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Let R te .3 ring. V1e -,;ay that R is l .i . .r.i . if every

left ideal is a right ideal . A ring is l .a .r.i . i.f every
1 "~ft a=ihilator is a ri~ _rt ideal . Our i!otation follo-ws

that of [2] .

The mai:1 results are

is odd .

GROUP íUNGS I1J .WHIC11 EV?~RY

MFT IDEAL IS /". ~'1'G .`3.T II)~iAL

P . Menal .

ABSTR:.OT . Let F{[G] denote the group ring oí' G

oveT the field K . In this note ue characterize

thosl _;roup rings in which all left ideals are

right ideals .

MOR:21 I . Let i. be a field and let s be a nonabalian

locally finita roup . Than il K[G] is one of the

:Pol'Lo-.°rir,s occurs

(i) 1 ,,har K -- 0 arad G i ., a Hanilton _roup such that for

each odd exponent, 11 , of G the quaternion algebra ovar the

field

	

fin ) , :-:fiarse . ,~ is a primitiva r-roo' o .f tho unity,

is a division ring .

(ii) Char K - 2 and K Goas not cont :_:in any primitivo

3-root of the unity . Yoreover G -QxA, where Q is the

quaternion ;roup of or,?.er 8 and A'is a'balian in which

each element hay odd order aiid if n is an exponent for
A, then the lsss inte er m 1 1 satisfying 2m- 1 (mod n)
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Conv4.raaly if K[G]satisfies (i) or'(ii), then K[G] is

l .i .r.i . and, in particular, it is l .a .r.i . .

--_-Obs~:rva- that .if char K > 2 and G is locally finita, then

{[G] is l .a .r.i . if and only if G is abélian .

THEORWIi II . Let K[G]denote the grou.p ring over

group . Then the following ara equivalent

(i) K[G] is l .i .r.i . .

(ii) G is locally finite and if ~,pe KrG]with pC/

= 0 .

(iii) G is locally finite and KLG] is l .a .r.i . .

If - ., co:.:`)ine the above theorems we get necessary and

sufficient conditions for K[G] to be l .i .r.i . .

the antiautomorphism of K[G] given by

axx1 vie see .that Y[G]
x c G

if K[G]is r.a .l .i . (r .a .l .i .) .

By using

a.xx f-
x E G
if and only

(i) K[G] is l .i .r.iLE?.*iFriA 1 .

finitely generatad subgroup H i:-:!

(ii) If II[G] is l .i .r .i . , then

(iii) Suppose that G is locally

then all sub.-roups of G are

if and only if for every

G, I:[Ii]is l .i .r .i .

all subgr-oups of G are nor:aal .

finite . If K[G]is l .a .r.i .,

normal .

a nonabelian

0, then

is l .i .r.i .(l .a .r .i)

PROOP . (i) rirst we suppose that for every fi.nitely gener-

ated subgroup Ii S G, K[H]is l . i .r .i .

	

. Let .I 5 K [G] _a left . _

ideal . Let e,¿ c- I, g c- G . SVe set H = <g, so-:)W> . Then



In K[Ii] is a left ideal of I:[,,]and hence. InIC[H]is an ideal

of K[!! ] , since H is finitely generated . "do;¡ gC H and

-->"c I(1 K[1IJ so

	

>' g s. I l1 K[; ] 5 I . Th-ar-e-i'c ::-e, v,e )iave shov;n
that I- ~ I for . any ge G -m -id so I is a right ideal .

	

Conversel v

let Ii be a subgroup of G and suppose that 15: K[H] is a left

ideal of K[H] . L'et {xil be a set o? left coset rerras ntativ~ :>

for ?I 5 .n G . Then iC[G]is a free ri¿Iit K[II] - module ;aith

basis ? ..i } . Thus .je have

	

K[G] = :t xiK[H] . Denote

	

-51. xi I

by J . Clearly J is a 1_eft ideal of T[G] . 11 :ve su,-,pose that

K[G] is l .i .r.i ., then we ',,ave that J is a right ideal of

K[G] . Let he H .

	

Then

Ih - Jh n Y.[H] r- J n K[H1 = I

and so I is a right ideal .

(ii) In order to prova that all subgrou7-)s of G are normal it

sufficas to see that all cyclic subgroups are normal . Let

a,g C- G . Consider tbe lefr ideal I = KTG] (1 - a) . Then I is

an ideal,

	

sinca K[G]is l .i .r .i .

	

.

	

Thus g_1(1'- a)g c-. I and

1 -= g laZ = o( (l- a) for a suitáble element o(E K[G]

	

. fio;v

we use the h E< a>] - homomo:_"phism

	

B

	

: K[G] ---~ K [G] in whi c"

axx ;-~

	

axx

	

and ;ve obtain 1 -

	

© (gla ~) = b(~C ) ( . .-- e"
x E G

	

x E<a>

Since 1 _ a is not invertible we have thatf~(glag)

	

0 . Renca

glago- < al .

(iii)Suppose that G is locally finite and IC[G]is l .a .r.i . . L(---b

H be a finito sub"roup of G . Then Lemma 1 .2 12, Chap .31 Yields

r
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that .£(H
n

) = X[G3,,J(K[H]) . In other hand ".ve have taat
n

H =

	

x,=- G : , x -. .1 e Kt:r]W(K[H] ._)

	

. By . hypothesis

	

-C (H)

and ideal , then it is easy to see th:t Ii is normal in G .

'rVe recall that a nonabalian group G such that all subgroups

are normal is a Hamilton group, that i .^-, [see 1, TI) . 12 .5 .4

G - QxAxB'

where Q is the uuaternion group of á eloments, A is an abelian

group such thaL every alument has odd order, end B is an abelian

group of exponont 2 . Por the rest of this paper we fix this

notation .

LE+CIA 2 . Suppose that G is locally finite and KLGlis 1 .a .r.i .

Let K, (3E K [G]

	

. such that z,¿p = 0 .

	

Then

	

0 .

PROOP . If G is abelian the result is trivial . I .f G is not

abelian, Lemma 1 (iii) yields that Ci is a Hamílton group . Put

G = Q x A x B . If Q is generated by a,b with the relations

a4= 1, aba = b, a2= b2 , put H = < á.2 i x A x B . H is the center

of G . By using the map 8 : K[G]--, K[H] in which

a x ,-~

	

2-!:-

	

axx we can write any element c~(E K[G1 as
x E G x

	

x c H

	

-

c<

	

=

	

© ( a-1°C ) a ,- e (l?- 1c^() b -r B (b-la-hi)ab .

Suppose novi that o1(i = 0. A computation proves that 6) ( �<p ) = v(j6w)

Therefore 6 (r3~f ) = 0 . Since

	

and, by hypothesis, -L~ (1D)

is an ideal Yvve have e< x

	

= 0 for any x G G . Thus

is



e (x p-< ) = 0 .

	

By considering

	

(^) for (S

p
(1C--O .

In charact¿, ristic 2 we nead the following

LEOJA 4 . Let IC be a field of characteristic 2 . Supposa th-,t

K dogs not ~ontain any

< a,b >

	

Than if

where i--~i

	

Za- )

where u é:

	

Ki<

PRIO0-P .

	

te~- t c~ =

	

~IIL+ n2Zi-

Then a calcul .,ation proves

1

	

b)Z

	

;1++.`)(1

	

3) ( a2 -1-

Si.lice Q

	

a 2-Zro-al) and clic :r K = 2 Y.,o know that K[Q] -is a lona).

ideal iz; ^)se TO : al _ 0.~ .

i

	

--t

	

(ol-I-a
3)(a2

^t-

	

-a
4

)

.

a

1 , and sínce ~ a, = 1 se

of the v-,iity,

arjy pri-mitive 3~root of thj wiity -.,ve nave a contradiction .

ring -:.no,-j.,

contradiction that

(a
1

-v- a
3
)(C2

-~ a
4 )

is a rximitíve, 3-r-oot

wa have

1 4-

	

(,,( b)2

	

=

	

(l_t a2)u

a>1 ¡s a unit,

a21- a ~, 3 ~£

	

Kr,-

is not posible . Since K[G] i.s

c:har > 2 wj hava

K~Ql -:!. ,Y, - x 'x x

primitive 3-root of the unity . Dit

axxc-

	

KE<~,i>]

	

such that

	

IcV!

	

= 1

i,:¡th Z a
i

vía conclude t1,9,t

Suppose by -y

iq not a zenit . Thé,,r

see that a

	

a

Since X does not contain

TFIE PROOP OP THEOR2:11 I . Slipposo th-at G is a nonabelían loca-

lly finito group and K[Glis 1 .a.r .i . . Then"Lemma l(iii)-yia1ds

that G = Z x A x B. Firet we observa that tha case char

K x K_x M-(2.,

	

K)

K > 2

1.a .r.i . clearly KjQJ so . But in

of
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and this is a contradiction, since x:(2,1:) is nct l .a .r .i . .

Suppose charla = 0 . Let n be san exponerrt for A ai:d let xe A

such that o(x) = n . Phan IC[< x>] is a product of fields

*:..ere o( ,5- ) = n . In other hand ~.ve have

IS n,= IC X K x h x I' x _ .
K

where the_ lact_t_ctor_is . the quatarrior: .2l : ebra over . K . Since

K[2 x <x>~

	

- K[Q]G~ K[< x>]

	

sre get that
K

	

.

.`

	

f^^i~or

	

l.'Í(1

	

!

	

x>]

	

al?d

	

sn

	

-1.,-7_ 1

	

is

	

l . a.r . -i .
1C a díru,. v

	

uv

T:~o .ralor. .̂ Y,r:~ guatas:? .i .on alsobra oven

	

IC(S.) is a division ring .

Con:c~ .;sely sur,se +Yi~:.t IC[G]satisfies (i) . Then sve will prove

t'~ .". .t h[G . , .s l .i .'r .i. . . It follo-as frota Lernma 1(i) that it

suf~ .ic ".~s to coi :siCie2- G -finite . Tiier:

U : )

G = Q x A x (Z/2Z) x . . . x .(Z/2Z)

Clearly we can supposa that G = Q x A . Then it is easy to sea

tl-wt

	

1 ,-1
JqG] =

	

t_ [A1 :,: IC CA]x !ti [A] x x [A] x

	

T( 5
whz-~re o(

	

Í ) ai-e exponente for A . Honca vio see that K[G] is



a nroduct of l .i .r.i . rings . Th , refore li[Glis l .i .r .i .

Char K = 2 . First we observe that ir K contains a primi-

tive 3-root of the unity, then

	

not l .a .r.i . . rrom

Lemr".ia 2 i -t sufficas to c>:Iiibit jlements ~<, 11/3e. K[GI such that

~~{ ~~ --_ C but

	

(5~( T

	

0 .

	

Ii

	

5

	

is a primitíve 3-reot o:~~ the

u:ii.ty :ve set

= (1 t

	

(1 + 5, a)b)

13

	

=

	

(1 -+

	

(1 +5 a) b) (1+ a) b .
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A calculation proves that,

	

~-< PS = 0 but /3 -1 ~ 0 . ,.Ve no :+ prove

Q x A . Tf this is 119t th ;! Case there eyi=its ar. ele"nen`

x c-- G - :? of order 2 ~,rhi.c:i centralizes G . A ain there exist

a = 1 -I- ( a+ b+ab)x

= (atb-tab)(1-ra) t (lfia)x

i!iat

	

ri =

	

0

	

but P-< ~ 0

	

in¡!

	

.o

	

not 1. a . r . i . .

7:et n

	

_.,: an 2x:'07 :e71t ro,' A and

	

:r` A Sum! ; ',;hztt

	

n.

	

Si.nce

char K = 2 we llave that Kj<:c71 i<.~, semisimple, and so

Thon KÍ(lo 1,( ;,, )

	

it(

	

, t ) [Q~is a- úirect factor of K[Q x ~ 7 :>-7 .

By hJpothesis K(1 ) [Q f iU l.a .r.i .

	

.

	

By above K(S~,,)

	

does not

contain any primitíve ;-root of the unity . Therefore 2 -/- m,

there m is the dagree of the ertension (Z/2Z(1�))/(Z/2Z) . But

m is ,recisely the less integer satisfying 2m= 1 (mod n) .

Converse7.y suppose that K[G] satisfias (ii) . We will prove that
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K[G] is 1 .i .r,í . . .Again from Lemma 1(i) víe can consider that
G is finito . Then

and so

üy 1?iypothesis thc field K(56) does not contain any primitive
3-root of the unity . Sinc "a a product of l .i .r.i . rings is a

l .i .r .i ., we have only to prove *that íf a field K does not
contain any primitive 3-root of tha unity, then K[Q] is l .i .r.i . .
Let I ~ K[Q1 a left ideal .

	

Suppose that r< c- I . ele can write
c,( in the form . c.1 =a~l -I- °12b, where o( iE.

	

K [<a>] .

	

The first
task is to show that �¿ i (1taz )E I . Note that if o(1(lt a2 )c- I,
than, since 1 -+- a

	

is central, e< 2 b(1-t a2 ) . C I . Again o!2(1+ (1+a2)

is .

	

Lcentral and therefore b a~ 2(1-t-a2 )

	

I .

	

Since I is a left ideal,
C5¿ 2 (1-t- a2 ) C I . Thus ;ve-need onl-y--to--prove--that-qll(1+a )E I .

If q is a unit , then I = K[Q] . Thus we raay suppose thato( is
not a unit . Then vie he .v a ÍW l j t íR2) = 0 . Suppose that Wl is a
unit . Then 1 t0 1-1~2 b

	

I. Clearly lt (~'1 ~2b)Zc-:.I, so
Lémna 4 yi.vlil .

	

,}_~t.

	

1+ale I .

	

HZ.,nca r'1 (1-t a¿ ) c-

	

1: .

	

If o1i	is not
a unit,

	

than víe have1cN'1 ~= 0 and hence la'2

	

= 0.

	

Therefore
~1 - t~1 (1+ a) --nd -¿2

	

a) fer suitable el-em.ents pi C K[<a>]
Thus o( ._

	

( 13 1 i-1-2 ab) (1.+a) .

	

If X31 t / 2 ab is a unit we obtain
that

	

1+a z I and so X1. (1-t- a2 ) = wl(lt a)2E L . Henca we r:üy con-
~lsider that

	

Ir! 1 +~2 j = 0 .

	

If~3 l is a unit,

	

then (1 +~1 S

	

ab)(1- n)
e I .

	

Again vte use Lemula. 4 and we Let. that- (1-~-a 2 ) (1 -t- a) c I .

	

Thus

K[A]

	

= 1:( ;,, )

	

x

K[Q x A] = K(~, )[Q] x . . . K( ,~)[Q1



U( 1 (1 -r a~) = I _ 1(1+a)(1 -+ a2 ) G I . :~inally if
~1

is not a uní.t
v~e have oi l = ¡i(1 -t- a) for cartair.

	

YlE I' [<a>] . Therefore

0( 1(1+ a2 ) _ Kl(lta2)(1+a2 ) = 0 and , certainly,K 1(l--~ a2 )`=2 .

l~ovi vae will prove that

	

�¿ xE I for any xE Q . Since Q = < a, b:
it suffices to see that W a, r; b c-=I . By using the automorphism

of `-j fivwn by

	

a

	

-? b

	

b .-p a

	

vle see that vve have only to
_orove that y a c I .

	

But

Since

o; a = cYla -t~>~ba = a- ; -abo2(1-~-a2) .

ac<cI end b1T above d

	

1

	

2~( t a ),j I, the result follows,
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TH". FFt00.7 OF TH7OR ". .i II .

	

It follovrs from~ Lemma 1

	

(ii)

that all sub :rrouns of G ara comal . Since ,s is r_ot abelian, it

is a Hamilton ;roup ar_d,

	

locaily finito . If a ring

is 1 .i .r .i . ; tiizn it is l .a .r.i . Le=a 2 completas the proof .

Trivially ('i) i :arlics (iii) . It follo^:s from Th. I that

{üi} iTphvs (i) . The result follo,vs *.
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