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ON THE LOGARITHMIC CONVERGENCE EXPONENT AND GEOMETRIC

MEANS OF AN INTEGRAL FUNCTION OF ORDER ZERO

M. I.Rizvi?*

l. For a non constant integral function of order zero, the loga
rithmic order #* and the lower logarithmic order A* are gi-

ven as [1],

. ot
. Sup log leg Mir,f) _
(1.1) Lim ing log log r At
o
where M(r,f) = max | £(z}] .
zZ=r

The geometric means of | £(z)| for 0 < K <=, are defined as

Y i6
{1.2) G(r) = exp {37 log] fixe )| @@
o
and
r f
_ (k+1) |T _K
{(1.3) gK(r) = exp ;?:I_ X" log G{x)dx:.

o]

Another geometric mean of |f£{z)| is defined as |[2],
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r
(1.4) gh(r) = exp J——iﬁiiliii (log )X log G(x)ZX} |
l(log r) 1

The logarithmic convergence expchnent pi and lower logarithmic

convergence exoonent Ri are given as ([ 3], p.58)

*
|
sup
r+e ing g 9 A ¥
1
where (0 < RI = pi < o),
Jain, P.X, and Chungh, V.D. {21, 31.[ 41} have discu-

ssed some properties of these geometric means. In this paper we
have alsc studied few properties of qﬁ(r) which are given in

the form of the theorems.

2, Theorem l: - Let £{z) be an integral function of order ze-

ro. Then, for 0 < r, < Ty, we have

(2.1) (log )" - (log ¥t

log G(rl)é
K+l K+l
<({log 1)) log g%frzj - {log r)) leg gi(rlJQ

{log r2)K+l - {log rl)K+l log G(rzl,

where K is any positive number.

Proof. From (1.4), we have

K+1 1
(2.2) {log r,) log gﬁ(rl) = (K+1) log G(x){log x)
1

K dx
X
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Similarly,

T

(2.3) (1og r ¥ 1og gy(r,) = (x¢1)| log G(x) (logx)™ 94X,
X
1

From {2.2) and (2.3} : we get,

K+1 = _ K+l *
(2.4) {log r,) log gK(rZ) {log r) log gk(rl)

r
2
= (R+1) log G{x) (log x)¥ %%.
1
From (2.4), (2.1) follows since G(x) is an increasing func-

tion of x.

3. Theorem 2: - Let £f(z) be an integral function of order zero

*
and logarithmic convergence exponent Py and lower legarithmic
*

convergence exponent ll' then,
1/(log r}
log log EéEL_ *
sup gy (x) f1
(3.1) lim = .
Tyoo inf log log r l’
1

In corder to prove the above thecrem we first prove the

following lemma.

gy (r) |1/109 T g

- Ktl I dx
I {log x} n(x]ir .

Lemma 1.
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Proof of Lemma 1 : -

r
-1 +1 d

1 (log Ik {log G{x))dx

(log r]K 1 dx
T
= 1 K+ 1 (log rJK+1 log G{r) - (K+ 1} (1log x)K log G(x)%?
{log 1) 1
r
= - log G(r)+ ﬁm (log x]K log G (x) d_):(
(log r) 1
= - log G(r) + log gﬁ(r)
E
- 10 gK(r)
- %9 [ Teto |-
Hence,
. ]
-1 i K+l d ]L gy (r} 1/log r
(3.2) expl——"373 {log x) 45 (log Gix})dx | = I
{log r) 1

From {1.2) and using Jensen's formula we get é%(log G(x))=ngf)

Hence, form (3.2}, we get

1/log r r
Eﬁiil = expl— L i (log x)¥*! nixy &
Gi{r) K+2 ¢ x [
{log r) 1
Proof of theorem 2 : - From Lemma 1, we have
1/log ¢ ' r
_Gixr) = exp i {log x)K+l n{x) ax
*( ) g (1 r)K+2 X
Ig °g 1
r
+
< exp '_—_i”*iTj n{r) (log xJK ! %§
{log r) 1
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‘niey |

= eXxp ————-—-(K+2)

——e,

Hence, using (l1.5), we get

G(r) }l/log T

. *
sup log log{gﬁ{r)

SUP 3 w1
(3.3} lim <lim -l—oﬂ-il’—r——= "
r+ooinf leg log r rrocinf 09 109 T Al
Further,
[ 2 l/log(rz) e2 1
Sz ) I (log ¥ nix) &
‘(rz) {lo rz}K+2 X
2
T
1 K+1 dxl
> exp ‘w5 (log =) nix} —
2 K+
(log r }K 2 g _ xJ
2
J r
+
> exp s M) | (log xE ax
[{109 ) X
r
= exp nir) (log r2)K+2 - (log r)x+2
s (log r2)K+2 {K+2)
" n{r) 1, K+2
= exp {3 (1 5) ).
Hence, 9
2,.11/1log r
log log ~§i£§l
sup g (£
{3.4}) lim =
r+ea inf log log (r2)
ot
s
> lim P _log n(r} _ l_
r+o inf log log r +
kl
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From (3.3) and (3.4), {3.1) follows.

4. Theorem 3:- Let us set

G(r)}l/log r

sup l°g{g;ir}

{4.1) lim = q’
e 3 »*
r+oe inf (log r)pl
and
sup c
(4.2) lim —nix}  _ 7,
r+o inf (log r}p& d
Then we have,
(i) i Sg<ps—2S
(K+P ) +2) (K+py*2)
Ei@ <E>§;2 1
(ii) {g)plq{’_q"m*d_iﬁz—__ .
{K +p‘l+.2) J
p‘
(iii) {K+2) (c-d) +¢ "1 > c
* *
cpy (K+p] +2)

Proof. From Lemma 1, for h > 0, we have

1+h

r
JG(rl+h1 _ 1

N l1+h k+1
gﬁ(rl+h) {logir ¥ 1

leog

(log x)F+! n(x)%f
1

r, th
= = + + {log x}K+ln(x)gﬁ .
1+h, \K+1 1 x
{log(r Y1 1 r, Jr

K+p'+l
-K-1
< 0 {log r) K71y, e *

{logl(r }

dx
(log x) =
o

T



1+h

r
1+h
PR | eg 0™
{log(r 1} r X
K+pi+2 K+pi+2
~K-1 {cte ) {log 1} - {log r.)
= ¢ f{iog r) + E
K+l . K+1
{1+h) (K +0} +2}(log r}
n(rhh) [(l+h)x+2 ~ 1ljlog r
(k+2) (1+h) FFL
Hence,
1/1log r1+h
1+h
log Glx )
g‘(rl+h}
K <
{log (r1*M)°1
< {c + ¢€) . n (et (1eny K2 -1
a* pTIK+? o :
(1+h) PEFZreP a2y (k42) (14h) (log r) !

Taking limits of both sides and using {4.l) and {4.2) we get

*
K+? +2 ot K+2_
(4.3) (Len) 4 pe—S—— 4 c(uany T ALRL 771
(K+p} +2)
and
K+p‘+2 ,O‘ J K+2_ 1
{4.4) {l+h) 1 «—C 4 g{(1+n) T {1+h) 1
(R+p}+2) l K+2
Similarly, we obtain
K+p¥*+2 K+2_
14.5) {1+h) bm—— e ili%éz———£
{K+ ¥ +23



and

R+p*+2 K#2_
(4.6) (+n) *  g= d s q (ALl
(K+p¥ +2)

It can be seen that minima of right hand expansion of
*

. o
{4.3) and (4.4) occurs at h =08 and (l+h) 1. e/d. Substitu-
*

PE
ting h =0 in (4,3} and (i+h) 1. c/d in (4.4}, we get se-

cond parts of {i} and {ii} respectively. Taking
2 ot
2 (K+2) (e-d) + ¢ 7

K+
{1+h) = ¥
[ pl

in {4.5) and h =0 1in {4.%) we get {iii) and first part of (1}

respectively.

5. Theorem 4 : - If f£(z} is an integral function of order zero
and logarithmic convergent exponent pi and lower logarithmic

convergent exponent Ai, then

G(r) 3
sup log log{gx(r)} 1
{5.1) lim = .
so0 inf log log r 2@
1
Proof. From (1.2} and {(l.3) and as é%(IOQ Gix)) = nif}' we
get
r
G{r; _ - 1 K+1 d
G ey T OB e [ X7 g o9 Gty dx
o
T
_ 1 K+1
= exXp Ty X n{x)dx
r
o
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€ exp ki nir) Kl dx
r+oe {r °
- Jn(r} 1
= eXp I{K+1)J .
Hence,
G{r)
sup log lOg{g {r)}
{5.2) lim s
rrw inf 109 log:
s pi
u
1im P 1logln(r} -
rsoo inf *°9 09 T l‘
1
Cn the other hand
2r
G{2r} 1 K
o {Jc] ~ exp X' n(x)dx
Ix 2r) {2r} 1
’ 2r b
> exp lK xKn(x)dx
(2r} -
f 2r
= exp 1R+1 n{r) dex
{2r) r
_ n(xy 28I
T EXPITRel K41
Hence,
G(2r)
sup 109 log {g (Zr)}
{5.3} lim

r+oo inf

log log(2r)



p‘
sup 1
r+ee inf g g *

Therefore from {5.2} and (5.3}, {5.1} follows.
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