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ON THE HODGE THEORY OF THE SYMMETRIC
POWERS OF A CURVE

SEBASTIAN DEL BANO

Abstract

‘We describe the polarised Hodge structure on the symmetric pow-
ers of a smooth projective curve.

Introduction

Let X be a topological space. The n-fold symmetric power of X is the
quotient of X x - x X by the natural action of the symmetric group &,,.
We will denote it by X ™).

If C' is a smooth projective curve over the complex numbers C") is a
compact complex manifold. If is of fundamental importance in the study
of the jacobian variety of C' and other aspects of the geometry of C. In [6]
I. G. MacDonald computed the Betti numbers of the symmetric powers
of a compact polyhedron. In the case of a smooth projective curve of
genus g, C, the result is that the i-th Betti number is

b
S o th]
a+b+c=n, b+2c=i
a,b,ceNU{0}
In [1] (see also [2]) we have extended this result to the theory of
motives. We prove that the Chow motive of the variety C'(™ is given by

ey~ @ 19" @ AR (C) @ L
a+b+t+c=n
a,b,ceNU{0}
(see loc. cit. for notations). In particular, we have an isomorphism of

Hodge structures H(C’(”), Q) ~ D atbie=n ANHYC,Q)(—c).
a,b,ceNU{0}
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The purpose of this note is to extend this to an isomorphism of po-
larised Hodge structures. This can be of aid in computing the polarisa-
tion of the Hodge structure of the moduli space of stable vector bundles
of rank two and fixed determinant of degree one. This would contain,
in particular, the volume of the moduli space, found by Witten to be

2g;_2229_2(22g_2 — 2)|Bgg—2| where B; is the i-th Bernoulli number.

1. Preliminaries

1.1. Polarization of symmetric powers. When a complex compact
variety X is given a polarization, i.e. an ample line bundle £ € Pic(X),
the symmetric power X (™ inherits in a natural way a polarization, £,
To see this consider the line bundle on X™ defined by L™" =piL® - ®
pi L, where p;: X" — X are the projections. The action of &,, on X"
lifts to L™ and the stabilizer &,, , of any point z € X™ acts trivially on
the fibre L. By Kempf’s descent lemma ([4, Théoréme 2.3]) the line
bundle £" is pullback via the quotient map X" — X"/&,, = X" of
a line bundle £, In order to see this line bundle is ample if £ is so,
proceed as follows: it is quite trivial to see that L™ is ample; ampleness
of £(™ is then a consequence of [5, Exercise I11.5.7].

In the case of a smooth projective curve, C, any point gives an ample
line bundle on C and by the previous paragraph an ample line bundle
on C™. The cohomology class of this polarization is independent of
the chosen point; it can be seen that it coincides with the class n €
H?(C™,Z) defined in [7] (see Subsection 1.3).

1.2. Polarized Hodge structures.

Definition ([3, 2.1.15]). A polarized rational pure Hodge structure is
a rational pure Hodge structure M (say of weight n) together with a
morphism of Hodge structures

() M ®&g M — Q(-n)

such that on Mg, (27)"(x,Cy) defines a symmetric positive definite
bilinear form where C' notes the Weil operator.

Examples. 1. If M and N are polarized rational Hodge structures
then so are M & N, M ® N.

A polarization on a Hodge structure M also induces a polar-
ization on A'M, this is defined by (vy A« Avj,wy A+ Aw;) =
det (v, wy).

2. The Tate Hodge structures Q(i) are trivially polarized.
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3. If C is a smooth projective curve then H*(C,Q) is a polarized
rational pure Hodge structure of weight 1, the polarization is given
by the cup product H'(C,Q) ®q H}(C,Q) — Q(-1).

4. More generally if X is a compact Kéhler manifold with Kéahler
class L € H?(X, Q) then the rational Hodge structure H*(X, Q) is
naturally polarized. Assume i < dim X for simplicity, the Lefschetz
decomposition states that H*(X,Q) = H{(X,Q)® LH:*(X,Q) @
.-+, where H} (X, Q) is the primitive cohomology. The polarization
is defined so that this is an orthogonal decomposition, if a, €

H:™?*(X,Q) then set (L%, L*B) = (—1) L+ Jx aABALMTIH2S,

1.3. The cohomology algebra of C(™). In this subsection we briefly
recall the main results of [7].

Let C' be a smooth projective algebraic curve over C, let oy, ..., a4
be a basis of H'(C,Z) and 3 a positive basis of H2(C,Z) such that
a0y =0 and oya; =0 if i — j| # g.

Then define ¢ = (4, ®1®--- 1)+ -+ (1®---®1®aq;) and
n=0©PRII® @)+ -4+ (1®---®113). These are &,-invari-
ant elements in H*(C™,Q), therefore in H*(C™, Q). Fori € {1,...,g}
define & = &4 and o) = a;44.

The cohomology algebra H*(C™, Q) is described by the following
theorem.

Theorem 1 ([7, 6.3]). The cohomology algebra H*(C™, Q) is gener-
ated by &1,..., &g, €150, &, € HY(C™ Q) and n € H*(C™,Q) subject
to the relations

1) &G & &y Gl =) ke, —m) M =0

whenever {i1,...,iq}, {j1,.-- v} and {k1,...,k.} are disjoint subsets
of {1,...,9} anda+b+2c+qg=n+1.

As in [7] we shall use the following notation: for a subset A of
{1,...,9}, if A= {i1,... i} with iy < -+ <i, we put £€a = [[5_; &iss
&y =1TIh1 &, and o4 = [Th_; (&€, —n). We shall use upper case
letters for subsets of {1,...,¢} and the corresponding lowercase letters
for the cardinality of the sets. Then (1) can be expressed in the following
way: £a€pocn? = 0 for any disjoint subsets of {1,...,¢9} A, B and C
witha+b+2c+qg=n+1.

We shall also need a basis of H*(C(™),Q), this is given by the following
result of MacDonald:
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Theorem 2 ([7, 3.2]). A basis of H'(C™,Q) is
(2) {6, &n'|0<iy<---<i,<2g, p+2q=i}
with the further restriction p < 2n — i if i > n.

2. The polarization on the cohomology of C(™

Give H*(C™, Q) the polarization induced by the Kihler class 7 and
AHY(C,Q) the polarization induced by that of H(C,Q) then we have:

Theorem 3. There is a canonical isomorphism of polarized rational
Hodge structures

p: H'(C™,Q — @ HC,Q*" @ \"H'(C,Q) @ H*(C,Q)%".
a+b+c=n
Proof: We first claim that the primitive cohomology, H¢(C, Q), has basis

, A, B and C disjoint subsets of {1,...,g}
(3) {§A§BUC ‘ a+b+2c=1 '
To see this note first that these are indeed primitive classes for
Ealgoen™™ ™ = 0by (1) asa+b+2c+n—i+1=mn+1 To
prove linear independence of (3) we write them in terms of the basis (2).
If C = (i1,...,4.) then
Ealpoc = Ealp (&6, — ) -~ (&80, — )
(4) = (—1)°€apn’ + (-1 '8 (&6, + -+ &.&) !
+ -+ EalBG, Gl

Consider the vector space V. = H*(C™ Q)/nH2(C™,Q). Tt is
clear from (2) that a basis for this quotient vector space is obtained by
taking the classes of

{61 G | 0< g1 <--- <ji <29}

But by (4) the vectors (3) map to this basis of V. This proves
the claim on the linear independence of (3) and it also proves that
dim H}(C™ Q) = dim V coincides with the number of elements in (3)
hence it constitutes a basis for H}(C,Q) as claimed.

Set a4 and o4 to stand for products of the {a;} or {a}} in the same
manner as for £4 and &/,. Define ¢ on the primitive cohomology by

’
i)

o(lalpoc) =aaNag Aag, ANaj A ANa, A

and extend it to all the cohomology by putting ¢(Ealgocn?) =
0(Eallzoc) ® B where 3 is the basis of H2(C, Q) defined above. Then
 is an isomorphism of rational Hodge structures.
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We shall see that ¢ preserves the polarization. It is enough to do so
for primitive classes on which the polarization is given by

() (eathoortathon) = (DT [ eathoctatioen

In order to evaluate (5) first note that if ANA # () or BN B # () then
clearly this product is zero, hence assume AN A= BN B = 0.

IfANC #0, BNC #0, ANC # 0 or BNC # ) the pairing (5) is
zero: for example if j € AN C then

Ea€poc(§€) —nn" ™" = —Ea€poen" !

which is zero by (1) for a + b+ 2c+n —i+ 1 =n + 1. Henceforth we
shall assume ANC =BNC=ANC=BnNnC ={.

If A# Btakej € B— A (orif B— A= () take j € A— B and proceed
in the same manner), then £485€0cn™ " = 0 for A, BU {j} and C are
disjoint and a +b+ 1+ 2c+n —i =n + 1. This way we see that if the
pairing (5) is nonzero then A = B and B = A which we shall assume to
be the case from now on.

Similarly if C' # C the pairing is zero, for if we take j € C' — C then
Ealpoc(&& —mn* P =0fora+b+2c+2+n—i=n+2.

We conclude that the only nontrivial pairings are those of the form

i(i—1)

<§A€330’07§B§20'c>=/ (—1)" 7 €alpépliloc)’n™

Cc(n)

(6)

i(i—1)

- / (1) T ealEtn(o0) .
C(n)

Let A= {i1,...,ia} and B = {j1,...,7»}. Note that

a(a

Ealy = (1) T6, 68

Thus we have

(—1) T el Etn

i(i—4a(a—1)+b(b—1)
= <_1) 2 +b§i1

f7/31 T fla§;a€J1£;1 e éjbfé'ba
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call this S. If C' = (ki, ..., k.) our pairing is the integral over C'") of
Soen"™ ™ = S(&ki &y =) (Eeh, — )"
S(n — 26k, &x,) -+ (0 — 268, &, 0"

c

S Ul €k1£k1, R ’gkcfl/cc)UQC_l—’_n_i

=1
where 07(&x, &5 - - - k&g, ) 18 the [-th symmetric function on the com-
muting variables ¢, &y .., k&), -

By the next lemma

(€athoe, othoe) = (1) () ()

a?4b244c242abtdactdbe—a—b—2cta?—a+b2+b42c
2

= (-1)
— (71)ab+b'

Now we turn to the evaluation of

(M) (p(eathoe), 9(Exnos))
- <ai1 o aiaa;I . 'a;bakla;ﬂ o 'akca;% ’afl o -a;ga%l N .a%—azlo/%l aE—O‘E—.> '

b

As before it can be seen that the only nontrivial pairings are those

where A = B, B = A and C = C, then (7) is the determinant of the
matrix
0 — Idpxs
Idaxa 0
0-1
10
0-1
10

where Id denotes the identity matrix and the symplectic matrix ((1) *é) is
repeated ¢ times. It is easy to see that this determinant is (—1)%*+*. O

Lemma 4. If0 <iy <--- <i, < g then &,& ---§, 5 0"~ =n". We
also have [, n" = 1.
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Proof: The first assertion is easily proved by induction on a. It is trivial
for a = 0. By (1) (&,&;, —m&i.&i, - &i.&i,n" ¢ = 0 therefore

§, & G 6 T =68 G 6 et
which equals ™ by the induction hypothesis.

For the second statement, note that the definition of 1 (see Subsec-
tion 1.3) gives n* = n!- 4 ® Mg (. Here, as in Subsection 1.3, we
identify H*(C™,Z) with =*H*(C™,Z) c H*(C™,Z), so more pre-
cisely we would write 7*n" = n!- 8 ® teps (recall 7 is the quotient
map O™ — C™).

As 7 is a finite morphism of degree n! w,7* is multiplication by n!, in
particular n™ = 7, (B ® - -+ ® 3), therefore

as claimed. O

Our next result concerns the hard Lefschetz theorem. This is associ-
ated to a polarized variety X of dimension d. If L notes multiplication
by the Chern class of the polarization, then the hard Lefschetz theorem
states that

L' H(X,Q) — H* (X, Q)
is an isomorphism. The same statement for cohomology with coefficients
in 7Z is false: take for example a hypersurface X C P?*! of degree n >
1, then (c;0x(1)* = n and L4: HO(X,Z) — H24(X,Z) is not an
isomorphism. In contrast, for the varieties C("™) we have the following.

Corollary 5 (to proof of Theorem 3). The hard Lefschetz theorem for
C") with its natural polarization n holds with integer coefficients, that
18

" A - HY(CM, Z) — H (O™, 7)
18 an 1somorphism.

Proof: Note, as remarked at the end of Subsection 1.1, that n is the
Chern class of a line bundle, hence 7 is integral. To prove that &1, ..., &2,
are also integral, let p be a point on C and consider the map

1:C — Cc
x — xz+(n—-1)p
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where we consider a point of C(™ as an effective divisor of degree n.
By [7, 12.2] ¢ induces an isomorphism

o HY (O™, 7)) — HY(C,7Z)
and t*&; = ay, this shows that the classes §; are integral.

Let ¢ <n and let V be the integral lattice generated by the following
basis of H*(C™), Q)

(8) {n7éakpoc | 2+ a+b+2c=1i}

(notation as in proof of Theorem 3). Also consider the lattice, V', gen-
erated by

9) {9l oc | 2g+a+b+2c=1i}.

By the previous V, V' ¢ H*(C™, 7).
Recall that Poincaré duality defines a unimodular pairing

(10) HY(C™,7)® H*{(C™,Z) — Z.

In the proof of Theorem 3 we have seen that for each element in (8) there
is a unique element of (9) such that the pairing (10) is nonzero and in
this case it equals +1. This means that the pairing (10) restricted to V'
and V" is still unimodular which readily implies that V = H*(C(™),Z)
and V! = H?>"/(C™),Z), in particular we get the statement in the
corollary. O

An interesting consequence of this corollary is that the isomorphism
in Theorem 3, is in fact an isomorphism of polarized integral Hodge
structures.
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