob-

tain the following diagram



n-k-2
-1
n-k-1 (o ) n-k-1
2k+3zn—k—25 Q' 2k+2 'T2k+1Hn—k—l L T2k+lzn—k—1

O0—T

5L (a ! o1
g— p3gD~2 o' 2 TlHn 1 — qplgt™l
n-1 -1
_ n+{%g } v n
g— iz 1 gy — T2, 4 ——
TR
n n-— n
o T2 i of7dvg 2,n-1 _
/ ogP TH Tz 0
Tzﬁn-l an-27n—1
0_+T2Zn 1 , rl,2Hn—l 3 2 szn 2 — 0
4.n-2 7772 4 ez 5_0"4_2 6.n-3
0— Tz LB T, pigne2 5974 g6pnm3
’ n-k n-k
T2kﬁ“‘k a2k+1°72k

0 —» p2k, -k 2Kk p2k+2,n-k=1 |

.

Composing the above short exact sequences we obtain the announ-

ced lcong exact seguence of abelian groups.o
L

2. Applications. Let I be a directed set. It iswell known

that the functor colim; is exact. Moreover, if the cardinal num

ber of I 1is no greater than Rm, then limr;+k =0 for

k =2 (see [4]).

Let (R, wij}i,j er and (Mg, wij} 1,5€1 be directed

systems of rings and abelian groups respectively, such that

10



each M; 1is a left R, -module and wij(rimj] = wij(ri)wij[mi)
for rieRi' m, e-Mi and 1 < j.
{Such systems will be called condistent}.

Then, M = ¢olim Mi is a left R = colim Ri'-module and

I I

M = colimIR g Miin the category of R-Med.

For further purposes the following lemmas will be useful.

Lemma 2.1. If each Mi is a {pure) projective Ri—module

for all i€ I, then

.. n n . ’ n .
limy HomRi (M, N)~Exto (colim M N) (“PextR(collmIMi,N) )
for any R-module N.
Proof. A directed system {M,,¥..). . vields an exact
== it ijTi i€l
sequence of R-medules (see [3}, Rppendix 1)
L c® R O M — L..— ©.R Bu -— ORONM—
outi, Rig to ot Rito R W

—_ : & = :
collmIR RiMi collmIMi.

If each Mi is a (pure) projective Ri—module for all 1 €I
then the above sequence is an R-{pure} projective resclution
of colim_M, .

Ii
Applying the functor HomR(—,N) we obtain the following chain

complexes:



— @ ® —
0 HomR{igIR R.Mi'N) - HOmR{iQiR B. MiN} . e
X : o Rlo ’

11 I —_—
0 — {ET HomRi (Mi,N) — ;<4 HomR‘ (Mi LN}
¢ 1 14

Consequently, 1im” Hom (M, ,N) ~Ext] (colim M, ,N)
I Ri i R I'i

{ ﬁPextg(colim Mi,N)).

I

Let F, denotes the free Ri—module genérated by the
i

elements of Mi, then FcolimIM’¥collmIFMi. Hence, we obtain

the following generalization of Lemma 9.5 from [1].

Lemma 2.2. There exist Ri—(pure} projective resolutions
P, of M; forming a consistent directed system {mi,@ij}-i,jel
such that = colim P, is an R-{pure) projective resolution

of collmIMi.

The two lemmas stated above will be used in the sequel.

Let {C*% ] be a consistent directed system of

1371,5 e
chain complexes such that Ci are Ri—modules for all i € I.

_ ; i i i
Put Cq —collmIC, and Zn = ccKer dn.

Then the following generalization of the Coelho-Pezennec

result is a simple consequence of Theorem 1.1 and Lemma 2.1.

troposition 2.3. (see [2]). If Ci are (pure) projecti-

ve Ri-modules for all integers n, then the following long



seguence

- 1 A n n . .i
0 limg HomRi (2 21/N) — H(C,,N) — lim, H (C3, N)

1

— 1im? Hom, (2!' ,N) — liml Hom, (z3}N) — lim] H"(C,N) —

I R R,

s 1
— 1limS H (z't omy) — ... —
imp Homg. n-1'"
A

k

i .k on,.i . k+2 Vi
(N) - limp H {Cy,N} — limg HomRi(Zn_l,N]

.k
— r
11mI HomR‘[Zn
i
—_— ... is exact.

Moreover, as direct conseguences of this Proposition we
ocbtain the results of Osofsky {(see [ 7] abd [8]) and Kielpifiski-

Simson (see [B]).

Let l.deM(l.P.deH) denote the left {(pure) projective
dimension of an R-module M and let 1l.gl dimR (1.P.gl dimR) de

note the left (pure) global dimension of a ring R.

Corcllary 2.4. 1) l.pdColimIRi collmIMi <

< sup; l.de. Mi +m+ 1
1

{1.P.pd ColimIMi = supy l.P.de_ M, +m+ 1)

collmIRi i

and

ii} 1.g1 dim collmIRi < sule.gl dlmRi +m+ 1



(1.P.gl dim colim R, < sup l.gl dimR, + m + 1).

Proof. Applying Proposition 2.3 to the directed sistem

{Eﬁfwij } of projective resolutions of {M,,¥, }l jeT

i,jeI ij

given by Lemma 2.2 we obtain the exact segquence
0 — Lim® Hom. (2'% ,N) —— Ext®(colim .M, ,N) —> Lim Ext®(M, N} —
I Ry n-1"' R I'if I R/ i’

2 i 1 vigy .1 . .n _
— limg HomRi(Zn_l,N)—-ﬁ Limy Homp (2)/N) lim] Ext, (M, ,N)

R. I R,
i i
— 1im3 Hom (Z'l N)y — [.. ——
I R, 1l "
i
.k R k n . kt2 , i L
—_ llmI HomRi(Zn Ny — limI E‘.:rctRi(l\"Li_.N}———> 11mI HomRi(Zn_l,N}

- ... ; where R = colimIRi.

Hence, for n > sule.de Mi we have the following iso-
i

morphisms

n-1"' I R,

.2 1 o oys L , 1
11mI Hole[z N} = lim_ Hom l(Zn LN}

A N I N R T

.k Wi " k-1 Wi
1:LmI HomRi(Zn_l,N) limI HomRi(Zn SNY

Therefore, £for n-k > supll.de Mi
i

L1 r 1 ~ w~ 11K v
llmI HomRi(Zn_l,N) Cee llmI HomRi(ank.N).



But lim§ =0 for k >m+ 1. Consequently,

]

L1 Vi
limZ Hom (Zn_l;Nl

n 5 —
I Ri 0 and ExtR{collmIMi'N} =0 for

+

n > Supy l.de. Mi + m+ 1. Hence,
1

. b+ 1.
l.pd_gyim_r, SolimM, < sup; l.pdpg M, *+ m + 1

Ii i

ii} For any R-module M we have M = colim Mi, where

I
Mi =M are Ri—modules for all iel. Therefore, by i)
< . imR, +
l'pdcolimIRiM supy l.deiM-+n1+1.€sule gl dinmR;+ m+ 1

and hence 1l.gl dim colimIRié sup;1.gl dimR, + m + 1.

The analogous results for the left (pure) projective and

glocbal dimension are obtained by the same methods.®

In particular, if {Gi,w is a directed system

ij}i,j €1
of groups, then for group-rings over a ring R we have

RlcollmIG s collmIR[Gi].

i]

S50, by the above Corollary pd AR <

colim Rl G, ]
< supIdelG]A R+m+l, where AR denotes the trivial module
i .

over the appropriate group-ring.

Therefore, we get another result due to Osofsky (see [8])



cd collmIGi % sup

+ +
R cdRGi m 1., where

I

cdR denotes the R-cohomological dimension.

More generally, if {Gi ¢ij}i,j€51 is a directed system
of small categories, thén using methods similar to those above,

we ohtain

cdR colimICi < supy cdR Ci +m+ L.
Remark 2.5. By results from [ 5] and [9] we can replace
the directed set I by any small category such that the functor

colimI is exact.

Now let R be a hereditary ring and let{Ci,wij}i jET

be a directed system of chain complexes cover the category R-mod.

Prowosition 2.6. If Ci and €, = colimIC1 are chain
complexes of projective R-modules for all i € I, then the

following long sequence

oo — 1md g el — L Lind BT R0r ) —
— 1imk B el — B C,,M) — lim, HR(CL,M) —

I I

— 1im? 8V er, M — uimd B 03w = L= 1R N -

—* ... 1s exact for all integers n and any R-module M.



; i
n i _ C
Proof. Because {2 HomR(C*’N)}ﬂEI = {HomR( n/Bi,N)}iE 1
and the seguence

0 — HnCi — n, ., T n — 0 splits,

therefore

et i i ¢t
{HomR( n/Bi’N)}iE]:_{HomR{an"N)}iEI @{HomR( n/zi,N]}iE I
I Il
and ]
.k .n i _ .k i X c!
lim> Z HomR(C‘,N} = 11mI Hom Hn(C¢,N)9 lJ.mI HomR{ n/ L N).

T R 2t
T
ct i c
But n, . are projective R-modules and celim n = n
/Zl I /Zl . /Z
n n n
is a projective R-module, so by Lemma 2.1
Lin® mom, Ca, om) < BxtE(C N) =0 for k >1
im; Hom, n/zi, = R n/Z , = .
n I

Moreover, by Universal Coefficient Theorem (see [1llchap.
VI)} we have natural epimorphisms Hn(C:,N] — HomR[HnCi,H)

for all 1i€1I. Consequently, the map

k

Lims 2 Homg (C3,N) = LimSHomy (By0E, M) — 1inf B%(CE,N)

I

splits and an appropriate long exact sequence is determined by

Corollary 1.2, ®

Corollary 2.7. If {Xi'pij}iqj c1 1s a directed system

of compact topological spaces, then the cochain functor commutes

17



with limits. Thus, the followilng seguence of singular cohomolo-

gy groups

0 —> 11m§§'1 Ho(xi,A) — o el B m) —
— lim% k. a0 — ®P(x,a) — 1im. BD(X,,A) —
i I i
- 1im§ H“‘l(xi,A) - 1im; Hn_z(xi.A]—*...—*liminHO(Xi,A) — 0

is exact for any abelian group A, where X =colimIXi.

Similary, if {Gi,w } and {Ci,w 1

i,j€r ij’i,j€I
are directed systems of groups and small categories respective-

ij

ly, then we obtain the appropriate long exact sequence as above,
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