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THE BP*-MODULE STRUCTURE OF BP’{ES) FOR p = 3.

Nopuaki Yagita

§0. Introduction.

Let BP%*(-} be the Brown-Peterson cohomolegy theory with the coefficient
BP*::Z(p){vl,...] at an odd prime p. In this paper we shall study BP*(G)
for simple simply connected Lie groups &. When G is torsion free, there
is a BP¥-algebra isomorphisﬁ BP*{G)~ BP* ®H*(G). Hence we shall only

consider the cases when G has p-torsiom, i.e., the exceptional Lie groups

p=3 F&' Eﬁ, E?, E8 and
p=5 EB'
When p=3 G=F4, Eﬁ and p=5 G=E8, the BP*-algebra structures of BP*(G)

are given in [5]j. In this paper we shall determine the BP*-module struc-
tures of BP*{G) for the rest, i.e., p=3 E7, EB {Theorem 1.1, Therem 1.2).
Because the BP*-module structure of BP*(EBJ is so complicated we give a
graph which will, hopefully, make it clearer (, see Graph 1.3).

To compute BPX(G), we use H*(G),H*(G;Z,}[{1], BP*(G;ZS)[Q], K*(G) ,K*(G;Z.)
{2],[4]. The main machine of the computation is the Atiyah-Hirzebruch
type spectral sequence. Its non zero differentials are d2p—l=V1®'Q1’
d2p2-l=v2 @Qz and dép_3=v12®(some operation}. In this paper only the
proof of Theorem 1.2 (BP*(ES)) is given. Theorem 1.1 is proved by similar

but easier arguments. Most parts of the computations are routine. So only

the tables of results are given.



§1. The results.

In this section we give the main resulcs.
Theorem 1.1. There is a BP*-module isomorphism for p=3

BPX(E.) = BP*(F&j & Alx )

19'%27+%35
. ~ 3
= [BP*{l,yB,yzb}(BBP*{ylg,y23}f(3y19-v1y23) @BP*/(3,V1){x8]f(x8 Y]

@ Alx ).

11°%15°%19°%277"35
Theorem 1.2. There is a BP*-module isoumorphism for p=3

BP*(ES) = (T/Rl [ F/Rz) ® ﬂ(xz?,x35,x39,xa?)

where

21y

(1) T=BP*/(3)® [(ZB[XB]/(XSB)6923[x20}f(x203)® A(u27)—{l}—{u27x82x20

)} ® (w

2
@ Z{(xg,xg suy7,uy5%g 43°¥550 1]

(2} Rl Ideal(leB_VZXEO’Vlw&3_V2w55’ vi¥ap0 vzabc where

a,b,ce{x8 b.
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The above theorem appears to be too complicated to be understood. Hence
the fellowing graph may be useful.
In the graph, one line means v, A=B
I A
B

A double line means multiplication by v A dotted line means multiplieca-

9+

tion by 3. An X-mark means zero is the result of multiplication.



Graph 1.3.
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Remark 1.4. If ‘zvjxj=0 in BP*(ES) then there exists yeH*(ES;Zp) such
that Qj(y)=i(xj) where i : BP u—KZp is the natural map. This is expressed
by the graph;

5 1(xl) -1(x2)

implies

2 Ql

Results generalizing this fact are discussed in [6].

§2. Preliminary resulrts.

In this section, we recall known results which are needed to compute
BP*(ES). First tecall the mod p=3 ordinary cohemelegy group [1]

(2.1 Ap=H(E8;23):zsh‘s’xzo”(-"g”"go)@“(“3’“?"‘15”‘19”‘27”‘35"‘39"‘47)
where Qux,=xg, Qux19™%300 A %3™%g> X15™%200 D¥37*50-
For ease of notation, let B'=A(x27,x35,x39,x47}.

Secondly, consider the cohomology group H*(EB). Note chat EB has no
higher 3-rtorsien ([3]). Consider the Bockstein exact sequence

—_— :
H*(Ea) @ Z H*(EB) @z

(p) 3 ()
H*(Ey5Z,) -

By the fact that 16=QD, we have

1}

(2.2 A H*(EB) ®Z

(3) .
. 3 3
= [(23["8]”"8 ) ® Zylx,01  (xyy7) @ A({x8x19-x7x20}) - {1} -
2 2 2 2 .
(rg %507 ) (xgRy g=%%pq 1) B ALRg %, %) 0 01 )] B ALKy, %) ) OB

Using the Atiyah-Hirzebruch spectral sequence
P = H*(E. - A(E -
E 9 H {E8,23) @ BPF* == BP (EB,Z3),

in [4], BP*(EB;Z3) is computed



2

(2.3) BP*(ES;Z3):(BP*/{B){l,wls,um}BBP*{(B}@:Z 550430 %20° %20

pi 2
x8’XS}fIdeal(vleSFuwaS’ VIRgTV X0y ViKon, vzxaxzo)])
L
@ n(x?,xlg) @& B,

fw

3 }® 23{1,

Let K*({-} be the K-thecry. By Hodgkin [2][4&], K*{ES) is torsiom free
and

(2.4) Kx(Eg) = Mo,8,v,8) ® B',

2 2
£ ¥ = * i
K*(E8)®Z3 Kf(E8,£3) (1) @!\({x3x8}, {xlsxzo}}ﬁﬂ(x?,xlg}QB .
On the other hand
2 2
e * m Kk H
K*{Eg)®Q K®H (EB)QQ K @l'\({xsx?},{xzﬁxlg})®h(x3,x15)65 .

§3. The differential dyper

In this section we begin the computation of BP*(EB}. In this section

we compute the E, —term of the Atiyah-Hirzebruch spectral seguence.

2p

Consider the Atiyah-Hirzebruch spectral sequences

Ey

H*{EB} ® BP¥ =——n BP*(ES)

l i(E) li

B = H& * * * -
E2 # (58,23) & BP* ———> BP {E8,23) .

Notice that for dimensional reasons, the first non zero differential dr
is d2p—l' Recall that
Image d < Torsicn E_ .
T T
Let drx=vl}3y#0, for x,yeA. Then ulyeTor Er and so yeTor(A). Since all

elements in Tor(A) are 3-torsion (no higher torsion}, i{E}(y}#9. This

implies;

Lemma 3.1, 1In the above spectral sequence E d x=y#0 if and

2p-1' Tip-1
only if dy ) (L(E) (x))=1(E) ()90 in PE, .

In the mod p spectral sequence pEZp-l



dEp-l = vy @ Ql.
The homology group of the differential Ql is computed by using (2.1) and

the fact Q1 is a derivation. The following table describes the Ql homology.

Table 1.

{a) Za—module in A

1 X x2 X 32 KgpX xzx X x2 X x2

8 8 20| "z¢)7872aT8T 207872078720
1 - T 1 I I I i T i1
RgK) g =¥ %o 0 I hid I I i I I -
%, -l xlo | x tx | x 1 lx |1
XIS - b4 X X 1] X X I T
x3x15 - X ;( X x | X T x i 4]
x3(x8x19_x?x20) X X 1 X X X I - -
xls(xsxlg-x?xzo) X X X X 1 X 4] I -
x3x15(x8x19_x7x20) X X X X X X 0 0 -

*g¥157%4%20 L T T i

(xgx g=¥aXo) (BgXygxoxo0) 11 | 1 | ~ | 1 |- |1

{b) torsion free nodule in A

1 2 2 22

Xg®7 | Xa0%19 | *g*7%20™19
1 0 0 0 )
Xy X 1] X 0
X)e X X 0 @
Xyk o X P X 0

The entries in this table have the following meaning,

- ; there is no element cnr.responding to this entry



. 2
) is express as xa(xaxlg—x?xzo)xaxzo +

(xz(—
Xg¥ag *3M¥g%197%7 %
Y(x

XgX)q (Kgkyg=XqX,0) (¥gX) g=%5%,0))

0 ; in ker Ql and not in image Ql’ - Ql—image is non zero ,
I ; in image Ql, IT ; in double Ql-image from two entries.

From the above Table 1, the E, —term is expressed as

2p

(3.2) E2 = Bpx @ Z{0 in (b)}
P

& BP*{x,x

2 2
3%20%19™%1 5 oK ~X —do K, IR )

8%197%7%90) %901 ¥15¥g%7 %3 (XgX 9 %7%50) %8
}

(x

2 2
» 3% 52 3%gX) 5 Ihg K yXaX) 5y X gRa¥y g
& BP*/(3) @ 23{0 in (a)}

) Bp*{3x3
- BP*!(B,vl) @ 23{1 and II in (a)}

§4. The differential dap_B.

The next non zero differential is d&p-3'
Assume that d&p—B(y)=v12 ©x @b # 0 where y,xeA, beB. Then x 1s 3-

torsion in A and le¥0 in E Hence ® must be a sum of the generators of

p’
type O in Table 1} (a). It is easily checked that such generators except

for {x.x are non zero elements in

—%_%,.} and ¥ zx Zx X
8*19*7%20 8 *20 *15%7
B(A ,Q,) = Alx,> 22 @ AC ) @ B

o2 Q1) = ARg Xys¥Xog %55 X%

Moreover d is always zero in pE&p—B' So the generators are not in

4p-3

the iwmage of d in Eﬁp-B' Therefore only the generators {xaxlg—x7x20}

4p-3

and xzx

8 ZéKIS must be checked.

197%7 20}. Since 6(x?x19}=x, % is an

- 2 -
=x in BP*(EB). Then from (2.3) i(v1u27)—0

First consider the case x={x8x ~XoX

infinite cycle in E, and let Uyq

in EP*(ES;Z3) This implies v2 ;=pa for some a in BP*(ES).

12
Assume that there does not exist y such that

(4.1) 4 2o x .

4p-37 V1



Then dim(Filt(a)) < 27 and pza=pv12u2?=p5(x?xlg)=0. Since BP*(E8)®(1=BP*®

H*(EB)QIJ, torsion free elements in E do not express a. From Table 1

4p-3

. s 2 .
d i i i * .
and dimensional reasons, only Vi ®X3xg in Eﬁp—S can be a in BP (EB) But
from (2.4}, vls@ x3x82 represents a torsion free element and this is a
contradiction. Therefore there exists y such as (4.1).

The fact that dimension |y|=18 and y is BP*-free or BP#*/3-free in E&p—B’

implies y=l{3x3 }, %#0 mod p, i.e., we can take

*15
' _ 2 .
{4.2) dﬁp—S(A {3x3x15}) = vy {xsxlg-x?xzo}.

. 22 ‘ ‘
Next consider the case x—{xa XZOxlSX?}' First assume that

_ T
(4.3) dooy =vy2®x

where 25X, 0 X36Xn g%y 0 It is easily checked that elements of dim(Filt) »>
dim{Filt(x®z)} and of Z,-modules in E, are free BP,/3-modules or free
BP*/(3,v )-modules in pEw. See the right down =side of Table 1 {a) and
Lemma 4.7 in [8]. These elements are not in rhe image dr" r'> 2p-1 in
PEm. This fact implies that all elements of dim(Filt)> dim(Filt{z@=x)) are
infinite cycles.
Denote by Y 5gY94 the element in BP*(EB) which corresponds to
2 2 2 2
i i = = i % - g

{zxzoxlgxs x?}. Since 1(v12y59y23) VyZXg Ry K gk 0 in BP (EB’ZB)’ we
can write

vz = p®a szl

1%¥5gY23 T P A =

Then dim(Filt(a)) < 59+|z|, dima=55+|z|+23 and a must be a Z.-module in E,.

3

2
These facts imply(, see Table 1,) that a corresponds {ngxzoxlgx?]=zx, ie.,

5
ZX .

(4.4)  vy2y59¥53 = P

Now consider tha assumption (4.3). By it,

Y oex o= 3b

Yi

+
whate A¢BP* and dim(Filt(b)} > |zx{. From (4.4}, psb = vi lzy59y23¥0- But
except for Y59Y 542 all elements in BP*(EB) of dim(Filt) > |zx| are either

torsion free elements which are of form such that 4m-3 or 4m (, check Table

12



3 {a} and note that the dimension of each ring generator is 4m or &m-1,)
. . 2 -
or torsion elements in BP*(ES), e.g., ngxls(xaxlg-x7x20)—6(w55x?x19).
This is a contradiction. Hence there is no y such as (4.3).
1t does not gccur that
d_,z = vls x@®z' #$0
where z'cﬁ(x27,x35,x39,x47), because if it occurs, then |dr,21=4m+1,|x|=
_ 1= - - [ .
4m-2 and so |z'|=4m-1 which shows z'=one of Xo71X95:%99:%,7s and this

contradicts the dimensions |z|=148 and |x|=78. Hence we have dr,z=0.

If there is y such that

(4.6)  d_,y = vlsx R

then dr,(yez}=vlsx®z and this contradicts the nom existence of {&4.4).

Therefore there is no y such as {4.6).

85. The differential d2(p2—1)+l'

. . . P
First motice that in EZ{p2-1)+l

dez—lx = szz(x) mod(vl).

We compute H(kerQl,Qz). See the following Table 2.

From Table 2, the E2p24term is expressed as

(5.1} EZPE = [BP* z{o, 30, 90, 2 in (b)}

2 2 2
& BP*‘(stxs X #v, XX g %, 3x15x8 x?+v1b)

@& BPA/{3){0 in {2}, le3x82}
@ BP*!{3,vl){I in {a)}
& BP*!(p,vl,vz){W in (a)}} @ B.

Now we compare EZPE and pEw. See Lemma 4.7 and Lemma 4.8 in {4].
P - P = * 2 2 2 2
(5.2} E_ E2p2 [BP f(3){v1x3x8 N LT }
2 2 2
@ BF*’(3*“1){33“§x20’x15“20(x8’“8)’ N S LYACPTIL PV O

2
%gsXgaKonaXgXog!



yix, 2 2 2 2 2
1*V27 ¥ 200 Xg% 20 ¥ %20 8% 20

Let x be the generators in Table 2. From (5.2} and Table 2, we can

® BP:/(3,v e h{x?,xlg) @ n'.

easily check thar if x is BP*/{3)-free(, BP*}{3,V1)—free, BF*,I'(Q%,\ri ,vz}-

free,) in E then i{E){x) is also BP*/(3}-free(, BP*!(3,V1}—free. BP*®/

292’
B 2 2
8%167%7% 20 *g%¥20%15%7 -

Moreover the exceptional x are BP*}(3,V1)—free in PE. 2. Hence there is

(3,v1,v2)—free respectively) except for x=x

2p
ne v such that
dry = AX where AeBPF%, 1 2 2p2+1.
This implies that
(5.3 E,2=E, .
Table 2.
{a} 23—module in EZ(p2—1)+1'
1 X x2 X x2 XX xzx n: x2 x2x2
81 *s | “20| T*zo[*s*20 8™ 2q 8" 20 8% 20
L - i I i W i W W W
¥g¥167%7%20 0l 1 ]w 1 wlw | w Wl o=
X3 - - 0x - - - X - 1
%15 - - - - 0 - - H I
%15 i e e ol A -l - |0
*5(Xg% g %3%00) ol i T B I L]~ -
%y 5{Kg¥) g% 7%,5) -l - - |- |- 6 | I ] -
X3%y 5 (Xg¥) g =%3%50) i A R i e U L
*g%157%3%20 X[ X (- 1 - {1
(xg¥y5=x3Xp0) (xghg=¥y%ppd [ X | X | - -1t




{b)} torsiom free module in E2(p2—l)+l .

L] ke 2 2 2
8%7 | T20%19|*8%7%20%19
1 0 0 ) 0
x3 30 X al O
Xyq 30 bx 0 0
x3x15 90 30 30 0

The entries in this table have the following meaning
- 3 empty, 0 ; ¢ in Table 1, in ker Q2 and not in image QZ’
30, 90 ; this entry corresponds to the element multiplied by 3 or 9,

X Qz—image is non zero { OX ; moreover O in Table 1. {a) ),

I ; I or II in Table 1 and not in image QZ’ W ; in image Q2 N

2

2
3 5 XXy g%y 5 (XgX) g X X0 Xogs B XpgXgxa=Xa (Xgky g X Kpadxg.

§6. The BP*-module structure of BP*(EB).

In this section, we determine the BP*-module structure of BP*(ES}. The
results are expressed in Table 3. Our notation follows that of Table 2.

First consider the torsion free elements in BP*{EB).

{1) From the definition

Vi¥q¥ag = gge Vi¥yg T W

2 2.2
(2} That 1{vl y23}-v1 Ko %q

Szx? is BP*-free in E_. dim{Filt(a)} < 23. From K{l)*-theory (2.4),

34 °
L 2.
=0 in BP*(EB,Z3) implies Vi Y,,=Pa. Since

x
v 2 = 5% v.x 2 _ s
1 Y23 TP Vi¥gMg TP W5 -

2
Since v1x3x8 is a Za—module in E_ we have

3 le3x82 - b for dimension{Filt{b}} > 15.

These facts imply that s=1, i.e.,

v 2 = 3
1 Y23 7 Y15 ¢



(3) From (4.4) and arguments similar to (2), we can take

Vi¥s9 = s
Va¥sg = 3w,
{4) From (3) we have

¥

3 -

Vi¥23Ysg T Waa¥ss > Va¥aaVsg T 3agWys -

(5} In BP*(ES) mod {v

81 3

ge¥oaee

. 2 2
3s,, = 3{x Xg X5 ¥15%q

we have

2
} = {3}:3}{:48

Hence in BP*{ES) mOd(Vlz’vz"">’ we have

3ViYgs = V1¥y¥osYeg =

3y

= Qs

2
*2p *15%7

} =

Y3¥55¥23"

3¥23%ss 81 °
Similarly we can chose
2
3ViYgg T FSgys V) VagWsg T 3V Sy, -
Table 3.
{a) 23—modu1e in E_.
. 2 2 2 J’( xzoszz
*s | F2a | *20(%s%20! *s* 208" 20%8% 20
1
XgX197%7%90 uz7
)
Xy W xgW4 3
x. W X XZW
15 sS §%55[*8%s5
*3%35 S74
XgHgx) g~R %50 %3523
X5 (g% 1978 7% ) Fss 3 FENCT LALE
K%y 5 (RgHy =X 5%} Sg1 | %53
Xg¥157%3% g Y43 XgWsq
x
_ - 8
(xgxy 5=x3%,0) (xgx; %1% M43l 7 O




{b} torsion free module in E,-

1 xzx x2 X xzx x2 X
87 20%19 {*8* 72019
1 L] ¥y Ys9 | Y237s9
%3 Y3 [Ya¥237 %22 Y2 785
*15 Y15 (Y38 Y34 | Y74 Y97
*3%15 Y3915 Y41 Y77 ¥100

Here we note that the rest of elements in (a} in Table 3, are elements

which contain x or u,., as factors. The fact that 6x7=x8, 6x19=x20,

8 *20 27

&

- . . _ . % .
x7x19 Ugg implies that the rest are 23 modules also in BP (ES)’ i.e.,

all torsion elements in BP*(ES) are Z3vmodules {not higher 3-torsion).

(5) That i(v.v

=0 i % . i i 1
1 23w55) 0 in BP (E8 23) implies that there is a such that

ViV aWos = la .

From {5) 3vl(a-s )=0. Hence assq, is a torsion element and a 23-module

74
50 3(3_574)=D and this implies

387,732 = V)¥a3¥ss -

Similarly we have

3 3s

93

Next consider 23—modules in BP*(EB}.

V1885~ “%g1r Vi¥gr”T

Lemma 6.6, If ZEBP*(EB) is a torsion element and i(z)=0 in BP*(ES;ZB)

then z=0 alsc in BP*{ES).
, . 2
Proof. Letr i(z)=0. Then z=pa in BP*(EB}. Hence p a=0 and z=pa=0.

From this lemma we have

2

Y1

= i 2 - = i E S
u27—0 ,» since v, (xgxl9 X?XZU) 0 in EBP (ES) y

Vi¥g= Va¥a0r  V1¥070 »

v,abe=0  where a,b,ce{xg,xzo,u27}.



M = N
oreover we have AOALTRA A
By Table 2 and Table 3, we can check that there is no relation other

than these.
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