Publ. Mat. U.R.B.
ne & des. 1937
97

GROUP RIKGS IN WHICH EVLRY
LE¥? IDEAL IS £ 3YGHET ITZal

P, lNenal |

ABSTRACT, Let K[G) denote the group ring of G

ovep the field XK. In thic note we characteriza
tho%_ group rings in which a2ll left ideals zre

right ideals.
=

Let T te 2 ring, We say that R‘is 1.i.v.i. if every
ieft idezl is a right ideal. 4 ring is l.a.r.i. if avery
1<ft ampihilator is a right ideal. Our notation follows
that of [2] .

The main results are

THYIOREM I, Let K bz a fi21d and let 3 be & nenabolian
locally finite grovn. Then if K{G] is %L.a.r.i. one of the
fOllOﬁ%ns oCoUTSs .

(i}LChar ¥ =0o2and 6 is » Hamilton rroup such that for
each odd exponent, n , of G the quaternion 2lgebra ovar the
Tield ¥{§ ) |, where 3, is a primitiva n-root of she unity,
is & division ring.

(i1) Char ¥ = 2 and K dozs not contmin any primitive
3-root of the unity. Norcover G = QxA, Whare O is tha
guaternion group of ordar 8 end A'is sizlizn in which
zach zleosnt hed odd order znd if n is an exponent for

4, ther the less inlsger a2 2 1 sstisiying 2m§ 1 {wod n)

is odd,
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Convarsely if K{Glsatisfies (i) or (i1}, then X([G] is

1.i.r.i, and, in particular, it is Ll.a.r.i. .

we—-QObacrver that if char K> 2 end & is locally finite, then

%(¢] is 1.a.r.i. if and only if G is abélian,

THI0REA IT, Let K[G}denote the group ring over & nenabelizn
group, Then the following are gquivalend

(2) R[G1 is 1.i.7.i. .

(i) @ is locslly finite and if ~ e ErGlwith x = 0, then
fﬁ"( = 0,

{ii¥) G is locally finite and K[G] is 1.a.r.i. .

£ w2 comyine the gbhove theorsms we Zet necessary and
sufficient conditions for K[} to be L.i.r.i. .

By using the antiautomorphism of K{G! given by

. E{Xx ——— 2 -ax:('l we see. that K{G] is 1.i.rv3.{l.a.7.1)}

xeG xeG
if end only if KiG}is r.i.1.i. {r.,a.1.1i.).

1oHA 1. (1) X[6] is 1.i.r.i, if and only if for every
finitely generatsd subgroup H < G, KfHlis 1.i.r.i. . '
(ii) If £fel is 1.i.r.3, , then all sudbJroups of G ars nornazl.
{1ii) Suppose that G is locally finite. If X[6lis l.a.r.i.,

then 211 subgroups of G are normal.

ProoF. {i) First we suppose that for gsvery finitely gerier—
ated subgroup b € G, X(H}is 1.i.r.i. , let 1= K[G] .a left .

idezl, Letwe I, £ & G, We set H =g, sopw> . Then



I ¥{1d is & left ideal of K[H]end hence IfﬂK{ﬁ]is an ideal

of K[11, sinco H is finitely gencrated. Wow ge H and

*xeINK{Hl s0 wgel P\K[EJE'I.-Therefc:e we have shown
thati Is « 7 for any g¢ G aund 20 I is a right ideal., Conversely
let @ bz a subgroup of & and supposs that Ie ¥[H] iz 2 left
ideal of X{B}. Let {x;} be a set of left coset represintativos
for H in 3., Then i[5]is 2 free right X[H] - module with
basis { i} . Thus we have k(3] = Qi xiK[H] . Dencte :é_xil
Ly J. Clearly igs a laft ideal of KEG}. 0 w2 sunpcce that
K[5] is L.i.r.i.,. then we have that J is 2 right ideal of

K[&], Let neH, Then
Ih € Jhmy XiHl e T ¥l =1

and so I is & right ideal.

{ii) In ordier %o prove that 21l subgroups of G ars normel it
suffices to zee that zll cyclic subgroups are anormal., Tet
2.5 ¢ &. Consider the 1217 ideal I = K[31{() —a). Then I is
an ideal, sincs K{F]is l.i.r.i, . Thus g'l(l-*-a)g < I and

1a5 = o {1=g) for a suitable clemant =& K[G] . Now

1—- 3

we use the € [¢ay] - homomorphism & : K[G]-— K{c] in waicn

Z.ax —y X ax and we obtain 1 -— G(g_la_@} = B) i,
* =G X edep

Since 1 — 8 is not invertible we have that G(g“lag} £ 0. Henca
glage ca> .,

{iii)Buppose that & is locally finite and K[Glis l.a.r.i. . Led
H be a finite subgzroup of G. Then Leemm 1.2 [2, Chap.3] ¥ields

¥
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that ,f(ﬁ) = K[5]wW(K[H]). In other hend we have thutl
A
{ xet: x-1leK[ GJw(k{R] )} . By hypothesis £ (B) is

and idesl , then it is easy to se2e that H is normal in G.

We recall that & nonabslian group 4 such that zll subgroups

are novmal is @ Hamilton zroup, thet iz [sce 1, Th. 12.5.'1]

¢ = Qx&xB
whore © 55 the quatornion group of 3 elements, A is an abzlien
group such that every clement haos odd order, 2nd B iz an abelien
croup of exponent 2, For the rest of this paper we fix this

notation.

LEVMA 2, Suppose that G is Jocally finite and K[Glis l.a.r.i. .
Lot o(,}%erf:[c] _such that 8 = 0. Then pa¢ = 0.

PROOF. I G ié ebelian the reéul.t is triviel. If G is not
abslian, Temma 1 (1ii) yields that & is & Hamilton groug. Put
=Qx AxB. IfQis generated by a,b with the relations
ats 1, abe = b, a’= v, put ¥ = <al>x A x B. H is the center

of G. By usi.ng the map @ @ K[2]— x{n] 1in which
Z e x> Z  agxwe cap write any element X< %{4] as
x e G x & H .

) o =8()+ 0 (a~lx )a—rE‘(b"lcal b+ Q{b'la Liyan.,

Sappose now that o8 = 0. A computation proves that € v\{") = H(Bw)
Thervefors O ((5=.:} = 0. SBince G{é;(?( )} and, by hypothesis, L ([,-

i8 an ideal we have o X (5 = 0 for any x < G. Thus
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g (x A=) = 0. By considering (%) for fm{ we conclude dhat
et = 0,

In characteristic 2 we ncad the following

LTHRA 4, Let K be a £i21d of charascteristic 2., Suppose thot

K tozs not "ontalu any pl"lhlbl\f" 3~“oot of tne unlty. it

¢=<ab> . Then if « = Zexe K[<a>] such that i = 1

{ where [~! = 2 a, ) we have

1+ (¢ 8)? = (15 2%
where u& Ki¢ a>] is 2 unit.

ROCT, Let o = a,+ a,a-lo, n?—r “, ug‘—; i< av] with Z ay = i
_— £ —’l . -

Then a ezleulation proves iuasy

L (0% = 14 n?3(2 4 (ay v ay)(ap1 g de),
Siuce O is & 2—zrouy and chur K = 2 we know that X{0]is a loeal
ring wiosy maximol idesl 4o Jwa XfCT - I-\’I ¢} . Suppose by way of
t.jon'.fradic‘-:ion that 1 - {9'1'*383](32 + a4la is not g unit. Then
(al+ 33)(::2-1- 3.4} =1, and since 7 a, = 1 we see that a + a3

is & primitive 3-root of the unity, Since ¥ doss not contain

ehy brimitive 3-root ol “he unity we have a contradiciion.

THE PRGOF OF THIURE I, Supposa that G is 2 nensbelian loca—
liy finite group and K[g]is l.a.r.i. . Then Lemma 1(iii) yields
that G = 3 x A x B, Tiret we observe that the case shar K > 2
is not posible, Since K[G] is l.a.r.i. clearly K[2} so. But in

KLQ] KxKxKxKxh-(Q K}

- . i ~ 1 .._:....:--_ S s _ar
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and this is a2 contradiction, since i{2,%) is net l.a.r.i. .
Suppose chark = Q. Lat n bz un erponent for A and let xe A

suck that of{x} = n. Then K{< x»] iz a product of fields

Tl ol Y e T % .
xLL‘(.x:’]— -L(_ﬁ) Y LJl o 1.: Lm

where 0(5;) = n. In other hand we have

] o =1
K[Q],T:'IC'XKXKX!(:([ ! )
LK

where the iast factor is the guaternien elzebra over K. Since

2 x<x>] = kA EKx>] we got that (Zl-—-'l)@. K(5) = (=l—-'-‘l)
K : ' K K(5,)

h

iz & @irusct foactor of K[ﬁ ® L %71 ond so '1"1\ is l.a.r.i..
K{51})

Thoraiore The guasernion alxehra over 'K(Sﬂ) iy a division ring.
Convarzaly suppose zhet K_G]satisfies {1). Then we will prove
thet K] s 1.i.r.i, . It follows from Leoma 1{i) that it

]

sufficns to congider G [imnite. Theu

6= Qqx4ax(2/22) x h) x (2/22)

2m).
Cxfel = ufR oAl x oo xx{Q@x Al

Clearly e can suppose that G = € x A, Then it is easy to ssee

et

K[6] = E(a1x x(alx xfalx k[a]x | ] (:1—‘1]
N -

W :‘;)

whkare o{§, ) are exponents for A. Honce we see that K[G] is
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2 wroduct of 1.i,r.i., rings. Therefore }I[G]is l.i.r.i., .
Char K = 2. First we observe that if K contzins a primi-

tive 3-vroot of the unity, then Z‘-.'}'_GI is not l.a.r.i. . Fram

Lenna 2 it suifices to exiibit 2lements o, faK{G] such tazw

A= G but BN }:' 0, IT is & primitive 3-re¢ot ol the

LM

uni oy we set

2
1l

{(L+ & {1+ 5a)b}
(1+¢Q +§a}b)(l+ a)b.

I

& caleculation proves thet *“\“6' = 0wt B« £ 0, We now prove

L

that & = Q@ x A, TL this in not the case thers exiois on elemant

X & C -0 of order 2 which contralizes §. Azgin there exist

1+ { e+bs+ab)x

L
1h

{ar+rbaab)(lra)+ {(1+alx

™
1]

sucn that o\'ﬁ = U bt /SN £ 0 and zo K[G]iu not l,z.r.i,.

it »n U oan exronent oy A and  xe 4 susl that ol¥) = n, Since

char X = 2 we have that K{<.‘~:’>_'{ ig semisimple, and so

K[<3’5>] = l:‘-‘-(i;_:) X oeea ¥ Lm whare o(ga} = n,

>

Thon K{Ql6 k(5 ) = i(5,)[2)is e direct factor of K[Q % ¢ x> .
By hypothesis K(§ )[Qf is L.a.r.i. , By abhove K{5_ } does not
contain uny primiitive 3-root of the unity. Therefor_'e 2 4 m,
where m is the (:'!agree of the sxtension (2/2Z(§,))/(2/22}. But
@ is precisely the less integer satisfyiné 2%= 1 (mod n).

Converssly suppose that K{G] satisfies (ii). We will prove thamt

LS
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K[G} is 1.i.r.i.. Azein from Lemma 1{i) we can conusider that

-~

G is finite. Then

x[a]

1}

(g} x oo x K(5)

and so

k{o z &) 2 r(g){a) = ... wgfel .

By nypotheszis the Field "(:T ) Goes not contain any primitive
3-roct of the unity. Sincs 2 product of l.i.r.i. rings is a
1.i.r.i., we have only %o prove that if a field K does not
contain any primitive 3-root of the uwnity, then K 0} is 1.i.r.i.,
Iet I ¢ X{Q] a lerft idzal. Supposz that e I, We can write

ef in the form  of -0(1 - o,fab, where o | €-. K[«(a‘}j The first
tack is to show that s (1+e%)eI. Note that 1fc~1 (1+a%)e I,

" then, since 1+ a is ccntral o{2b(1+ ae} e T. ﬁg'unc( (l-i-a 3
is central and therefore bo(;,(l-i— 32) I, Since I is a left ideal
of 2(1 -+ ag} & T. Thus we nead only- to--pro‘Je--that-qfll(i+ 32)6_ 1.
If of ie & unit , then I = KfQ]. Thus we may suppose thates( is
not a unit, Then we have i.“(li'r fn)gl = 0, Buppose that¥, is a
unit, Then 1 +°€1_1q’2 b < I, Clearly 1+ {wluél/zb}ze I,. 80
Lomma 4 yiold: shot 1+ a:?e I. Hince r\’l(l---s.‘?)e r.If c:-e’,r ig not

a unit, then we have lt\‘]]= ¢ end hence tw.} = 0. Therefore

2
oy = P (l+ a) and &, = F,.,(l-f a) fer suiteble elements By € K[{<ed!
. . Fhus < 0\’ = (. —iﬁQ d.b}(] +a). If 3y + 5, ab is a unit wo obtain
that l*'n‘.:‘ and qoﬁ( (1—!-4 )] ~0r' {1+ '1} "= I, Hence we. r.‘..\f con-
sidsr that -'('-”1I+I',-2' = 0 Ic /31 is & unit, then {1 -+/31 /ﬂ, ab}{l-+ =3

€I, Agzin we use Lemnn 4 and we get that (1 +a )(l-r a)e I. Thus
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2 ' 2 i ) L

1 = Pina not ni
w{lh‘ra ) = ﬁl(l+a}{l—|- e I. Tinzlly if 181 is not & unit
we have (31

?/l{l-f- a) for certain }/le K f(a?;j' . Thercfore
T odq(1+ a?) = Vl(l-rag)(l—raz)

]

0 and , certainly,n(l(1+32)c%1-
How we will prove that o xeI for any xe& @, Sioce @ = ¢ a, b>
1t sufficeé to sez that o a, &/ bel. 3y using the automorphisn
or ,;ivenl_ by a—>L be———>>a w& see that we have only to
prove that o ae¢I, But

S8 = W3 +eba = At Abrt, (14 0°),
Sines aa('e;I &nd by ahovs d9(1+ az)e I, the resualt folliows,

TH" FROCT OF THTORZ: TI. (1) ==» (dii}. It follows from Teasa 1 (33}
that all subrsrouns of G are 1’10ﬁn . Since 3 is not abelian, it

is a Namilton zroup end, clonrly, loczily finite. If a ring

is L.i.r.i., then it is l.a.r.di. Lewma 2 completss the proof.
Privially (34} i:a‘_cii-:'s (ii_i). It fellows from Th., I that

{iii) implies (i). The result follows.
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