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ON THE EXISTENCE OF CANARD SOLUTIONS

Abstract

DANIEL PANAZZOLO

We study the existence of global canard surfaces for a wide class
of real singular perturbation problems. These surfaces define fam-
ilies of solutions which remain near the slow curve as the singular
parameter goes to zero.

1. Introduction

Let S be a one-dimensional connected real analytic manifold and
m: E — S an analytic line bundle over S. We shall say that an ana-
lytic vector field X on E wvanishes to the first order at the zero section
if there exists an open covering {U,} (o € A) of S and a collection of
local trivializing charts

0a(Us x R) = 771 (U,)

such that, on the coordinates (z,y) € Uy x R,

0
X=yfa(x,y)a—y,

for some analytic function f, which is non divisible by .

U I

FIGURE 1. A vector field that vanishes to the first order
at the zero section (the dots indicate the degenerate
singularities on S).
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The zero section I' = {y = 0} = S of E is a curve of singularities for
X. These singularities are of two types:

o Normally hyperbolic singular points: points x € I' where B, =
fa(z,0) # 0, i.e. the jacobian matrix DX (x,0) has the eigenvec-
tor (1,0) associated to the non-zero eigenvalue B,,.

e Degenerate singularities: points x € T' where f,(z,0) vanishes,
i.e. the jacobian matrix is zero.

The set of degenerate singularities is a discrete subset of points Deg C T'.
We shall say that a point © € Deg is degenerate of order p if, given some
open set U, such that = € U,, the corresponding function f, has a zero
of multiplicity p at x.

Let now X., be a family of analytic vector fields on F, depending
analytically on parameters ¢ € (RT,0) and o € (R",0) (where, as usual,
(R™,0) denotes some neighborhood of the origin in R™). We shall say
that X , is a singular perturbation of transition type on £ — S if

o there are charts (U, ¢, ) as above such that

0 0
Xea: a_ Fa IR AR a.
i eaer (xyaa)ay

for some analytic function F,(x,y,a,e) and,
e Xy,0 = X vanishes to the first order at the zero section.

(This second condition being equivalent to require that F,(z,y,0,0) =
yfa(z,y) for some analytic function f,, non-divisible by y.) Notice that
for e = 0, the vector field Xy , is vertical (i.e. everywhere tangent to the
fibration {dm = 0}).

The first component 66% of such family X, , naturally induces a global
orientation on I'. Given two points xg, 1 on I', we shall write x¢o < x
to indicate that there exists a positively oriented path on I' going from
7o to 71 (notice that if I' ~ S* we necessarily have zg < z1 < ¢).

Qualitatively speaking, there are four basic types of degenerate points
x € Deg:

(a) Stable-stable transition points: for each non-degenerate singular-
ity 2 € T in some small neighborhood of z, the nonzero eigen-
value B, is strictly negative.

(b) Unstable-unstable transition points: for each non-degenerate sin-
gularity ' € T in some small neighborhood of z, B, is strictly
positive.

(¢) The unstable-stable transition points, where for each point ' < x
(respect. 2’ > x) in some sufficiently small neighborhood of z, B,
is strictly positive (respect. negative).
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(d) The stable-unstable transition points, where for each point ' < x
(respect. ' > x) in some sufficiently small neighborhood of x, B,
is strictly negative (respect. positive).

For shortness, we shall simply denote these four situations respectively
by (s,s), (u,u), (u,s) and (s, u).
We shall say that a C'°° curve on the parameter space,
[0,8) 3 p = 7(p) = (e(p), alp)) € (RT,0) x (R",0),
(for some § > 0) is a control curve for X, , if
e v(0) =0 and
e =(p) >0 for p> 0.

Given such a curve, one can consider the one-parameter restriction,
X} = Xc(p),a(p) of the original family, which on each trivializing chart
(Ua, pa) is given by

X) = () + Falw.y.£(p). alp)) .
Or dy

Such restricted family can be seen as a C°° vector field on the 3-dimen-
sional manifold (with boundary),

M = FE x (RT,0),
and this vector field is everywhere tangent to the leaves of the folia-
tion F = {dp = 0} (i.e. the function p is a first integral of X)). The
condition that e(p) > 0 for p > 0 implies that X7 vanishes only on the
curve
I'={y=p=0}
We shall say that a C° two-dimensional submanifold WY C M is a
canard surface for X if
e W7 is an invariant surface for X (seen as a vector field on M);
e W7 is the graph of a function
w: (RT,0) xS — F
() — w(p,)
such that, for each fixed py € (R*,0), w(po,-) is a continuous
section of the bundle F — S, and
w(0,z) = 0.

Moreover, such function w is C* on M \ Deg and has a C* blow-
up extension (see definition at the next section) at each degenerate
point x € Deg.
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0N

N

FIGURE 2. The canard surface.

The existence problem for canard surfaces can now be stated as fol-
lows:

Canard Problem: Given a singular perturbation of transition
type X¢ q on aline bundle ¥ — S, can we find a control curve p —
~v(p) on the parameter space such that the restricted family X,
has a canard surface W77

The main goal of this work is to consider the local version of this
problem.

In the local formulation, we let S = U, C (R,0), E = U, x R and
m: E — S be given by w(z,y) = z. Then, a singular perturbation
problem of transition type is equivalent (up to a reparameterization of
time) to a first order singularly perturbed differential equation,

dy

(1) 6% =F(x,y,oz,5),

where F(z,y,a,¢) is an analytic function on E such that

F(:c,y,(),O) = yf(xvy)a

for some f non-divisible by y. In this case, if we allow E and S to
shrink to smaller neighborhoods of the origin, we obtain the Local Canard
Problem:
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Local Canard Problem: Given a first order singularly per-
turbed differential equation as above, can we find a smaller neigh-
borhood of the origin U, C (R, 0) such that, if we let E/ = U, xR,
the Canard Problem has a positive answer when restricted to
E — §'?

Our main result is the following:

Theorem 1.1. If the family X. , satisfies the Improved Transversality
Hypothesis at x = 0 (see Section 11.2), then the Local Canard Problem
has a positive answer.

In fact, our results will provide a much more detailed answer to such
problem. We will prove that, under the hypothesis of the theorem, there
exists a non-empty region in the parameter space (so-called canard re-
gion)

O C{(g,a) eRT xR" | & > 0},

which contains the origin in its closure, and such that for each C'*° control
curve v(p) on the space of parameters which verifies

7((0,9)) C O,

the restricted family X7 has a canard surface. Such region O will be
either (i) an open semi-analytic set or (i) a C° graph over a semi-
analytic codimension one hypersurface.

Our method is mainly geometric, and combines Desingularization
Theory with the Center Manifold Theorem. Such geometric method
has been firstly used in [Du-R].

In the last section, we shall give an example which shows how our con-
struction can be used to attack the (much more difficult) global canard
problem.

Previous works. We refer the reader to [Be] for an extensive bibliog-
raphy of related works.

The canard problem has a counterpart in the complex setting (take
C instead of R as the base field and let ¢ € (C,0) belong to some sec-
tor V' with vertex at the origin and angle less than 27). For a precise
formulation, see [W], [C-R-S-S].
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In the complex setting, the canard surface is usually called a (lo-
cal) overstable solution. In [C-R~S-S], the authors provides a sufficient
condition for the existence of local overstable solutions in a generalized
setting, where F = (C**1 0) and E — S is a k-dimensional vector bun-
dle over S. This sufficient condition is equivalent to our Transversality
Hypothesis (see Section 4).

1.1. Examples.

Most of the examples show that the extra parameters a € (R™,0) are
necessary to guarantee the the existence of a canard surface.

Example 1.2. Consider the simple linear family
0 0
Xe = &5 a0
€5 +(€+my)8y
which can be explicitly integrated on the region {¢ > 0}. For any initial
condition, say y(—1) = yo € R, we obtain the solution

22 =1 R
ylx,e) =e2= [ype== + e"zdt ).
-1

Let us suppose, by absurd, that the graph of y(x,¢) defines a canard
surface. Then, it follows that there exists some neighborhood of the
origin U, = [zg,21] C R (for o < 0 < x1) and U, = [0,e0] C R such
that y(z, ) is a continuous function on U, x U,; with y(z,0) = 0.

FIGURE 3. The graph of y(z,¢) on Example 1.2.
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In particular, if we restrict to the curve e = 23 (for 0 < x < x1), the
function

_ z +2
h(z) :=y(x,23) = ez <y0 s —l—/ e_mdt)
-1

must be continuous at the origin. Notice that the first term

11
Yo e2e 23

clearly goes asymptotically to zero as x — 0. So, to get into an absurd,
it suffices to prove that the term

x +2
H(z) = eﬁ/ e 23 dt

—1

goes to infinity. If we restrict ¢ to the interval [3, 7], it follows that

-1 2 -1
I S
8r — 23 ~ 18z

z t2 z/2 -1 1 —1
/ eiﬁdtz/ esedt = —xede,
-1 z/3 6

Substituting back into the expression of H(z), we obtain

and so,

1 -
H(z) > s <6$68_11)
which clearly implies that H(z) — oo as ¢ — 0.

This example illustrates a typical stable-unstable transition. Namely,
for each x < 0 (respect. > 0) in T, the non-zero eigenvalue of DX, is
strictly negative (respect. strictly positive).

Intuitively, all solutions y(x) with an initial condition at the stable
part of I' are initially attracted very rapidly to I' and stays very near
such curve until = crosses to the unstable part x > 0. At this point, y(z)
is immediately repelled.

Notice however that the existence of a canard surface is not guaran-
teed, even if we suppose that each non-degenerate singular point = €
I' \ Deg has an strictly negative eigenvalue in the hyperbolic direction.
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FIGURE 4. The graph of y = h(z, p) on Example 1.3.

Example 1.3. Consider the family

0 0
X =e—+(a+(b—2)y)=—.
€,a,b 61‘ ( ( )y) 8y
For {¢ = a = b = 0}, the line of singularities ' = {y = 0} presents a
stable-stable transition, with a degenerate singularity at x = 0.
Let is suppose that one chooses two curves 71, 72 on the parameter
space, given by

(e,a,0) =v1(p) = (p,0,0) and (e,a,b) =2(p) = (p4,p5,p2)~

Then, we claim that the restricted family XJ* has a canard surface, while
X2 does not. For 71, this is obvious, since

has W = {y = 0} as an invariant surface. For 7o, the restricted family
is given by
0 0
4 5 4 2
=p —+ + - .
Prgy t+ o )y) 2y
Let us suppose by contradiction that there exists a canard surface for

such family. Then, it can be defined as the graph of a continuous func-
tion y = h(z,p). Let us see that such function can not be continuous

Y2
XP
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at the origin. More precisely, let us see that if we restrict h to the
line {x = p} then h(p, p) — co as p — 0.
Restricting to the region p > 0, h is the solution of the equation

oh 0
5 4 5 4 2
= + + h
P s =P gy T+ (" —2%)h)
with an initial condition h(—xo, p) = yo (for some sufficiently small z >
0). Explicitly, the solution is given by the analytic function

z w(—p241/3u?) z(p2—1/322)
(2) h(z,p):= / pe( o ) du+ mo(g's/(;)f"—m% el o )
—z0 e(, -~ 0

and, restricting to the line z = p,

P u(—p241/3u?)
(3)  hlp.p) = / Pr A R a——E

x0 (3 p2 —a)
—zo _norTre)
e 3p

Since the second term in the above sum goes to zero as p — 0, to prove
that h(p, p) goes to infinity it suffices to study the integral

4 (u(fp2+l/3u2))
(4) I(p) = / pe ot du.
—zo
If we restrict u to the interval [—p, —p/2], then
u(—p* +1/3u?) !
pt ~ 24p

and therefore,

N
2=
—

—p/2 2
(5) I(p) 2/ pelais) du = %e(

-p
which proves that I(p) — oo as p — 0.
1.2. Outline of the paper.

In the next section, we define some important classes of differentiable
functions. In particular, these classes will contain all functions whose
graph defines local center manifolds and canard surfaces.

In Section 3 we show how to define a smooth dynamical center man-
ifold locally at a non-degenerate point x € I'. This manifold is uniquely
determined by a function (the initial condition function).
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In Section 4 we state the Transversality Hypothesis and describes the
blowing-up transformation, which will be a fundamental tool to study
the existence of canard surfaces near degenerate points © € Deg. The
blowing-up transformation can be seen as a geometric reinterpretation
of the rescaling transformation, a classical tool in the study of singular
perturbation problems.

In Section 5 we describe how to define smooth dynamical center man-
ifolds at the new non-degenerate singularities which will appear after the
blowing-up transformation.

Section 6 describes how to match together the center manifolds which
are described on the previous section. This matching is possible only
over certain regions, and (wherever possible) defines global invariant
surfaces over the exceptional divisor (i.e. counter-image of the degenerate
point € Deg under blowing-up).

In Sections 7 and 8 we try to estimate the region where it is possible to
perform the matching. This involves a detailed study of the asymptotic
behavior of a certain family of Riccati differential equations.

Section 9 describes the blowing-down of the invariant manifold which
are constructed in Section 6. We prove that these invariant manifolds can
also be matched to the dynamical center manifolds which are described
in Section 5.

Section 10 uses all the previous results to prove four theorems about
the existence of invariant surfaces for singular perturbation families
which satisfy the Transversality Hypothesis.

In Section 11 we show that the results of Section 10 remain valid
under weaker transversality hypothesis.

Finally, the last section briefly presents two examples of the kind of
study which can be made with the results presented in this work.

2. Some special classes of functions

Given an open subset U C R", we shall denote by C*(U) the R-alge-
bra of k-times continuously differentiable functions on U. If M C R" is
a closed subset, we shall denote by C*(M) the class of C* functions on
M in the sense of Whitney (see, e.g. [Wh], [Bi]).

Given a f € C*(U), we shall say that f has a C* extension to U (the
closure of U) if f and all its partial derivatives up to order k can be
continuously extended to U, in such a way that f € C*(U).

For the corresponding local notion, we shall say that f € C*(U) has
a C* extension at a point x € U if there exists a neighborhood V' C R”
of z such that f € C*(UNV).
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2.1. Blow-up extension of C* functions.
Let U be an open subset in R”, and let

(xay) - ($17'~~ s Ty Yiy - - - 7yn7m)

be coordinates on R™. Given a function f € C*(U), we shall say that
f has a blow-up C* extension at {x = 0} if there exist positive natural
numbers

a1,... ,a;,m € N\ {0}
such that if we consider the blowing-up map
() ¢: ST xRt xR*™ — R

(jaTay) [ — (Taljla"' 7Tani'nay)7
then the function F': U — R, with domain & = ¢~ (U), which is defined
by

F(z,7,y) = fo¢(T,7y)

has a C* extension to U.

Example 2.1. The function f(z1,72) = /22 4+ 23 is C* on R?\ {0}.
If we consider the blowing-up

(T1,%2,7) - (z1,22) = (7 %1, 7 T2)
the function F' := f o ¢ is defined on the domain {7 > 0} by
F(z,7) =/ (721)? + (7Z2)? = T.

Since F' clearly has C* extension to {r = 0}, f has a blow-up C*
extension to the origin.

For such class of functions, we have the following result:

Lemma 2.2. Suppose that f € C*(U) has a blow-up C* extension to
{z = 0}, and let v: [0,5) — R™ be a C™ curve (for some § > 0) such
that

7((0,6)) C U\ {z =0}
Then, there exists a natural number p € N\ {0} such that the function
f(w) = for(wh), forwe[0,6'7)
belongs to C*([0,51/7)).
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Proof: 1t suffices to consider the blowing-up of v under the map ¢. Since
~7((0,6)) C U\ {z = 0}, it is easy to prove that there exists a blowing-up
on R,

e: Rt 3wr— wP e R
and a unique C'*° curve
7:[0,6YP) - ™1 x RT x R*™™
such that, v o p(w) = ¢ 0 J(w). Thus, by the definition of F,
f or(w?) = Fo3(w).

But since F has a C* extension to U, F o5 has a C* extension to w = 0.
This proves the lemma. O

Remark 2.3. If we write the curve « in the form

v(p) = ri=ap _+ © where ¢;,d; # 0,
y; = d;jp% +h.ot

the constant p on the above lemma can be chosen as follows: If there
exists one u; = 0, then let p := 1. Otherwise, choose an index 1 <i <m
such that Z—: = min{g—i, e Z—:}, and let p := ay.

2.2. oo-flat functions.

Let U be an open subset of R". Given a f € C*(U), we shall say that
f in infinitely flat (or, shortly, oo-flat) at the origin if for each compact
subset K C R™ such that

(7) K\{0} CU,
and for each n € N, there exists a constant C = C(K,n) > 0 such that
|f(z)| < Cllz||*, forzx €K,

(where we define f(0) = 0). We shall denote by C§. . (U,0) the R-subal-
gebra formed by all such functions.

Remark 2.4. Of course, if {0} ¢ U, the space C§., (U, 0) simply coincides
with C*(U).

Example 2.5. (i) The function f(x) = exp(—1/||z||%*) is a C*° func-
tion on U = R™ \ {0}, which is co-flat at the origin, for any con-
stant o € R™ \ {0}.

(ii) The function f(z) = |y|exp(—1/z) is a C° (but not C'!!) function
on R? N {x > 0} which is oo-flat at the origin.
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Let us generalize the above definition as follows: Given a closed sub-
set M on R", we shall say that a function f € C*(U) is co-flat at M (or
shortly, f € C§. (U, M)) if for each compact subset K C R" such that

(8) K\McCU,
and each n € N there exists a constant C' = C(K,n) such that
|f(x)] < Cd(z, M NK)", forzelK,
where d(z, KNM) is the distance between = and the compact set K NM.

Example 2.6. Let F € C¥(R) be any C* function. Then, the func-
tion f(z1,22) = F(z1)exp(—1/||z2||) belongs to CK (U {z2 = 0}),
where U = R? \ {z2 = 0}.

More generally, suppose given a function ? € C°°(M). Then, the
Whitney’s Extension Theorem (see, e.g. [Bi]) implies that there exists
an extension map

E: C%(M) — C®(R")

~

such that if f = E(f), then the Taylor expansion of f at each point p € M
coincides with ?

We shaHAsay that a function f is infinitely flat to f (notation: f €
Clat (U, M, 7)) if

(f =) € Chat (U, M).

Remark 2.7. Notice that if the compact set K is chosen according to (8),
we can continuously extend all partial derivatives of f to the set KN M
by defining

~

D f(z) := D%(x), for each x € K N M.

However, this do not necessarily imply that f € C*(K). The following
counter-example is taken from [Bi]: Let U be the complement of the
closed subset of R? defined by 0 < 25 < e_l/’”?7 x1 > 0. Let f € C>°(U)
be defined by f(z1,z2) = e~V if 21 > 0, 23 > e~ V/*7, and f(z1,22) =
0 otherwise. Then, f € Cg2,(U,0) but f ¢ C*°(U). Indeed, if this were
true, the Whitney Extension Theorem would imply that f extends as a
C function to all R?. But this is impossible since,

fla, e V/71) = f(21,0)

e~1/71 — =1

for 1 > 0.
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The reason for this phenomenon is that set V is not reqularly situated
(see [Bi], [Wh]). However, this cannot happen if we restrict to the
particular class of subanalytic sets:

Lemma 2.8. Suppose that K C R" is a closed subanalytic set such that

o~

K\ M is contained in U. Then, a function f € Cge, (U, M, f) necessarily
belongs to C*°(K).

Proof: A closed subanalytic set is always regularly situated ([Bi, The-
orem 6.17]). Thus, the result is a direct consequence of [Bi, Proposi-
tion 2.16]. O
2.3. Blowing-down of oco-flat functions.

In the next sections, we will need the following easy result concerning
the blowing-down of oo-flat functions.
Lemma 2.9. Consider a blowing-up map

D: S x Rt — R"
(Z1y. . s @n),T) — = (T"Tq,...,T"Ty),
with weights (a1,... ,a,) € N*\ {0}. Let
Uc{(zr)eS" ' xR"|1r>0}

be an open subset and F € C*(U) be an arbitrary function on U. Since

® is a diffeomorphism outside the exceptional divisor D := {7 = 0}, we
can define

J(z):=Fod (x),
which is a C* function on U := ®(U) C R". We affirm that
F e Cgo (U {r=0}) if and only if § € Cge,(U,0).
Proof: Suppose that F' € Cgo, (U, {r = 0}). By definition, for each

compact subset K C S"~! x R such that K \ D C U, and each n € N,
there exists a constant C(K,n) > 0 such that

|F(z,7)| < C(K,n) |7|".
Let now K C R™ be a compact subset such that K\ {0} C ¢. Then, there

exists a compact subset K C S"~! x RT as in the previous paragraph
such that

K = o(K).

If a point = € K is sufficiently near 0, it can be written in the form x =
®(z, 1), for some 0 < 7 < 1, and so

]l = lm*z[| = [r|*
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where a = max{aq,...,a,}. By compactness, there exists a constant
g(K) > 0 (depending only on K) such that ||z|| > g(K)|r]%, for any
point z € K.

Therefore, given any m € N, if we define the constant

(K, m) := g(K)"™*C(K, ma),
it is immediate to see that
I§(2)| = [F(z,7)] < C(K,ma)|r|™ < &K, m)|z[™,

and so, § € Cg, (U, 0).
The converse is proved in an analogous way. O

3. Center manifolds at non-degenerate points

Let (z,y,¢,.A) be coordinates in the open subset
U=U, xUy xUes x Uy,

where U, C R is an open connected set, U, = R, U4 € (R",0) and
U. € (R*,0) (here, as usual, we denote by (R*,0) the set of all open
neighborhoods of the origin in R¥). Let X be an analytic vector field on
U, which has the form

0 0
X _Ea_fﬂ +f(x7y757“4)8_y7

for some function f € C¥(U) such that
e f(x,0,0,0) =0, and
o B, = g—i(m,0,0,0) is such that |B;| > ¢ > 0,
for some positive constant § > 0 and all z € U,. In the dynamical

systems terminology, this is equivalent to say that the closed connected
submanifold

F={y=c=A=0}~U,

is a normally hyperbolic curve of singularities of X. Notice that since I'
is connected, B, has a constant sign for all z € T".

As a consequence of the Center Manifold Theorem (see e.g. [C-L-W]),
we have the following result.



518 D. PANAZZOLO

Proposition 3.1. Let © € T' be an arbitrary point. Then, for each
k € N, there exists a neighborhood Vy e 4 = Vu xVexVy of v inUg e n =
Un{y =0}, and a C* function

w: Vpea — Uy
(x,e,A) — y=w(x,e,A)

defined on Ve 4, such that w(x,0,0) =0 and
W = graph{y = w((E,é‘, A)}
s an tnvariant manifold for X.

Such W is called a local center manifold at x. As it is well-known, this
local center manifold in not unique in general, and moreover the neigh-
borhood V' may shrink to the point x as the degree of differentiability &
goes to infinity.

In the rest of this section, our goal will be to show that the family X
has a particular class of C'° center manifolds, which are dynamically
defined by the flow of X.

Before defining such manifolds, let us turn ourselves to the issue of
formal expansion:

Lemma 3.2. Possibly restricting U4 € (R™,0) to some smaller neigh-
borhood of the origin, there exists an unique formal series

W(z,e, A) =Y wi(z, A)e'
=0

defined by a collection of analytic functions w;(xz, A) € C*(U, x Uy),
such that for each point x € T, and each local C* center manifold W =
graph{y = w(z,e, A)} defined in some neighborhood Uy of x, we have
w e CF (Up,{e = 0},W).

Proof: It is well-known that all local center manifolds at a point x in "
have the same Taylor expansion. Hence, it suffices to prove that such
Taylor expansion is defined by the localization of the series W at .

The hypothesis |%($, 0,0,0)| > 0 > 0 implies that the set of singu-
larities of the vector field X,

Z(X) = {(xayaAaE) | X(.%,y,A,E) = 0}

is a smooth codimension 2 submanifold near I'. Indeed, there exists an
open connected neighborhood UY C Uy4 of {A = 0} such that
of

3—(96,0,0,/1) #0, forxeU, AcUY.
Y
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Thus, by the Implicit Function Theorem, there exists a unique analytic
function wy(z, A) defined on U, x UY such that wy(z,0) = 0 and, if we
restrict the domain of X to U, x Uy x U, x UE‘,

Z(X) - {(z,y,A,e) | e=0,y= wO(va)}'
Let us make the analytic change of coordinates
y=1 —wo(x, A).

Then, if we write the new expression for X in these new coordinates

0, 9
X_€%+f(x7y7ga"4)a_y/

we necessarily obtain

(9) f'(2,0,0,A) =0 and ‘g—z,(az,0,0,A)‘>6>0,

for all (z,A) € U, x UY.
Dropping again the primes, let us prove that (in these new coordi-
nates) there exists a unique formal series of the form

M(z,e, A) =Y wi(z, A)e'
=1

where w; € C¥(U, x UY), such that the vector field X, seen as a deriva-
tion on the space of formal series, maps the series

K(z,y,e,A) =y — M(z,¢, A)

into another series X (K) which is divisible by K. Once this is proved,
the series on the enunciate of the lemma will be simply given by W=
wo + M\

To say that X (K) is divisible by K is equivalent to say that

~

(10) X(K)(z,y,e,A) 0.

y:I\//\[(:c,e,.A) =
If we write f(z,y,e,4) =Y 2, fi(z,e, A) y', the equation (10) gives

e T = folae, A)+ B (fi(a,2, A) + O(R)).



520 D. PANAZZOLO

Expanding both sides in powers of ¢, and writing
fi(xagaA) = Zfl](xaA) €j7
j=1

we notice that foo(z, A) = 0 by (9). Thus, the first term w; in the
series M must satisfy

(11) O:fo)l(l‘,A)—i-wl 'fl,o(l‘,.A).

As fio(z, A) = g—i(x,0,0,A) > 0, we can define wy; = —%

Similarly, we prove that each coefficient w; can be determined recur-
sively from f; and w;, for 0 < j < ¢ by applying successively the Implicit
Function Theorem. This proves the result. O

We shall say that W defines the formal center manifold over T'.

Remark 3.3. Given an arbitrary closed set M which is contained in U, x
U, it is clear that W (z, e, A) uniquely defines an element of C*°({e =
0} x M) (in the sense of Whitney).

For each point 2’ € ', we define
Wo =W(',e, A) =Y w2, A) e’

=0

to be the restriction of the formal center manifold to {x = z'}. We shall
say that a C'*° function i(e, A) defined on some open subset

VcUsn{e>0}) xUyu
is an initial condition function for X at ' if

i€ (V. {e =0}, Wy)

—

(that is, i is co-flat to the formal series W, at {e = 0}).
Given two distinct points zg,z1 € I', let us define I'y, 5, to be the
segment of I' lying between these points. Thus,
Ligwn ={2" €T |2 <2’ <a} if x>z
Lagzr = {xl el | r <a' < (E()} if x1 < xg.

The next result shows that an initial condition function uniquely defines
a C'* invariant manifold.
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Proposition 3.4. Let xo € T, and let i € Cg5, (V. {e = 0},W$0) be an
arbitrary initial condition function for X at xo. Assume that By, < 0.
Then, for all x1 > xo, there exists a neighborhood N C U, 4 of the
origin {e = A = 0}, such that if we consider the restriction of i to the
set

O=VnNN

there exists an unique C* function w(z, e, A) defined on 'y, 5, X O such
that

(1) ’ZU(.’E(),{-Z,A) :i(S,A), e
(i) we C%(Tyy,zy X O,{e =0}, W), and
(i) W = graph{y = w(z, ¢, A)} is an invariant manifold.

Proof: First of all, let us prove that prove that w is C*° on the do-
main I'y, », x O.

Outside the set {¢ = 0}, the vector field X is non-singular, and equiv-
alent to the first order differential equation

dy _ flz,y.e,A)
dx €
We consider the initial value problem associated to such equation, with

initial condition

Ye.a(zo) = i(e, A)
at xg. For (g, A) € V (and so, € # 0), this initial condition uniquely
defines a C'*° solution y. 4(x), over some maximal domain z € [z, @),
where o« C U, may depend on € and A. Let us prove the following:

Claim. There exists an open neighborhood of the origin N C Ug 4 such
that o > 1 for each initial condition (¢, A) € O :==V N N.

The condition B, < 0 implies that each orbit of X for (¢,.4) = 0 goes
asymptotically to I' as ¢ — co. Indeed, the Stable Manifold Theorem
assures that there exists an exponential contraction in the hyperbolic
direction. Locally at a point € I, this contraction of order eB. If
we restrict to the compact segment I'y ., there exists a constant £ > 0
such that

B, < —-k<0

for each x € I'y, ;,. Therefore, since the contraction is uniform over this
segment and the hypothesis i € C§2, (V, {e = 0}, W, ) implies that

lim (e, A) =0,
(e,A)—0
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there exists a neighborhood N of (g,.4) = (0,0) such that each orbit of
X starting at a point (x,y) = (zo, (e, A)) with (¢,.4) € VNN will cross
the section {z = x1}.

Therefore, if we define w(z, e, A) = ye a(x), it is immediate to see
that

o we C®Ty, . x0O),

® W|y—p, =1, and

o W = graph{y — w(z,e,.A)} is an invariant manifold.

So, it remains to prove that w is co-flat to W on {e =0}.

Using Lemma 3.2 it suffices to prove that, given a point z € I'y, 4,
and an arbitrary local C* center manifold W’ = graph{y — f'(x,¢,A)}
at z, the function w’ = w — f’ belongs to C§,,(U’, {e = 0}).

Consider first the point x = xg. From Corollary 13.2, there exist local
coordinates (z',y’,e’, A’) defined in a neighborhood U’ of x such that
W' = {y’ =0} and X is C*-equivalent to

On these coordinates, the initial condition function assumes the form
y(/) — Z'/(E/’A/)

where i’ € Ck . (U’,{e = 0}). The explicit solution of ¥ from the initial

point (z,y) = (0,y() is given by

x'(t) = €'t
y(t) = (e, A) e,
Putting ¢ as a function of 2’ in the first equation, we can write w’ as

i'(e', A, forx =0
i'(e/, Ae <, forz>0.

w'(a', e A') = {

The function g(2/,¢’) = e~ < is uniformly limited on the region {(&’, z') |
¢’ > 0,2’ > 0}. Similarly, all its partial derivatives are uniformly limited
by

c
= g8z )

o5t +Szg
’051 x'0%2¢’
for some constant ¢ depending on s; and so. Thus, since
. k
i’ € Cﬂat(U/7 {5 = O})’

it is easy to see that w’ is a C* function, oo-flat on {¢’ = 0}. The
reasoning on the other points x € I'y, , is similar. ]
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By reversing the sense of the flow, we clearly have an analogous result
in the case where B,, > 0.

Corollary 3.5. Let xg and i be as in the above enunciate, and assume
that By, < 0. Then, for all x1 < xq, there exists a neighborhood N C
U.. 4 of the origin such that if we define

O:=VNN,

there exists an unique C* function w(z, e, A) defined on Ty, 5, X O such
that the statements (i), (ii) and (i) of the proposition holds.

Yy Yy
B<0 B>0

7 r x T I

1

(e, A) (e, 4)

FI1GURE 5. Dynamical center manifolds defined on Pro-
position 3.4 and its corollary.

Remark 3.6. Of course, although the function w(x, e, .A) is independent
of the endpoint x7, its domain of definition O may shrink to zero as x;
approaches the boundary of U,. Clearly, if /| lies between zy and 1,
we can choose a corresponding domain O’ which contains O.

Let us write I' = Iz4,2,- Then, the domain O = O C U de-
fined on the above proposition will be called canard region associated
to the segment I'.  The invariant manifold W5 defined on item (iii) of

Proposition 3.4 will be called a dynamical center manifold over L.

4. Degenerate points with transversality hypothesis

Let us again consider (z,y, €,.A) as coordinates on an open subset U =
Uy xUy x Uz x Uy. Let

0 0
X—E%—i-F(x,y,&,A)a—y
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be an analytic vector field on U, such that if we expand F' in powers of
Y,

F(z,y,e, A) = Fy(z,e, A) + yFi (2,6, A) + y°Q(z,y, £, A)

the following conditions are verified

e Fy(z,0,0) =0,
e F1(0,0,0) =0
e Fi(z,0,0) # 0 for any z € U, \ {0}.

The first condition implies that
F={y=e=A=0}=U,

is a curve of singularities. The second and third hypothesis implies that
2 = 0 is the only a degenerate singularity (not semi-hyperbolic) at T". Let
#(X) > 1 denotes the multiplicity of the function Fy(z,0,0) at z = 0.
We shall say that p(X) is the multiplicity of the degenerate singularity
at x = 0. For future reference, we define the constants

1 OPF,
(12) BO = Ew(o, 07 0) and QO = Q(O7 0, 0)
where p = p(X) (notice that By # 0).
In order to establish conditions for the existence of a local invariant
surface it is essential look on how the functions Fy and F; unfold as A
and ¢ varies. Let

Fo(z,a,e) = Z Ai(g, A) ot
i=0

be the Taylor expansion of Fy in terms of the x-variable. Under the above
hypothesis, we have A4;(0,0) = 0 for all ¢ > 0. The function Fi(z,¢,.A)
can also be expanded as

p—1
Fi(z,e,A) = Z Bi(e, A)x" + 2P B(z, ¢, A)

=0

where B;(0,0) =0, for 0 <i<p—1and B(0,0,0) = By # 0.
Let us now state the following hypothesis:
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Transversality Hypothesis: Suppose that n > 3p, and that,
up to an analytic change of coordinates of the form

(e, A) = (,¥(e, A)),
(with ¥(0,0) = 0) we can write
A= (ao, R ,agp,l,b()? Ce ,bpfl,.Ar) S (Rn70),

where
Ai(e,A)=a;, for0<i<2p-—1
Bj(e, A) =b;, for0<j<p-1.

If a family X satisfies this hypothesis, we shall say that it is a transversal
family (unfolding T).

The parameters A = (a,b, A,) will be called adapted parameters, and
A, € (R"=3P,0) will be called the inessential parameter of the family.

Remark 4.1. Clearly, the Transversality Hypothesis is equivalent to re-
quire that the jacobian matrix

(Ao, ..., Asp_1,Bo,...,Bp_1)
Ao, AL

is non-vanishing at the origin.

4.1. The Blowing-up map.

On the next four subsections, we suppose that X is a transversal
unfolding of T (i.e. satisfies the Transversality Hypothesis), and let A =
(a,b,A,) be adapted parameters.

In order to study the existence of invariant surfaces over I', the essen-
tial step is desingularize the degenerate singularity at « = 0. For this,
we make a quasi-homogeneous blowing-up of the submanifold N = {z =
y =a=>b=-e=0}. This is defined by an analytic map

(13) ®: R x §P12 x R"™% — R? x R x R* x R"™%P
(14) (T7 (i‘? g7 é? 6/7 6)7‘/47‘) [ — ((x? y))€7 a? b7 ‘AT‘)
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which is given by

=TT
y=r1"y

(15) o — ai:Tgpfidi fori=0,...,2p—1
bj=7P77b; forj=0,...,p—1
g =7Ptlz
A=A,

Let us study the pull-back of X under this transformation. Looking at
X as a vector field on the total space U = U, x Uy x U, x U, which
vanishes identically on N, it can be proved that there exists an unique
analytic vector field X defined on

U=3o1U) e (RT,0) x ST2 x (R"P,0)
such that X does not vanishes identically on the exceptional divisor

D=0 N)={r=0}nT,

and such that ®*(X) is C¥-equivalent to X on U \ N (recall that two
vector fields Y7, Y5 are C*-equivalent if there exists a strictly positive (ol
function f such that Y7 = f ¥3). Indeed, X is given explicitly by

X=(1")Xo®
for a suitable integer p € N.

As we mentioned above, we can look at X as vector field on U such
that the coordinate functions a; (for 0 <1 < 2p—1), b; (for 0 < ¢ < p—1),
A, and € are first integrals, i.e. if we look at X as a derivation on the
module of differentiable functions on U, then

X(a;) =X(bj) =X(e) = X(A) =0.

Therefore, if we define g =co0®, f; = a; o ® and gj = bj o @, it is clear
that g, f; and g; are first integrals of the new vector field X, because

X(g)=(r") (Xo®)(e0o®)=(r") (X(c)) o ® =0,

and similarly for all f; and h;.
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This means that the vector field X is tangent to level sets of the n+ 1
analytic functions on U given by

p+1

qg=T g

fi=71*"a; fori=0,...,2p—1

hj = T77b; for j=0,...,p—1, and
A,

In particular, notice that the exceptional divisor D = {7 = 0} is an in-
variant manifold for X (i.e. for each point P € D, we have X (P) € TpD).
Indeed, this is equivalent to say (looking again to X as a derivation) that

(16) X(r)=7-H

for some analytic function H. To see this, it suffices to consider one of
the first integrals given above, say g, and expand

0=X(g9) = (p+1)1Pe X(7) + 7P X (&)

which gives the identity £X (1) = —
7, this clearly implies (16).

More precisely, it is easy to see that each slice of the exceptional
divisor, which is obtained by fixing the inessential parameters A,

DAg =DnN {AT = Ag}, for some fixed A(r) c (Rn—Bp’ 0)

ﬁTY(é’). As & is not divisible by

is an invariant submanifold.

The blowing-up map is a diffeomorphism from U \ D onto U \ N. So,
the leaves of the two-dimensional foliation F = {dA = de = 0}, when
restricted to U \ N, are mapped diffeomorphically onto two-dimensional
submanifolds on U \ D, which correspond to regular leaves of the pull-
backed foliation

F={df = dg = dh = dA, = 0}.

This foliation extends to the exceptional divisor D, in a way that we
shall describe more precisely below, using the projective charts.

4.2. The é-chart and the Riccati family.

Consider the open subset of U given by Us = {¢ > 0}. Then, there
exists a diffeomorphism
Vs U — (RT,0) x R¥%%2 x (R"%,0)
(1,(%,9,8,a,0), Ar) — (&,(%,9,4,B),Ar)
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which maps DN Uz onto D = {& = 0} &~ R3*2 x (R"~37,0), and is such
that the composed map ®z = ® o ;s takes the form

T =EX
y =2y
~ ;= E%71A; fori=0 2p —1
a; =€ or i ey
(17) (I)g: % iy % . P
bj =eéP"'B; forj=p,...,p—1
g =&prt!
A, =A,.
Indeed, it is easy to compute the expression of ¢s. It is given by
1 1
s . g/l 5 7 — .
E=T-E , 'r_é'l/p-i-lm’.'.’ 3_52p—j/p+1a“"'

We shall say that the coordinates (Z, 7, ¢, A, B, A,) given by such map
are the £-projective chart of the blowing-up.

The main advantage of such coordinates is that the foliation F be-
comes rectified. More precisely, we claim that, in these coordinates, F is
a regular two-dimensional foliation defined by

(18) F={dé =dA=0},

where A = (A, B, A,.). Indeed, the pull-back of F under </ISE— is a foliation
which satisfies the system of Pfaffian equations

0 =d(erth)

0=d(E®A;) = (2p—i)dP LA, d(&) +EP7%d(4;), 0<i<p-—1
0= d(e"™7 Bj) = ;"7 B;d(€) + £0d(By), 0<j<p-1
0=dA,,

which is easily seen to be equivalent to (18).

Therefore, in the domain Us, the foliation F extends in a regular
way to the exceptional divisor D. Moreover, from the fact that X is
everywhere tangent to the foliation F, we conclude that the restriction
of X to U: has again the structure of an analytic family, with phase
space (Z,y) and parameters (£, A, B, A,).

We can explicitly compute the expression X in such coordinates. To
simplify our notation, let us drop the tildes, and denote the coordinates
on the &-projective chart simply by (z,y,.A,¢). Then, from the expres-
sion of (/I;g given above, easy computations give

— 0 ~ 0
(19) X= 5+ ey Aoy
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where ﬁ(x7ya-’47 6) = ﬁo(ﬂf,A, 6) + yﬁl(xw’éla 6) + yQQ(xay7Aa 6) is such
that,

2p—1
(20) (2, A, ) Z Az’ 4+ O(e
(21) Fi(z, Ae) = ZBx]+B )P + O(e)
(22) Q(x7yaA7€) = Q(Ar)y +O(E)
where B(A,) and Q(A,) are analytic functions such that
(23) B(0) =By and Q(0)= Qo

are the constants given in (12). The symbol O(g) denote analytic func-
tions which are divisible by .

Thus, X restricted to Uz can be seen as a family of first order differ-
ential equations

dy ~
2 _F
dx (x7y"A7€)

which depends regularly on the parameters € and A. In particular, re-
stricting to the slice of the exceptional divisor which is given by Dy =
{e = A, = 0}, we obtain

d
(24) d—y = AO + Ale —+ -4 A2p71$2p_1
i
+y (Bo+---+ Bppr_l + ByaP) + Qoy?,
which we shall call the associated Riccati family Ra p. Notice that if

Qp = 0 this is simply a linear differential equation.

4.3. The . and —Z.-charts.

Let us now consider the open subsets Uz = {Z > 0} and U_z = {—-% >
0} in U and proceed as in the previous subsection (for briefness, we
shall use the symbol + to treat simultaneously the positive and negative
cases).

On ULz one can define as above a diffeomorphism

Piz: Uiz — (R+,O) x R3P12 % (R”—3P,O)
(1. (z,5,8,a,b), Ar) — (&,(9,6,a,b), A)
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which maps DN Uiz onto D= {Z = 0}, and is such that b, =do Otz
is given by

r==4z
y =aty
~ a; = 2 %q; fori=0,...,2p—1
Qyiz = i s .
bj =2P7a; forj=0,...,p—1
e = 3ptlg
A, = A,.

In these coordinates, the foliation F is described by the system of Pfaffian
equations

d(#PT1é) =0

d(#*7a;) =0, 0<i<2p—1
d(#77b;) =0, 0<j<p-1
dA, =0

To better describe its geometry, let us perform another local blowing-up
along the submanifold

(25) T={ai=bj=£6=0,0<i<2p—1,0<j<p-1}

given by
(ivywAT) = (QA?,:IQ7AT)7
(26) g JEm e
- Ja; = R¥*iq,, 0<i<2p—1,
Bj:Rpiijv Ogjgp_]-a

where (R, (&, ¢, 3;)) € (R*,0) x S°.

Then, exactly as above, we can consider some special charts. Let us
concentrate ourselves on the region Us = {é > 0}. In this region, there
exists a diffeomorphism

e Us — (R*,0)x Rx R+ x R3¥+2x (R"—3,0)
(j:aZL(éadia j)v-AT‘) i — (i'7gaea(A7B)v-A7‘)
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such that Ws = W o ¢, is given by

(@,9,Ar) = (2,7, A,),
2 — gptl
(27) L ,
a; = e P A;, 0<i<2p-—1,
bj = eP~IB;, 0<j<p-1

We shall call these coordinates (&,9,e, A, B, A;.) the +Z.-chart of the
blowing-up.

Easy computations show that the foliation F, when restricted to the
domain of the £Z.-chart, is defined by the Pfaffian system

d(ze) =0

d(A;) =0, 0<i<2p-—-1

dA, = 0.
This means that, for each fixed value of the regular parameters A0 =
(A%, B° A%, F is given by the level sets of the function fe = const.
Taking const — 0, we obtain the limit of the foliation F as it approaches

the exceptional divisor D = {& = 0}. This limit is a singular leaf, given
by the union of the two-dimensional surfaces

Lo={i=0}n{(4,B,A,)=(4%B° A%} and
Li={e=0}n{(4,B,A,) = (A° B° A%}

The component Ly C D is parameterized by the variables (g,e), and
gives the extension of the foliation to the exceptional divisor.

D

Ly

Lo

Ny

z e

FIGURE 6. Extension of the foliation F to D.
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Using the expression of &)ii and the definition of ¥ given on (27),
we can compute the expression of X in such coordinates to be (dropping
the hats for simplicity),

T et (0 9N B 9
(28) X =+e (max eae>+F (x,y,A,e)ay,

with F= (2, y, A, e) = Fif (2, A, ) +yFi (2, A, ) +4°Q* (z,y, A, ) given
by

2p—1
Fif(z,Ae) = Y (1) Aie? ™" +0(x)
=0
~ pil
F(z, Ave) = Fpe?™ + ) (£1)7 Bje? ™7 + (£1)PB(A,) + O(x)
=0

QF(z,y, A e) = Q(A,) + O(x)

where B(A,) and Qp(A,) are as in (23) and O(z) denotes analytic func-
tions which are divisible by z.

Remark 4.2. Notice that yi can be seen as an analytic family of three-
dimensional vector fields, with phase space (z,y,e) € (R*,0) x (R?,0)
and parameters A = (A, B, A,). Moreover, each vector field in such
family has the function f(z,e) = xe as a first integral.

C . ——=x . . .
Restricting X to the slice of the exceptional divisor Dy = {z = A, =
0}, we obtain the two-dimensional analytic family

2p—1
9 A ,
(29) ¢¥“ae+<§:tﬂYAm%l+y@pJ“H
i=0
p—1
. o ) 9
+y< (£1)! B; P~ + (:I:l)pBo) +y Qo | 5
i=0 9y

which can be seen as a weighted compactification of the Riccati fam-
ily Ra,p given on (24) at © = too. Indeed, if we let (2,9, €, A, B, A,)
and (Z,9,e, A, B, A,.) denote, respectively, the coordinates at D on the
+Z.-chart and &-chart, the relations

r Y

+1
30 T =+EX = — d g=(%1
(30) =42, o= and §=(x1p L

My

can be easily verified from the expressions of <T>ﬂ and </15€— (notice
that the parameters (A, B, A,) on the Riccati family and the parame-
ters (4, B, A;) on the family (29) will correspond to each other).
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e
P P,
w_ W,

\J

D

FI1GURE 7. The compactification of the Riccati family.

Remark 4.3. Under the blowing-up, the curve
Iy:=T\{0}CU

of non-degenerate singular points is mapped diffeomorphically to some
open curve L'y C U (because T'y does not intersect the blowing-up cen-
ter N C U). On the coordinates of the +Z-chart, it is easy to see that
such curve is given by

Notice however that the blowing-up ¥ which is defined on (26) has its
center on the manifold T = {e = & = b = A, = 0}, which contains T.
Thus, Iy can have several counter-images under ¥. In fact, the counter-
image of Iy on the +Z.-chart is explicitly given by the codimension 2 +
(n — 3p) submanifold

U (To) = {(d,9,¢,4, B, A) | § =e = A, =0}.
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5. Local center manifolds at P, and P_

To simplify the notation, we shall continue to write the coordinates at
the £Z.-chart simply as (z,y,e, 4, B, A;) € Uy x Uy x Us x Ua,g x U, ,
where

Us € (R,0), Uy =R, Us =RT, Uy p =R and Uy, € (R"%,0).

Observe that, from the expression in (28), it follows that for each fixed

parameter Ay = (A, B, A,), the vector field x*t (respect. X ) has a
singularity at the point

pf”z{x:e:y:O,A:Ao}

(respect. p° = {z =e=y =0, A= Ao}).

Possibly restricting the inessential parameters A, to some smaller
connected neighborhood U4, € (R"~3P,0) of the origin, we can suppose
that the function B(A,) is non-vanishing and has a constant sign. This

Ao and p“_ﬂ" are of semi-hyperbolic type.

implies that all singular points p
The jacobian matrix DX (p’fr“’) (respect. DX (p™)) has a single non-

zero eigenvalue
B (A) :=B(A.) (respect. B_(A,) := (£1)?B(A,))

associated to the eigenvector (z,y,e) = (0,1,0). The y-axis is an in-
variant one-dimensional hyperbolic manifold. This manifold will be an
unstable manifold for pfo (respect. p°) whenever By(A,) > 0 (re-
spect. B_(A;) > 0), otherwise it is a stable manifold. For briefness, we
shall define the non-zero constants B := B (0) and B_ := B_(0).

The union of all such points pﬁ (respect. p?) for A € Ua g 4,, defines
a codimension 3 submanifold of normally hyperbolic singularities

(31) Py ::{(IayvevA7B»Ar)‘l'zy:e:()}mUA,BXU_AT

(respect. P_ :={(x,y,e,A, B, A.) |z =y =e=0}).

The Center Manifold Theorem immediately implies the existence of
local center manifolds at each point of P, and P_:
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Proposition 5.1. For each natural number k € N, and each fived p4 €
Py andp_ € P_, there exist neighborhoods V., V_ C U; ¢, ,B, A, of these
points and C*-functions

Wy Vi, — R
(CL’,G,A) L y:er(xvevA)

(and similarly w_: V_ — R), such that wy(z,0,0) = w_(z,0,0) = 0
and

W+ = graph{y = w4 (l’, €, A)}ﬂ W_ = graph{y = w- (.’ﬂ, €, A)}

are local invariant manifolds for X.

Although such center manifolds are not unique in general, we have
the following uniqueness result, which will be useful later:

Lemma 5.2. Suppose that By > 0 (respect. B < 0). Then, the in-
tersection of any C* local center manifold with the exceptional divi-

sor D = {x =0},
W, ND = graph{y = w,(0,e, A)},

(respect. W_ N'D = graph{y = w_(0,e,A)}) is unique. That is, if W/
is another local C*' center manifolds, then Wi N'D necessarily coincides

with Wi N'D on their common domain of definition). Moreover, the
function w4 (0,e, A) (respect. w_(0,e,.A)) is C™.

Proof: The manifold ¢ := W, ND is a C* local center manifold for the

restricted two-dimensional analytic family Y+|D, whose expression is
given in (29).

Now, since By > 0, the hypothesis of Theorem 3.2 in [Si] are fulfilled.
Thus, this local center manifold c is necessarily unique.

Finally, the fact that ¢ € C* is an immediate consequence of [Si,
Theorem 5.1].

The argument for W_ is analogous. O

We can also consider the issue of formal expansion of such center
manifolds:
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Lemma 5.3. Given an arbitrary open subset Vo = Va pxVy, CUs px
Ua, such that V4, € (R"737,0) and V4 g C R has a compact closure,
there exist open intervals in RT,

VI =10,zy) and V, =[0,2_)

(where x4, x_ > 0 € U depend on V,4) and there exist unique formal
series

(z,e,A) = Zw (x,A)e erA Zw (x,A)e

defined by a collection of analytic functions
wi € C¥(V;F x V), w; € C¥(V, x V4) forieN,

such that for each point py € PNV (respect. p— € P_NVy), and each
local CF-center manifold W, = graph{y = w, (v,¢, A)} (respect. W_ =
graph{y = w_(x,¢,A)}) defined in a neighborhood U of such point, it
follows that

wy € Cgat(Uv {e = O}’ Wy)
(respect. w_ € Ck . (U,{e =0}, Wo)).

Proof: Let us prove the statement just for Py, since the argument at P_
is completely analogous.

We proceed as in the proof of Lemma 3.2. Using the expression for
X which is given by (28), one sees that, possibly restricting z to some
smaller interval V,F = [0,2;) C Uz, we can use the Implicit Function
Theorem to define an initial translation of the form

y=v9 —uw(z,A)

in such a way that the set of singularities for X" on Vi x Uy x Us x Vg

becomes Z(X ) ={e=1y =0}
Thus (dropping again the primes), it suffices to prove that there exists
a unique formal series

(z,e,A) = Zw (z,Ae

such that (in these new coordinates) the vector field X, seen as a deriva-
tion on the space of formal series, maps the series

K(z,y,e,A) =y — M (z,e, A)
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into some series X (K) such that

X(R)|,_g, =0

Using the expression in (28), this equation becomes
0 0\ — ~ —~
Pl o\ M, =F*(z. M .
€ <x6x eae> + (1‘7 +7-Ave)

If we expand each side of this equality in powers of e, and use the fact
that By (A,) # 0, it can be seen that the coefficients w;” € C*(V,F x V)
are uniquely determined in a recursive way by the Implicit Function
Theorem. O

Remark 5.4. Notice that if we consider two domains V) and V} as
above, the corresponding functions w:X’ and wX” will necessarily coincide
in their common domain of definition.

We shall say that /V[7+ and W_ defines the formal center manifolds
over P NVy4 and P_ N V4, respectively.

Remark 5.5. For an arbitrary closed subset M C V. x V4 (respect. M C

V.7 x V), it is clear that WJF (respect. /V[7_) uniquely defines an element
of C*(M x {e =0}) (in the sense of Whitney).

Given an arbitrary point zo € V" (respect. 2o € V) let us define
_ oo P o0
Wi oo 1= Zw?‘(mo,fl) (respect. W_ ,, = Zw; (x0,A))
i=0 i=0

to be the restriction of the formal center manifold to xg.

In analogy with the previous subsection, let us now describe how
one construct a local dynamical center manifold over P, and P_. For
shortness, we shall only describe the details for P, since the construction
at P_ is completely analogous.

Let us suppose firstly that B, > 0. Fixing an arbitrary open sub-
set V4 C U4 as in the enunciate of Lemma 5.3, we choose a point zg >
0 € V., and let

Ve =(0,e9) for some eg > 0 € U,.

Let us now consider
1: VoxVy — R,
(e, A) — y=ile, A)

to be an arbitrary C'*° function, such that

i€ CF2 (Ve x Via, {fe = 0}, W ).

(32)
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Then, we shall say that i is an initial condition function for X at P.

Proposition 5.6. Suppose that By > 0 and let i be an arbitrary initial
condition function like in (32). Let N, := [0,z9] C R*. Then, there
exists an interval No = (0,e1) C Vo (0 < e; < eg) and there exists an
unique C° function wy (x,e, A) defined on the open set Ny X N X Vg
which verifies the following conditions:

(i) wy(zo,e, A) =i(e, A), for each (e, A) € Ne x Vu;

(i) wy € C2 (N, {e= 0}, W), and

(iil) Wy = graph{y = wy(z,e, A)} is an invariant manifold.
Proof: First of all, if we consider the saturate W of the set

(33) §= U {(x,y,c,A) |x:z0,y:i(c,A)}

(e,A) EVexVy

under the flow of —X, it is easy to see (from the condition B, > 0) that
there exist domains N,, N, as above such that the restriction of W to
N, x N x V4 is defined as the graph of a function wy € C*®°(N, x N, x
Va).

Therefore, it remains to show that w™ is oco-flat to the formal se-
ries W+ on {e = 0}. Adopting the same strategy used on Proposition 3.4,
we shall prove that for any point p € P, and any C* local center man-
ifold W’ = graph{y = w'(z,e, A)} defined on some neighborhood U’ of
p, the function w — w’ belongs to CF,, (U’, {e = 0}).

From Corollary 13.3, there exists C* local fiber-preserving change of
coordinates

(34) 17[}: (x’ y? e’ 'A) - (z/’y,7e/7A/)

defined on some neighborhood of p such that W’ = {y’ = 0} and —X is
equivalent to (dropping again the primes to simplify the notation)

0 0 0
35 Y = —y— +eP @ — —e—
for some strictly positive ck function G(z, e, A).
Let us define i := i 01~". Then, 7 is a C* function defined on some
open subset of {e > 0}, co-flat at {e = 0}. If we consider the initial
condition (which corresponds to (33))

g: {(m,y,e, A) = (x07z(ev~’4)7e7~’4)}7

and integrate the vector field

(N9 (02
G ) Yoy or e
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(which is equivalent to Y on the set {e > 0}), the explicit solution is
given by

e(t) = eexp(—t),
x(t) = xoexp(t),
y(t) = o), A exp (- Jy somrratmemdr) -

Based on these equations, we can eliminate the variable ¢ from the last

expression by taking ¢ = —In(x/zg). We refer the reader to [Du-R,
Lemma 8] for the proof that the resulting function y is oco-flat at
{e=0}. O

Let us now suppose that By < 0. Here, in order to define the initial
condition, we let

i:VexVy — R
(CC,A) — y:i(mwA)

be a C*° function defined on an open subset V,, x V4, where V4 C Uy
is like in Lemma 5.3 and V,, := [0, x¢] for some zoy > 0 € V..

We also need to fix a base point e¢g > 0. Here, one must be careful
to choose i(0,.4) and ey sufficiently small, in order to remain in the
attracting region of the semi-hyperbolic set P,. This region is defined
by the following lemma:

(36)

Lemma 5.7. On the above notations, there exist constants e,y > 0,
depending only on the subset V4 such that for each given point

qo = {(xvyvevA) = (Ovy()a607~’4)} €D,

where 0 < eg < ey, |yo| < y4 and A € V., the orbit of X|p starting at
qo has its w-limit in P.

Proof: There are several ways to prove such result. Here, we shall use
the Normal Form Theorem given on the Appendix.

For each point p € P, Corollary 13.3 shows that there exists a C*
change of coordinates defined on a neighborhood U, of p such that X|p
is C! equivalent to

0 0
g _ apt2 -
yay e G(e,A)ae,

for some strictly positive C! function G(e, A). For this vector field, it
is easy to see that each orbit on the region {e > 0} has the origin as
w-limit.
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Since V4 has a compact closure, we can choose a finite number of
points p € P, such that the union of the domains U, covers V4. The
constants e, y4+ can now be chosen in such a way that the region

(37) {(ey) [0 <e<eq, |yl <ys}
lies in intersection of all domains U, N {A = const}. This proves the
lemma. a

We shall say that the open set defined on (37) is the attracting region
for the restricted vector field X |p, relatively to the set V.
A function i(z, A) as in (36) will be called an nitial condition function
(for the case By < 0) if
sup [|i(0, A)[| <y
AEV 4
Finally, we can prove the following result, which defines the dynamical
center manifold.

Proposition 5.8. Suppose that By < 0. Choose an arbitrary point eq €
(0,e4) (where ey is defined on the previous lemma), and let No =
(0,e9] € R. Then, for any initial condition function i(x,A), there ex-
ists an interval N, = [0,21) C V; (0 < 21 < g), and an unique C™
function wy (x,e, A) defined on the open set N X N x V4 such that

(i) wi(z,e0, A) =i(x, A), for each (x,A) € Ny x Vy;
(i) wy € C2(NT,{e =0}, W), and
(iii) Wy = graph{y = wy(z,e, A)} is an invariant manifold.
Proof: The proof can be obtained by easy modifications on the proof of
Proposition 5.6. O

) Y

<. )

1% € 1%

FIGURE 8. Dynamical center manifolds of Proposi-
tions 5.6 and 5.8.
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As we have said on the beginning of this section, the above two propo-
sitions have an exact analogous at P_. Let us denote by W_ the corre-
sponding center manifold (depending on the initial function i), and let
N, x N x V4 be its domain of definition.

We shall say that the manifolds W and W_ which are obtained by
these constructions are local dynamical center manifolds at P, and P_.

For future reference, let us establish the following classification of the
degenerate singularity x = 0 € I', with respect to the stability of the
hyperbolic directions at the sets P_ and Py:

e the degenerate point 0 € T' is in the (u,u)-case if By, B_ > 0;
e the degenerate point 0 € T' is in the (s,u)-case if B <0, By > 0;
e the degenerate point 0 € T is in the (u,s)-case if B_ >0, By < 0;
e the degenerate point 0 € I' is in the (s,s)-case if By, B_ < 0.

Remark 5.9. Notice that the sets P, and P_ are on the boundary of
the set W~1(T'), defined on Remark 4.3. By continuity, the sign of B_
(respect. By) corresponds to the the sign of the nonzero eigenvalue at
each one of the non-degenerate singular points in I' N {z < 0} (re-
spect. x € I'N {x > 0}). Thus, the above classification corresponds
precisely to the classification made on the introduction.

6. Extension of center manifolds and the matching
region

6.1. The distance function A(e, A).

Let us consider arbitrary local center manifolds W_ and Wy at P_
and P, which are defined on domains N~, Nt = N, x N, x V4 by

W~ = graph(y = w_(x,e,A)) and W™ = graph(w = w, (z,e, A)),

respectively. Our goal in this subsection is to describe how one can dy-
namically extend the domains of definition for such invariant manifolds.

Let us just discuss the extension of W_, since the description for W+
is analogous. First of all, if we fix an arbitrary point e; > 0 € N,, the
intersection of the manifold W_ with the set {e = e;} is given by the
codimension 2 submanifold

€ = U (xvyaea-A) = (JU,’LU+(J?,€0,A),€0,A).
(2, A)ENL X V4

Since e; > 0, such submanifold is also contained in the domain U; of the
&-chart which is described on Subsection 4.2.
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If we denote by (Z, 9, £,.A) the coordinates of the &-chart, we have the
following relations

1 Y
38 T=—-, g=(-1)P=, E=u=zxe
(39) ~ g= (-1l
between such coordinates and the coordinates of the —Z-chart. Thus,
the set £ can be expressed in these coordinates by

(8,A)ENzx V4

where we define the domain
(39) N: = 1o, (N,) = {5 eRY | ei € Nw}
1

and the corresponding function

3

H(E, A) = (—1)Pey” - w, (é,A) .

On the &-projective chart, the blowed-up vector field X is given by the
expression on (19), which can be seen as a family of analytic first order
differential equations

(40) dij/di = F(z, 7,8, A).

Now, for each point ¢ € &, we can consider the solution of the initial
value problem associated to such point. Let us write this solution as
a function § = ¢(q, ), which depends analytically on ¢ and &, and let
I(q) = (—00,Z(q)) be the maximal interval of definition of such solution
(which depends continuously on the point g).

Then, we can define the saturate of ¢ under the flow of X to be the
open subset in Uz given by

W™= U y= ¢(q7‘%>'

q€8, #€l(q)

We shall say that W™ is the extension of the local center manifold W—.
We are particularly interested at those points ¢ € £ such that the
corresponding maximal interval of definition I(q) is sufficiently large.
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Proposition 6.1. There exists an open (possibly empty) subset O~ C
Nz xVy such that for each point q belonging to the restricted submanifold

R 1 - .

o= U @iad) = (g mEa.64)
(5, A)€0- 0

the corresponding mazimal interval of definition I(q) contains the ori-

gin {Z = 0}.

Proof: The result is a trivial consequence of the continuous dependence
of the solutions on the initial condition and the fact that X|y, defines a
C*> (even C¥) flow on Us. d

Let us call O~ the mazimal domain of extension of the local center
manifold W_. Geometrically, the meaning of O~ is that each solution
curve starting at a point ¢ € {|p- cuts the transversal section

S = {& =0}
in a unique point ¢’ € ¥. The correspondence g — ¢’ defines a C°° map

which is described in the next result:

Corollary 6.2. Let q be a point in |-, with coordinates

- {(5:,3],5,/1) _ G,H(g,A),é,A)},

0
and let
q =(0,9) ={(2,9,¢,A) = (0,9, £, A)}
be the unique point where the orbit issuing from q cuts . Then, the map
0" 3EA)—y eR

is a C* function Y_(&, A) on O~.
Proof: Y_(£,A) is obtained by composing the C* flow map ¢(-,0) with
the C*° map (w, A) — (%,H(é, A), &, A), and so it is clearly C>°. O

Of course, all the above arguments can be easily adapted to define
the extension W7 of the local center manifold W+. Similarly, we can

define the mazimal domain of extension O C Nz x V4 of W7 and the
corresponding transport function

Remark 6.3. As pictured on Figure 9, the graph of the functions
y:Y—(éwA) and y:Y+(év~A)

describes the intersections W~ and W, with the transversal section .
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~

FIGURE 9. The transversal section X.

The set O~ N OT is the common domain of definition of Y_ and Y.
On this domain, one can define the distance function

A:ONOT — R
A — AGA) =Y. (6 A Y (5 A

Let us define the matching region (associated to the center manifolds W
and W_) to be the closed subset in O~ NO™ where such distance function
vanishes

(41) O(W_, W) == {(&,A) € O~ NO* | A5, A) =0}

Remark 6.4. The description of the sets O, O and O(W_, W) seems
to be a hard problem. On the other hand, we shall see in the next
section that it is easier to describe the intersections of O, O~ with
the set {¢ = 0} by studying the asymptotic behavior of the Riccati
family R4 p which is given on (24).

6.2. Matching dynamical center manifolds.

Instead of fixing both dynamical center manifolds W_ and W, there
are some situations where it is better to define one of them from the
other, in such a way that they match in their common domain of defin-
ition.
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Proposition 6.5. Suppose that By < 0. Let W_ be an arbitrary local
dynamical center manifold at P_, defined on some domain Ny X Ne X V4.
Then, there exists an open (possibly empty) subset

NI x Vi C Ny xVy

where N, = [0,z(), and a unique local dynamical center manifold W
defined on the open domain

NI x N. x Vy,
(where N, = (0,€}) for some ¢y > 0), such that, if we consider the

mazimal domains of extension O, OF of W_ and W and the distance
function

A:OTNO™ =R,
then A =0 (or, in other words, the matching region O(W_, W) is the
whole set OT N O~ ).

Proof: Let Ry = {(z,e,y) | = 0,0 < e < ey, |y| < y4+} be the
attracting region associated to Py (relatively to V), which is defined
on Lemma 5.7, and let

c_.=W_nNnD

denotes the intersection of the center manifold W_ with the exceptional
divisor. In the coordinates of the &-chart, this curve is given by the graph
of the C'*° function

c_ = graph{y = y_(7, 4)}
which is defined for A € V4 and x in some neighborhood of —oc.

It is easy to prove (exactly as in the proof of Proposition 6.1) that
there exists an open (possibly empty) subset V} C V4 such that for
each A € V}, the curve c_ can be extended to a solution of the vector
field X|p which enters into the attracting region R, .

Therefore, by the continuity of the flow, we can choose a small con-
stant 2, > 0 € N, such that, restricting the domain of definition of this
manifold W_ to

[O,x’o] X Ng X VA,

it can be extended to a larger center manifold W_ ., which cuts the
transversal section X, = {e = e, }.

Possibly taking some smaller x(, > 0, we can also guarantee that the
intersection W_ o, N, is the graph of some initial condition function i
which verifies the requirements of Proposition 5.8. Therefore, it uniquely
defines a local center manifold W, at P,. This proves the result. O
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+

~

F1GURE 10. The matching of center manifolds.

Of course, we have an analogous result for 5_ > 0. In this case,
given the set V4, we can define an attracting region R_ for P_ using the
inverted vector field — X |p.

Proposition 6.6. Suppose that B_ > 0. Let W, be an arbitrary local
dynamical center manifold at Py, defined on some domain Ny X No XV 4.
Then, there exists an open (possibly empty) subset

N, x V) C Ny xVa

where N, = [0,zp), N, = (0,¢e)), and a unique local dynamical cen-
ter manifold W_ defined on the domain N, x N. x V), such that
O(Wf, W+) = 07 N O+.

7. Asymptotic behavior of the Riccati family

In this section, our main goal is to characterize solutions of the asso-
ciated Riccati family

2p—1 p—1
d , )
(42) ﬁ = Z At +y ZBjx] + Box? | + Qo v,
i=0 =0

with By, Qo € R,
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which are asymptotic to zero as x — 400, with respect to the weighted
compactification at x = o0,
+1 —1)P
PO i)
x xP

Thus, putting in more precise terms, we want to obtain conditions on
the values of the parameters A, B which guarantee the existence of
solutions y_(z) and y4(z) such that y_(0),y4(0) € R are well-defined
and

-1 1

lim XP-y_ | — | = lim XP- — ] =0.

X0 Y <X) X2 Y+ <X> 0
7.1. The linear case.

To simplify the exposition, we will start by studying a simpler linear
family
W _ gyt A Agp_ 12271 ya?

(43) ar o+ A1x 4+ Agp1x + yz*,

whose general solution from an initial point y(0) = yo can be written as:
2P+l z P+l z op_q _tPF!
y(lx) =er T (yo + Ao/ e dt 4 - —|—A2p_1/ P e pFT AL ) .
0 0
Let us calculate the asymptotic expansion of the integral
z g P+l
Ji(x) = / the” ¥ (t
0
when z — oco. Since this integral is convergent for any k, we can write
o0 P+l o0 P+l
Ji(z) = / the™ % T dt — / the™ % dt.
0 T
Now, we estimate each integral separately. From ([Di, IV.3.3.1]),
o0
/ Pre= T gt = (p+ 1)/ @r0-1p (KL
0 p+1
(where T'(z) = [;*t*~'e~'dt is the Gamma function) and from ([Di,
10.7.2)),
+p+1 1

e e — P h—p —zPtl k—p —aPtl
the” p¥T dt = 2" Pe pFT 4 o(a¥ T Pe P ),
T

(where o(f) means, as usual, some function g such that g/f tends to 0
as © — 00). Putting this together, we get
k+1 2P+! o+l

Ji(x)=(p+ 1)*HD/ @1 <?> — a" P I 4 o(abPem ST,
p
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For shortness, let us denote the constant appearing in the above expres-
sion by

k+1
44 cr = (p 4+ 1)/ (p+)—1p (—) .
(44 fi= () e
Inserting these asymptotic estimates back into the expression of y(z), we
conclude that the necessary and sufficient condition to have a solution
which does not grow exponentially for z — oo is

Yo + Agco + Ajcr + - - -+ Agp_1c9p—1 = 0.

For each fixed value of (Ag, ..., Asp_1), let us note by y(«) the unique
solution with such initial condition y(0) = yo. From the expression of
Ji(x), such solution has the asymptotic expansion

(45) yi (@) ~ —(Agz P + Ayz P 4o Ay g2
which implies that
XP.y(1/X)—0, for X —0,

as we wanted.

We now determine solutions y(x) which goes to zero as x tends to
minus infinity. First of all, if p 4+ 1 is an even number, it is easy to see
that

Ji(—z) = (=1)**1 7 (2).
So a necessary and sufficient condition to have
X?-y(-1/X)—0, for X —0
is that
Yo — Agco + -+ (—=1)* Agp_1c9p—1 = 0.

Let us note by y_(z) the unique solution such that y_(0) = yo.
On the other hand, if p 4+ 1 is odd, we obtain
p+1

Ji(—x) = (—1)k+1/ the vt dt.
0

The principal term of the asymptotic expansion for this integral (accord-
ing to [Di, I11.10.7.1]) is

2P+l

Ji(—x) ~ (=1)kHerT ghp,
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Inserting into the general expression of the solution y(x), this gives

LPt+1
y(fx) ~ yoe_F + AOxip + -+ A2p—1xp717
and we conclude that
X?P.y(-1/X)—0

for an arbitrary choice of (yo, Ao, ... , A2p—1). Thus, we have proved the
following result:

Lemma 7.1. (1) Given the linear equation (43), a solution yi(x)
is asymptotic to zero at infinity if and only if its initial condi-
tion yo := y4+(0) satisfies the linear equation

Yo + A()CO + A161 + -+ AQp_lcgp_l =0.

(2) If p+ 1 is even, a solution y_(x) is asymptotic to zero at minus
infinity if and only if yo := y—(0) satisfies

Yo — Aoco + -+ (1) Agp_1c9p1 = 0.

(3) If p+ 1 is odd, any solution y(x) is asymptotic to zero at minus
infinity.

Let us now study the more general equation

d 2p—1 p—1
(46) % = Z Aix' 4y Z Bj{L‘] + Byx? |, By #0,
i=0 =0

whose general solution can be written as

y(z) = P (y - ’ Q(t)ep(“dt>

where Q(x) = Ag + Ayx + - + Agy 12?771 and

p—1
’ E j B,_1xP p+1
P(l’):/ Bjtj +Botp dt:Bo:L’+—|— ppll' +B]§).’j—1 .
0 3
Jj=0

Proceeding as above, we must calculate the asymptotic expansion of the
integral

JP () ::/ the=P@) qt
0
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when © — oo. Suppose firstly that By > 0. Then, this integral is
convergent for any k, and we can write

J,f(:c):/ tke_P(t)dt—/ the=PMqy,
0 T
The first term of this expansion,
(47) Ci(B) :== / the=PMqt
0

is C*° function of the parameters (By, ... ,Bp_1) € RP, and is such that
Cr(0) = ¢,/BF/ @D From ([Di, 111.10.7.2]),

S -P -P
/ the= PO gt = 67(23) Lo 67(36)
. P'(z)x—k P'(z)x—F
= Boxk*pefP(fr) + O(Ik*pefP(w))’
and so,

JF () = Ck(b) + Boa*Pe P@) 4 o(zh—Pe=P @),
On the other hand, supposing that By < 0, we get ([Di, I11.10.7.1])

—P(z) —P(z)
P, € e
5@ = g +o ()

= (=By)xFPe @ 4 o(gh—Pe=P@)),

Thus, as in the previous lemma, we proved the following:

Lemma 7.2. Given the linear equation (46), the necessary and suffi-
cient conditions to have a solution y(x) such that

. - _
)1(1310)( y+(1/X)=0
are the following:
(i) If Bo > 0, we shall have
(48) yo + CoAg + C1A; + -+ Cop_1 Az, 1 =0,

where yo = y+(0) and the Cy, = Cy(B) is the function on (47).
(ii) If By < 0, any solution is asymptotic to zero.

Making the obvious modifications to study the behavior at x = —oo,
we obtain the following result:
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Lemma 7.3. Given the linear equation (46), the necessary and suffi-
cient conditions to have a solution y_(x) such that

. P, (L _
)1(1§0X y-(-1/X)=0
are the following:
(i) If Bo > 0,
(a) If p+ 1 is even, we shall have
(49) Yo+ CoAo + -+ + (—1) T CrA + -+ + Cp_1 4,1 =0,

where yo = y4+(0).
(b) If p+ 1 is odd, any solution is asymptotic to zero.
(i) If By < 0,
(a) If p+1 is even, any solution is asymptotic to zero.
(b) If p+ 1 is odd, we shall have

Yo + CoAo + -+ + ()" CrA, + - + Cop_1Agp_1 = 0.

p+ 1 even p+ 1 odd

By >0

. By <0
P NN

Ficure 11. The four possible situations with their
compactifications at +oo.

Remark 7.4. (1) Geometrically, the solutions y_ and y4 can be inter-
preted as traces of center manifolds W_ and W, on the exceptional
divisor. Indeed, from the change of coordinates given on (38), it
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is immediate to see that y_ (respect. y) is a local center mani-
fold for the restricted vector field X|p, on a neighborhood of P_
(respect. Py).

(2) The above results show the uniqueness of y_ when (—1)P*1By < 0
and the uniqueness of y, when By > 0. This provides an alterna-
tive proof of the uniqueness part of Lemma 5.2.

(3) Also, the lemmas above distinguish four possible situations, which
can be easily related to the classification of the degenerate singu-
larity made on the previous section:

e By >0 and p+ 1 even corresponds to the (s, u)-case;
e By >0 and p+ 1 odd corresponds to the (u, u)-case;
e By < 0 and p+ 1 even corresponds to the (u,s)-case;
e By <0 and p+ 1 odd corresponds to the (s,s)-case.

The distance function on the (s,u) case. Notice that the (s,u)
case presents the following particular feature: For each (4,B) € R3
there exist unique solutions y; and y_ which are asymptotic to zero at
x — 400 and x — —o0, respectively. Such solutions are determined by
their initial points,

y+(0) ==y N{z =0}, and y_(0)=y-_nN{z=0},

which must satisfy the equations (48) and (49), respectively.
Based on this remark, there exists a well-defined function on the (s, u)
case,

é(a,b) == y+(0) —y-(0),

which measures the distance between the points where the solutions y
and y_ intersect the line {x = 0} . From (48) and (49), it is easy to see
that §(A, B) is the C* function on R3P given by

(50) 5(A, B) = -2 CO A() — 202 A2 — = 20217,2 Agp,Q

(the sum taken over all even terms).

7.2. The nonlinear case.

We study now the general Riccati family (42) for Qg # 0. Here, we
will not be able to be so explicit as in the linear case. Indeed, due to the
appearance of the non-linear term Quy?, we can have solutions which
escape to infinity at finite time.
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Example 7.5. For instance, the unique solution of (42) which is asymp-
totic to zero for By = Qp = 1 and the parameter values

Ap-1=1,
A; =0, (for0<iz£p—1<2p-—1),
B;j=0, (for0<j<p-1)
is given by y(x) = —1/x. Such solution escapes to infinity at the time

x=0.

In the rest of this subsection, we prove that such kind of phenomena
can be controlled if we restrict ourselves to a sufficiently small neighbor-
hood of the parameters {A = B = 0}.

Let U € (R®,0) be an open neighborhood of {A = B = 0}, and let
us suppose that, for each (A, B) € U, one associates two solutions of the
Riccati family,

(51) y(_A’B): U_oo — R, and ySrA’B): Usx — R,
such that:
o U_,,Usx C R are neighborhoods of —oo and 400, respectively;

. ySrA’B)(;v) and ySA’B)(x) depend continuously on (A, B) € U;

e these solutions have the asymptotic behavior

. p.oAB (1) _ p.AaB) (1Y) _
(52) )1(1210)( Y+ (X) )1(1210)( Y- (X> 0

for each (A,B) € U.

Our goal is to control the escape time of such solutions.

Lemma 7.6. Let us suppose that B < 0 (respect. By > 0). Then,

given any arbitrarily large constant K > 0, there exists a smaller neigh-

borhood N = N(K) C U of {A = B =0} such that for each (A, B) € N,

the solution y(_A’B) (respect. yg_A’B)) can be extended to the interval x €

(—o0, K] (respect. € [—K,0)).

Proof: If we suppose that B_ < 0, the solution y(_A’B) is necessarily

unique for each (A,B) € U. Indeed, as we have already mentioned,
solutions of R4 p which have the asymptotic behavior indicated on (52)
can be seen as intersections of local a center manifold W_ at P_ with
the exceptional divisor. Thus,

y(,A’B) =W_nND,

(A,B)

which implies, from Lemma 5.2, that y is unique.
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For (A,B) = (0,0), y(x) = 0 is a solution of R4 . So, by the

uniqueness
0,0 _
vy )(x) =0.

Since this solution is defined for all z € R, the result follows by the
continuous dependence of the center manifold on the parameters A, B.
(A7B) 3
The argument for y7 is analogous. O
In the cases where it is not possible use this uniqueness argument, we
have to be more careful in studying the escape time of a solution of the
Riccati differential equation Ry g.

The escape time. If we let A = B = 0, the Riccati family takes the
form

d
(53) Y By + Q2

Fix an arbitrary point xg € R. Then, for the initial condition y(zg) =0
this equation has the trivial solution y(z) = 0. For y(zg) = yo # 0, we
can obtain the explicit solution

ot
eBo pp+1
y(w) = 1 r Lt
— — Q / BT gt
yo xo

Thus, it is easy to see that such solution y(x) escapes to infinity at a
finite time 1 € R if and only if

z1 P+l 1
(54) Qo/ BTt = —.
zo Yo
Such point z7 is a function of xg, yg, By and Q.
In the next two lemmas, we consider the asymptotic behavior of the
analytic function

T p+1
L(z,x9) := Qo/ PO T dt.

o
Lemma 7.7. Suppose that p+ 1 is even and By < 0. Then,
B, LzalP ! )
—Ae 0 piT < Lz, mg) < 2, if Qo >0

lwg|PH!

AeBo T > L(z,z0) > =2\, if Qo <O.
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(i) If 2 > 0,

lzg Pt
—2X < L(x,20) < AeP mrr . if Qy >0
‘IO‘P‘Fl

2X > L(z,x0) > —XePo eI if Qo <0,
where X := ¢o|Qol - \BO|_ﬁ, for the constant co defined in (44).
Proof: Let us suppose that xg > 0 and that Qg > 0. Then, for all

—0 < x < x9, we have

v By t2tt > BottL 5T
Q[ HoFTdt>—-Qy [ BT dt = —2¢0|Q| - |Bo| 7,
x

0 —0o0

(by the definition of ¢y and the fact that p + 1 is even).
On the other hand, if x > zy, we make the change of variable u =
t — zg, and get

zg)PH!

r=To B (ut
L(z,zg) = QO/ e’ T du.
0

Now, since u > 0 and zg > 0,
1
(u+x0)p+1 > Pt —|—ajg+ ,

and, using the fact that By < 0,
r—xo wt )P+l 2Pl [e’e) WPl 2Pl
Qo/ ego%dquoeBO%/ BoSFT dy = A BT
0 0
This proves (ii). The proof of (i) is completely analogous. ]

In a similar way, we can prove the following estimates:

Lemma 7.8. Suppose that p+ 1 is odd. Then,
(i) If[Qo >0, Bop >0 and zo < 0] or [Qp <0, By <0 and z¢ > 0],

2Pt
L(z,x9) > “MeBowrT,

(ii) If [Qo < 0, By > 0 and z¢ < 0] or [Qp > 0, By < 0 and xy > 0],
Lpt1
L(z,x0) < AePorm,

where A is the constant defined in the previous lemma.

Proof: 1t is completely analogous to the proof of Lemma 7.7. O
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<0 p—+1even
—
B>0
p+1odd
,,,,,,,,,,,,,,, |
Qo >0

FIGURE 12. The six possibilities where we can bound L(z).

As a consequence of these estimates, we have the following result:

Corollary 7.9. Let y(z) be a solution of (53). Suppose that there ex-
ists a point xg € R in the interval of definition of y(x) such that the
data [Qo, Bo, xo, yo| satisfies one of the following conditions:

(i) If p+ 1 is even, By < 0, and
(a) [Qo >0, x9 <0] or [Qp <0, xg > 0], and

1 |zg|PT?!
[Bo| —7—
PR > —_

oX > y(zo) )\ e

(b) [Qo <0, 29 <0] or [Qg >0, zg > 0], and
1 1 =
—gy <¥0) <5 elBol 5,
(ii) Ifp+1 is odd, and
(a) [Qo >0, By >0, 29 <0] or [Qo <0, By <0, zg > 0], and
‘\mow

1
0> y(xo) > — el®
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(b) [Q0<0, Bo>0, xOSO] OT[Q0>O, Bo<0, JJQZOL and

1
lzgPT

0 <y(zg) < %e‘BO‘ P

Then, the solution y(x) can not escape to infinity at finite time.

Proof: Indeed, in these three cases, the above two lemmas show that
there can be no 1 € R which solves the equation (54). ]

Finally, we can extend the result of Lemma 7.6 as follows:

(AB) and y(f’B) be as in (51). Suppose that there

Lemma 7.10. Lety
exists a point xy € U_o (respect. xg € Uy,) such that the value ofy(,A’B)

(respect. yg_A’B)) forx=x9 and A= B =0,

y(wo) =y (wo)  (respect. y(xo) ==y (x0))

verifies one of the conditions of Corollary 7.9. Then, for each arbitrar-
ily large constant K > 0, there exists some smaller neighborhood N =
N(K) Cc U of {A = B = 0} such that, for each (A,B) € N, the solu-
tion y(_A’B)(z) (respect. yiA’B)(x)) can be extended to a solution of Ra p

which is defined for all x € (—o0, K| (respect. x € [—K,0)).

Proof: This is an immediate consequence of the above results. Indeed,
if we suppose that no such neighborhood N exists, the continuity of

y(iA’B)(m) with respect to (4, B) would imply that yf’o) escapes to in-
finity at finite time. This would contradict Corollary 7.9. O

The distance function in the (s,u) case. By variation of parame-
ters, the general solution of (42) can be (implicitly) written as

(55)  y(z) =eP@ <y0+ /0 “om + Qoy(t)2>e—P(t)dt>,

where Q(z) = Ag + Ayx + - + Agp 12?7~ and

Bp_l.lip Bol‘p+1

D p+1°

P(z) = Boz + -+
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d
£:a0+a1x+a2x2+m3y+y2

FiGURE 13. Possible phase portraits as ag varies, with
a1 = az = 0 keep fixed.

Let us now study the (s,u) case (i.e. B < 0 and By > 0). If we let
K = 0 on Lemma 7.6 we know that there exists a neighborhood N C R3P
of {A = B = 0} such that, for each (A, B) € N, there exist unique
solutions

y(_A’B) and ys_A’B)

which have the asymptotic behavior (52), and which are defined for all
x € (—00,0] and = € [0,00), respectively. Thus, we can consider the
distance function

(56) d: N — R
A,B A,B
(4,B) — {70 -y (0)
as we have done in the study of the linear case.
Let us study the behavior of such function near {A = B = 0} by
considering the quantities

I,(A,B) ::/ e_P(x)ySrA’B)(aj)zdm and
0

I_(A,B) ::/ e*P($)y(_A’B)(x)2dx.
0

From Lemma 5.2, we know that the curves yiA’B) and y

C*-ly on (4, B), and so, I and I_ belong to C*°(N).

(A,

B) depend
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If (0,B) is a point in M = {A = 0}, then obviously yf’B)(x) =
y@’B)(x) =0 and I,(0,B) = I_(0,B) = 0. Since I, I_ > 0 are
positive functions, this implies that

aL, oI, oI, au) _0....0)
A0 By 9By 0By ) gy~ O

VI, (0,B) = (

(and similarly VI_(0, B) = 0).

Choose now a parameter (A, B) € N. Then, according to the integral
equation (55), since y(A’B)(x) exists, we necessarily have (making the
compactification z = 1/X, y = Y/X? and letting X — 0),

(67 0=4""(0) + Codg+ -+ Cop1Azy 1+ Qo - 4 (A, B),

where C; = C;(B) are the functions defined on (47). In a similar way,

(58) 0= yEA’B)(O) —Coag + -+ (—1)k+1Ckak —+ -4 Cgpflagpfl
+ QO ' I—(AvB)

Subtracting (58) from (57) we conclude that the separation function is
given by

(A, B)=—2CgAg — -+ — 2Cqp_2A49, o+ Qo - [-1+(A,B) + I_(A, B)],
and this proves the following result.

Lemma 7.11. On the (s,u) case, the distance function 0 is defined on
a sufficiently small neighborhood N C R3 of {A = B = 0}. Moreover,

06
0As

=—-2Cs +0O(A) on N,

for each even indexr s =0,2,...,2p — 2.

Proof: This is trivial, since VI |{a—oy = VI_|[{a=0} = (0,...,0). O

8. Estimating the matching regions

Let us now use the asymptotic analysis of the Riccati family in order
to describe the regions O, O~ and O(W_, W, ) which have been defined
on Section 6.
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8.1. The (s,s), (u,s) and (u, u)-cases: Open matching regions.

Lemma 8.1. Assume that By < 0, and let W_ be local center manifold
at P_, defined on a domain N, X Ng X V4. Suppose that A = 0 belongs
to V4 and that

y O = W_ Dl gy

is a solution of the Riccati family Ra p which does not escape to infinity
at finite time. Then, there exists a matching center manifold W, defined
on a domain N}, x N/ x V} according to Proposition 6.5, such that the
matching region O(W_,W,) contains an open neighborhood U of the
origin {€ = A= 0} in Rt x R™.

Proof: Using the notation of the proof of Proposition 6.5, it suffices to
guarantee that W_ ND cuts the transversal section X, .

From Lemmas 7.6 and 7.10 this is clearly true if A = (A, B, A,) is
taken in a sufficiently small neighborhood of {A = B = A, = 0}. O

Of course, we have the similar matching result in the case B_ < 0.

Lemma 8.2. Assume that B_ > 0, and let W be local center manifold
at Py, defined on a domain Ny x Ne x V4. Suppose that A =0 belongs
to V4 and that

y Y = Wy N Dlacgy

is a solution of the Riccati family R4 p which does not escape to infinity
at finite time. Then, there exists a matching center manifold W_, defined
on a domain N/, x N. x V} according to Proposition 6.6, such that the
matching region O(W_,W,) contains an open neighborhood U of the
origin {¢ = A= 0} in RT x R".

Remark 8.3. On the special case where R4 is a linear differential equa-
tion (i.e. if Qg = 0), no solution of R 4 escapes to infinity at finite time.
This implies that we do not need to restrict ourselves to a neighborhood
of {£ = A =0}. In fact, from Subsection 7.1, it is easy to prove the fol-
lowing: On the hypothesis of Lemma 8.1 (respect. Lemma 8.2), suppose
that Qo = 0. Then, for an arbitrary open set VA’B C R3P whose closure
is contained in V, N{A, = 0}, there exist sufficiently small domains

Nal:aNe/ C R+7 and V./{M € (Rn_3p70)’
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such that a matching center manifold W, (respect. W_) can be defined
on the domain Ny x Nix (Vi g x V) ). In particular, the matching
region has the form

OW_,Wy) = N2 x (Vi g x V4 )
for a sufficiently small domain Nz = [0,&p) C RY.

Thus, combining Propositions 6.5 and 6.6 with the above results, it
is immediate to conclude the following

e In the (u,s) or (s,s) cases: given any center manifold W_ at
P_, which verifies the hypothesis of Lemma 8.1, one can uniquely
define a center manifold W, at P, such that the matching re-
gion O(W_, W, ) is an open neighborhood of {&¢ = A = 0}.

e In the (u,u) or (u,s) cases: given any center manifold W, at
P, which verifies the hypothesis of Lemma 8.2, one can uniquely
define a center manifold W_ at P_ such that the matching re-
gion O(W_,W,) is an open neighborhood of {& = A = 0}.

For shortness, we shall use the notation
W_ — W+

to indicate that the center manifold W_ at P_ induces a matching center
manifold W, at Py. Correspondingly, we shall denote by W, — W_ the
matching of a center manifold W_ at P_ to a given center manifold W
at P;. Thus, we can shortly summarize the above results by the following
schema:

e On the (s,s) case: W_ — W,;
e On the (u,u) case: Wy — W_;
e On the (s,u) case: W_ — W, and W, — W_.

8.2. The (s, u)-case: Matching region as a graph.

In contrast to the previous cases, in the (s, u)-case the matching re-
gion O(W_,W,) is a thin set (i.e. it has empty interior). Indeed, let us
see that, in a sufficiently small neighborhood of {¢ = A = 0} it is the
graph of a C'* function.

First of all, we prove that the distance function A can be defined in
a sufficiently small neighborhood of {¢ = A = 0}.
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Lemma 8.4. Suppose that we are on the (s,u)-case. Let W_ and W
be local center manifolds at P_ and Py, respectively, which are defined
on a common open domain

Nz X No X V4.

Suppose that A = 0 belongs to V4. Then, the common domain of maxi-
mal extension of these center manifolds

O NO*T C Nz x Vy
(where Ng := e, (Ny) is defined as in (39)) contains an open neighbor-
hood U of the origin {€ = A = 0}.

Proof: Tt follows directly from Proposition 7.6 if we let K = 0. Indeed,
for (A, B, A,.) in some open subset N C V4, suppose that y_ = W_nND
and yy = W, ND are solutions of the Riccati family R4 p which cut
the transversal section ¥ = {x = 0}. Then, the center manifolds W_
and W, also cut transversely the section X, provided that we restrict €
to some sufficiently small neighborhood of zero. O

Thus, the distance function A: O~ N OT — R is defined on such
neighborhood U of {¢ = A = 0}, and we can prove the following result:

Proposition 8.5. Let us keep the notation of the previous lemma and
fix an arbitrary even inder 0 < s < 2p — 2. Then, there exists some
smaller neighborhood of the origin Us C U and a C*° function

a,: U, >R, a,0)=0

defined on Uy := U, N{As = 0}, such that the restriction of the matching
region O(W_, W) to Us is given by the graph of as,

O(W_,W4)NU, = graph{A, = a (¢, A, B, A,)}
where A 1= (Ao, ..., As—1, Ast1, -y Agp1).
Proof: Recall that the matching region is defined by
OW_,Wy):={(,A) € 0" NOT | A(§, A) = 0}.

If we restrict to Dy = {€ = A, = 0}, the separation function A is given
by

A0, A) = 5(A, B)

where §(A, B) the function defined on (56). Thus, result follows directly
from Lemma 7.11 and the Implicit Function Theorem. O



ON THE EXISTENCE OF CANARD SOLUTIONS 563

9. Blowing-up and blowing-down center manifolds

In this section, we will consider the blowing-down of the matching
regions. These regions will define the domain of existence of local canard
surfaces near the degenerate singularity.

Let us consider again the notation of Section 4. Thus, we let (x,y,,.A)
be coordinates on an open subset U = U, x U, x U, x Uy, where
U, € (R,0) is an open connected set, U, = R, U. € (R",0) and
U € (R™0). Let

0 0
X_E%+F(x7y76a"4)a—y

be a singular perturbation family on U, such that T' = {y = ¢ = A =
0} ~ U, is a curve of singularities. We suppose that z = 0 € T is an
isolated degenerate singularity with multiplicity u(X) = p.

Further, we suppose that Transversality Hypothesis holds at = = 0,
and that A = (a,b, A,) are the adapted parameters. Thus, we can
consider the blowing-up map

.U —-U

which is defined on Subsection 4.1.

Let us denote by (Z,9,¢, A, B, A,.) € Us the coordinates of the &-chart
which is associated to the blowing-up. Recall that, in these coordinates,
the map ® is defined by

T=€Ex
y=étg
(59) O, = g =¢rtl

a; =171 A;, for0<i<2p—1,
bj=ePIB;, for0<j<p-1.

Thus, restricted to the variables (e,a,b,A;), we have the polynomial
map

(60) ¢: (£, 4A;,Bj, A) — (g,a5,bj, A,) = (P71 82P70 A, 8P B, A,),

where, 0 <7 <2p—1land 0<j<p-—1.
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Similarly, if we denote by (&,9,e, A, B, A,.) = (a?,g),e,ﬁ) € U_ze
(respect. Uy ) the coordinates of the (—xz.)-chart (respect. z.-chart),
the blow-up map @ is given in these coordinates by

e
y =ity
(61) Oy, = e= 4p+1 gp+1

a; = i,Qp—z e2p—zAi,

L — AP—J oP—I .
b; = 2P~7 P~ By,

and, for each fixed £ = Zy > 0, the blowing-up restricted to the vari-
ables (e,a,b, A,) is the polynomial map

Lp+1
E=$g+ ePtl
~2p—i 2p—i
a; =13y e A;,
$s,: (e, Ay, Bj, Ar) = P p—j
o p—i R.
bj =&, ' e’ By,
Ar - Ar

(notice that ¢z, is a diffeomorphism outside the set {e = 0}).

Recall from Section 3 that, given any non-degenerate point zyg € I’
(zo # 0) and any open subset V C U. 4 N {e > 0}, we can consider an
initial condition function

i€ O, (V. {e = 0}, Way,)

for X at xo. From Proposition 3.4 it follows that, given any point z1 # xg
on I', such that

o If B;, >0, 21 < zo,

o If B, <0, 21 > o, and

o0&y 4,

There exists a unique dynamical center manifold
W(lzy,2,) = graph{y = w(z, e, A)}

defined over I'y, ,, xOr (where Or C V), such that w(zo, &, A) =
i(e, A).

Let us prove that, under appropriate hypothesis, this center manifold
can be extended by blowing-up.

TQO,T] T(g,Tq



ON THE EXISTENCE OF CANARD SOLUTIONS 565

Lemma 9.1. Suppose that B_ := (—1)PBy < 0 and that xg < 0. Define
Zo = —xp, and suppose that there exist open subsets Vo, = (0,eq) and
V; = Vap x Va,, where e >0, Va g C R has a compact closure and
Va, C (R"=3P,0), such that
Vex VaCopl(V),
and &g € V,; (where V" is the set defined on Lemma 5.3). Then, the map
- 1 ~
I(e, A) := (A—p> i0 ¢z, (e, A)
Lo
is an initial condition function for X at P_, on the domain V, x Vi
Proof: Tt suffices to verify that that
IeCg,. (Ve x Vo {e=0},W_3,)

where, we recall, I//V\_@O denotes the formal expansion of the center man-
ifold of the blowed-up vector field X over P_.
Notice that, by the uniqueness of these formal series expansions (see

Lemmas 3.2 and 5.3), it is easy to see that W_@O is precisely given by
the blowing-up of the formal series Wy, i.e.

—~ 1\ ~
W_ z,(e,A,B) = <£—p> Wi, © b3, (e, A, B).
0
Thus, the result follows easily from Proposition 2.9. O

Remark 9.2. According to Proposition 5.6, this initial condition func-
tion I(e,.A) uniquely defines a center manifold W_ at P_ (on some ap-
propriate sub-domain). We shall say that such W_ is an extension of

the center manifold W (T'y, 4 )-

Reciprocally, let W_ be a center manifold at P_, defined by the graph
of a C*° function

-~

g = w*(‘%’ e? A)’
with domain Nz x N, X VZ’ If we fix g > 0 € N;, and define

-~ -~

I(e, A) = w_(&o,e,.A),
we have the converse to the above lemma:
Lemma 9.3. On the above notation, the map
i(e,a,b) == (&h) o ¢;01 (e,a,b)

18 an initial condition function for X at xg = —2Zg, with domain of
definition V= ¢z,(Ne x V7).
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Proof: The argument is exactly the same which we have used on the
proof of the previous lemma. O

Remark 9.4. Notice that, contrary to Lemma 9.1, the above lemma
makes no hypothesis on the sign of 5_.

Of course, we have analogous results for By. Namely,

Lemma 9.5. (1) Suppose that BL > 0 and that xo > 0. Then, the

map

is an initial condition function for X at Py. Its domain of defin-
ition can be chosen to be any open subset Vo x V4 C G- (V) with
compact closure.

Conversely, let W, = graph{g = w4 (Z,e, A)} be a center mani-
fold at Py, with domain Nz x N, X sz, and choose an arbitrary

-~

point &g > 0 € Ni. Then, if we let I(e, A) := wy(Zo,e, A), the
function

i(e, a,b) := (#h)1 0 ¢ (¢, a,b)

is an initial condition function for X at xqg = Tg, with domain of
definition V = ¢z,(Ne x V7).

Let us denote by I'g,I's¢g C I' the open intervals on I' defined by

Teopi={2€U,|x2<0} and Tsg:={zxe€U, |z >0}

Then, the above lemmas imply the following result:

Blow-up
~— ™
r 0 T P_
S 7 * AA—————
= / % W
w(T) -

FIGURE 14. For B_ < 0, W(I) extends to a center
manifold at P_.
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Proposition 9.6. Suppose that B_ < 0 (respect. By > 0), and let W (T
be any center manifold with domain I' x O, where

I cTo (respect. I c I'so)

-~

is a compact connected subinterval and O C {(e, A) | € > 0}. Then, for
any sufficiently small positive constant o = |xo| € U, and any open
subset with compact closure Ve x V3 = (0,€0) x (Va,p x Vaa,) such that

Ve x V4 C ¢3:1(0),

there exists a smaller constant 0 < ey < eg such that W(f) uniquely
extends as a center manifold W_ (respect. W) at P_ (respect. Py ) with
domain of definition

N3z x Ng X VX’

where Ng := (0,e1) and N; := [0, &)

Proof: From Lemmas 9.1 and 9.5(1), we know that the function i(e,.A)
whose graph is given by

W) N{z =z}
is (after the pull-back by ¢;,) an initial condition function for X at P_
(respect. Py ). Thus, the result follows from Propositions 5.6 and 5.8. O
For shortness, we shall use the (self-explaining) notations

(62) W(Teo) =" W_ and W(Dso) 22" W,

to summarize the results of the above proposition.
Similarly, we obtain the following result:

Proposition 9.7. Let W_ (respect. W, ) be any center manifold at P—
(respect. Py ), with domain Nz X Ne x V. Suppose that B > 0 (re-
spect. By < 0). Then, for any positive constant g > 0 € N, and any
compact subinterval

Ic Iy (respect. rc <o),

there exists a neighborhood N C U, x Ug of {e = A = 0} (depending
on T') such that W_ (respect. W) uniquely extends as a center mani-
fold W(T), over the domain T’ x O, where

O := ¢, (Ne x V) N N.
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Proof: Tt suffices to consider Lemmas 9.3 and 9.5(2).

Notice that the hypothesis B_ > 0 (respect. B; > 0) implies that
B, > 0 (respect. B, < 0) for any < 0 € U, (respect. z > 0 € Uy,).
Thus, we can apply Proposition 3.4 to conclude. O

As in (62), we shall use the notation

(63) W= W) and Wy TS W)

to refer to results of the above proposition.

10. Existence of canard surfaces
(with Transversality Hypothesis)

We are now ready to prove the main results of this paper. On the
following enunciates, let X be a singular perturbation family of transition
type, defined on a domain (z,y,¢, A) C U, x U, x U. x Uy. Further,
suppose that

(a) = =0 is the unique degenerate singularity on
''={y=e=A4=0},

with multiplicity u(X) = p.
(b) X satisfies the Transversality Hypothesis at = 0.
Thus, up to a diffeomorphism on the space of parameters, we can suppose
that
(,A) = (e,a,b, A;) € Uc 4

are adapted parameters.
Below, we let V' C {e > 0} be an open subset in U, x U4 such that
there exist positive constants S, R > 0 for which

(64) {0<e< S, Al <R}CV.

Also, we let T be an arbitrary compact connected subset of I' which
contains x = 0. Such I' can be expressed as a closed subinterval

I'= [xo,.’lil]

where xg, 21 € U, and g < 0 < 7.
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10.1. Canard regions on (s,s) and (u,u) transitions.

Our first result is the following:

Theorem 10.1. Suppose that the degenerate point x = 0 is either in the
(s,8) or (u,u) case and that X verifies the Transversality Hypothesis at
this point. Further, leti € Cge, (V,{e =0}, Wy,
for X at xinit, where Tinig 18 chosen as follows:

) be an initial condition

e In the (s,s) case, Tinit = To;

e In the (u,u) case, Tinit := 1.

Then, there exists an open semi-analytic set of the form

O<e<r

(65) o= Al =s
r la;|PTL < Kyle|?P%, for0<i<2p—1

b;|PTY < ile[P~9,  for0<j<2p-—1

(defined by strictly positive constants r, s, k; and l;), and a unique C*>
function

w: fx(’)F — R
(x,(e,.A)) L y:w(:c,s,A)

such that
(1) (i £, A4) = i(e, A), for each (¢, A) € O;
(ii) W(T) := graph{y = w(x,e, A)} is an invariant set for X ;

(iii) w has a continuous extension to the closure of I' x Og, in such a

way that w(x,0,0) = 0. Moreover, such extension is C™ at each
point

(z,¢,A) € T x Ox

such that © # 0 or € # 0, and blow-up C* at {r = ¢ = 0}
(according to the definitions of Section 2).

Proof: Let us suppose that = 0 is in the (s, s)-case. The proof on the
(u, u)-case is completely analogous by reversing the sense of the flow.
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We construct the pair (OFV, w) in three steps, which can be schemati-
cally represented as
B_<0

(1) W<y — W_,
(2) w_ P50 W, and

B
3 Wy ES W),

Let us describe each step in details.
Step (1): From Proposition 3.4 we know that, for each z{, € U, with
ro < IE6 <0

there exists an open neighborhood Ny C U 4 of {¢ = A = 0} and a
unique C'* function wy(z, €, A) defined on T'g x Op, where T'g := [z0, x()
and Oy = V N Ny, such that

(a) wo(zo, e, A) =i(e, A) for each (g, A) € Op;
(b) W(I'g) := graph{y = wo(xzo,¢,.A)} is an invariant set;
( ) wo € COO(FO X Oo,{€ = 0} W)
By hypothesis (64), if we let & = |z(|, the set
(b;&l(OO)

contains a neighborhood of {e = A= 0} on the coordinates of the
(—x¢)-chart. Therefore, since B_ < 0, it follows from Proposition 9.6
that (for |zj| sufficiently small) the center manifold W(T'y) uniquely
extends as a center manifold

W_ = graph{j) = @_(&,e, A)},
at P_, defined on a domain of the form
Ni x Ne x Vg, where N; = [0, 2], Ne = (0, e0)
and V3 is an open neighborhood of {A = B = A, = 0}.

Step (2): Since By < 0, it follows from Lemma 8.1 that, associated to
W_, there exists a unique matching center manifold at Py,

W, = graph{j) = @, (2, ¢, A)}
defined on a domain of the form
N, x N/ x V;T, where N} = [0,2}], N. = (0,e1)
!
and VX C V;‘\.
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Furthermore, if we let (Z,9,¢, A, B, A,) denotes the coordinates of
the é-chart, the matching region O(W_, W, ) contains an open neigh-
borhood of {& = A= 0} in Ué,}(' Thus, one can choose strictly positive
constants r, s, k; and [; such that the set

O<e<r,
|~Ar|<57
|A;| < ki for0<i<2p-—1
|Bj| <, for0<j<p-—-1

(66) Q=

is strictly contained in O(W_, W, ). Moreover, in the coordinates of the
&-char, one can write

W_ =W, = graph{y = w(Z,¢, A)}
for some function w € C*°(R x O(W_, W,)).

Step (3): From Proposition 9.7, there exists a neighborhood Ny C U 4
of {e = A = 0} and a unique C'*° function w; (z, ¢, .4) defined on I’y x Oy,
where T'y := [z, 21] and
o / /
O1 = ¢z (Ng VX) NNy
such that W, uniquely extends as a center manifold
W(Fl) = graph{y = w1 (I7 & A)}a
over the interval T'y, for a function w; verifies the same properties (a),
(b) and (c¢) which are verified by wg.
Let us now consider the open set
Or = »(Q)

where ¢ is the polynomial map on (60). Easy computations show that
OF is the semi-analytic set given on the enunciate. Moreover, if the
constants r, s in (66) are chosen sufficiently small, it is clear that

OFCOQQOL

On such domain, we can consider the blowing-down of the functions w,
w and wWy. In terms of the coordinates (x,y,¢,.A), such blowing-downs
are given, respectively, by

Y= ’LU_(I,é‘,.A) = |x|p : @—(|x|a¢j_61(€7“4))
y=w(z,e, A) =P/ P G(get/(PHD =1 A))
y=wq(z,e,A) =2 wi(z, qb;,ll(E,A)).
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Therefore, by construction, there exists a function w € Coo(f X Of)
which is defined as

w(z,e, A) == wo(z,e, A), forx € [xg, (]
w(z,e,A) == w_(z,e,A), forz € [x],0)
w(0,¢,4) :=w(0,¢,4), forxz=0
w(z, e, A) :=wy(z,e,A), forz e (0,2]]

w(z, e, A) == wi(z,¢e,A), forzx e [z],z].
The graph of such function clearly defines an invariant set for X. More-
over, since OF is semi-analytic (and, in particular, subanalytic), Lem-
ma 2.8 easily implies the extension properties listed on item (iii) of the
enunciate. This proves the theorem. O

Remark 10.2. In view of Remark 8.3, there exists a particular case where
the above theorem can be strengthened as follows: Suppose that

Qp=0

(where Qg is the constant defined on (12)). Then, the region Ox defined
in (65) exists for an arbitrary large choice of positive constants k;, 1;,
provided that we choose r,s > 0 sufficiently small.

10.2. Canard regions on (u,s) transition.

Theorem 10.3. Suppose that the degenerate singularity at © = 0 is in
the (u,s) case, and that X verifies the Transversality Hypothesis at this
point. Then, there exists an open semi-analytic set

O<e<r
A <s
ro la;|PT < Kyle|?P~% for0<i<2p—1
[P < UjlelP=7, for0<j<2p—1
(defined by strictly positive constants r, s, k; and l;), and a unique C*
function
w: T x (91: — R
(z, (E’A)) — Y= ’LU($7E,A)

such that

(1) ’lU(O, & A) =0;

(ii) W(T) := graph{y = w(z, e, A)} is an invariant set for X ;
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(iii) w has a continuous extension to the closure of I' x O, in such a

way that w(x,0,0) = 0. Moreover, such extension is C* at each
point

(z,6,4) €T x O
such that x # 0 or e # 0, and blow-up C* at {x = = 0}.

Proof: The proof is very similar to the proof of Theorem 10.1. Here,
instead of fixing the initial condition function at some non-degenerate
point xinie # 0, we firstly construct local matching center manifolds W_
at P_ and Py, respectively, and then extend these manifolds to the
regular segment I\ {0}.

Thus, the construction of the pair (OF7 w) is now made on the follow-
ing steps:

w2,
B_>0

(2) W_ e W(F<O),
B+<0

3) Wy — W(lso).
Let us briefly describe each step.

Step (1): First of all, consider the coordinates (Z, 9, &,.A) of the &-chart
and an arbitrary C'*° function

y=1(,A),

defined on some open neighborhood U of {&¢ = A = 0}, such that
1(0,0) = 0. Then, it follows from Lemma 8.2 that, possibly restrict-
ing U to some smaller neighborhood, the following holds: There exist
unique center manifolds W_ at P_ and W, at Py, both defined on a
domain of the form

NI x N} x V;T, where N, = [0, z(], N = (0,&p]

and V;T is an open neighborhood of {4 = 0}, such that

e UC O~ NOT, and

e W_NX=W,NY=graph{y = I(, A)} where & = {z = 0}.
In other words, the matching region O(W,, W_) contains U. R

In particular, if we consider the identically zero function I(€,.A) =0,
there exist matching center manifolds W_ and W, such that

w_nE=w.nx={y=0}
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for (£, A) in some small neighborhood of {& = A= 0}. Thus, we can
find sufficiently small strictly positive constants r, s, k; and [; such
that a set Q, defined like in (66), is strictly contained in the matching
region O(W_,W,).

Steps (2) and (3): Using Proposition 9.7, we can uniquely extend the
center manifold W_ (respect. W, ) as a center manifold over the inter-
val Ty = [zg, x(] (vespect. I'y = [2], 21]),
Wy := graph{y = wo(z,¢, A)}
(respect. Wy := graph{y = wi(z,¢,A)}), where (e,.A) belong to the
domain
Op := N N gy (Ng % Vj)

(respect. O := N N @z (N X Vj)), for some sufficiently small neighbor-
hood N of {e = A=0}.

Now, if we define Ox 1= ¢(Q), it is clear that it has the form given
on the enunciate, and that

OFCOQQOl

provided that we choose the constants r, s su@ciently small. Therefore,
it suffices to construct the function w € C*°(I' x Of) as we have done
on the proof of Theorem 10.1. It is easy to verify that it satisfies all the
required conditions. OJ

Remark 10.4. This theorem can be strengthened in the special case Qy =
0 exactly as in Remark 10.2.

10.3. Canard regions on (s, u) transition.

Theorem 10.5. Suppose that the degenerate singularity at © = 0 is in
the (s,u) case, and that X verifies the Transversality Hypothesis at this
point. Let

io € C(V,{e = 0},W,,) and i1 € C2(Vi{e = 0}, Ws,)
be arbitrary initial condition for X at xg and x1, respectively. Then,

there exists an open semi-analytic set

O<ex<r

|A-] <'s

la;[PT < k; le|?P=%, for0<i<2p-—1
b [Pt <llelP~9,  for0<i<2p—1
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(defined by strictly positive constants r, s, k;, l;), a unique closed codi-
mension one submanifold

O’l: CcB
which can be defined as the graph of a C*° function as; on Bg := B N
{as =0},
-—— _ !
O := graph{as = as(e,d,b, A,)}
(where ¢’ = (ag, ... ,05—1,0s41,.-. ,02p—1)); and a C* function
w: I x O — R
(33, (8’-’4)) — Y= w(a:,e,A)
such that

(i) w(zo, e, A) =ig(e, A), and w(z1,e, A) = i1(g, A), for each (¢, A) €
Oz
(ii) as has a blow-up C extension at {e = 0};
(iii) W(T) := graph{y = w(z, e, A)} is an invariant set for X ;
(iv) w has a continuous extension to the closure off x O, in such a
way that w(x,0,0) = 0. Moreover, such extension is C™ at each
point

(z,6,A) €T x O«
such that x # 0 or e # 0, and blow-up C* at {x = = 0}.

Proof: The definition of B, a; and w is made in two steps

1) W) =W, and W(Tso) 22" W,

(2) Compute O(W_, W_,).

The step (1) has already been described on the proofs of Theorems 10.1
and 10.3.

Step (2): We have to compute the matching region O(W_, W, ). By
Lemma 8.4, the intersection O_NO. of the maximal domain of extension
of such manifolds contains an open neighborhood U of {¢ = A= 0}.
Moreover, from Proposition 8.5 it follows that, for any even index 0 <
s < 2p — 2, there exists some smaller neighborhood Uy C U of the origin
and there exists a unique C*° function

(67) a,: U,N{A, =0} - R

such that the matching region O(W_, W, ), when restricted to Us, is the
graph of a;.
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Thus, we can choose strictly positive constants r, s, k; and [; such that
the set Q, defined like in (66), is strictly contained in Us, and moreover,
graph{A; = as|q.} C N

where we define Q5 := QN {A; = 0}.

Now, it suffices to define B := ¢(Q), Og 1= (O(W_, W) N Q), and
let ag: Bs — R to be the blowing-down of the function a,, which is
given by
(68) as(e,@,b,A,) == e 77 -a, 067 (e,d,b,4,),

(where ¢ is the map defined on (60)).
If we construct the function w as in the end of proof of Theorem 10.1
it is clear that is satisfies all the enunciated properties. O

(9 7;:

(u,u), (s,s) and (s,u) Case
(u, s) Cases

F1GURE 15. The regions defined on Theorems 10.1, 10.3
and 10.5.

Remark 10.6. Notice that, in the special case Qy = 0 it follows from
Subsection 7.1 that the distance function §(A, B) is a linear function on
the parameters A, defined for all (A, B) € R3P (see (50)). In particular,
the restriction of the function ay(e, E, B, A,) in (67) to {e = A, =0} is
explicitly given by

a,(0,4,B,0)=—— > CiA.
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Thus, the above result can be strength exactly as in Remarks 10.2 and
10.4.

10.4. Smooth parameterization of the canard regions.

To work out the examples, it is also convenient to consider the natural
parameterization of the canard region OF which are provided by the
proofs of the previous theorems.

The (u,u), (s,s) and (u,s) cases. If we let Q be the set defined on
(66) and ¢ be defined as in (60), the polynomial map

Q3 (64 B, A) > (e,a,b,A,) €

is an analytic injective parameterization of OF'

The (s, u) case. If we let Q, := QN {A; =0} and let a,: Q5 — R be
the function in (67), the map

P(E, A, B, A, = (p(é’A’B"AT”AS:a(é,Zf,B,AT)

defines a C'™° injective parameterization of Of’

Q.3 (5,4, B, A,) -2 (e,a,b, A,) € Ox.

11. The induction map and improved existence results

We are now interested in studying a singular perturbation family

X = 85% +F(a;,y,5,.A)§
on the same conditions of the previous section, but which not necessarily
verifies the Transversality Hypothesis at = = 0.

There exists a canonical way to define a larger family X, verifying the
Transversality Hypothesis, which induces X. To explicitly compute X it
suffices to write the expansion

F(z,y,e, A) = ZF;EEA
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and
p—1

(70) Fi(z,e,A) = bj(e, A)a’ + O(aP).
j=0

The new family X is now defined as

0 0
X= Ea_x +g($7ya€aa7ba"4>a—y

where the function § is obtained from F' by considering
(ao,... ,agp,l) ERQP and (bo,... ,bpfl) € RP

as new free parameters. The induction map, which makes X a sub-family
of X, is given by

P: (R*,0) x (R%,0) — (R*,0) x (R, 0) x (R",0)
(e, A) — (g,a,b,A.) = (g,a(e, A),b(e, A), A)

with P(0,0) = (0,0,0,0).

(71)

Remark 11.1. Notice that the parameters A become the inessential pa-
rameters of the new family X. Below, we shall simply denote them

by A,.
11.1. Restriction/Extension of initial condition functions.

Let zg € T be a non-degenerate point. Then, it follows from Lem-
ma 3.2 that (possibly restricting Uy, to some smaller neighborhood of
the origin) there exists a unique formal center manifold for X at xo,

W(zo,6,Ar) = > wilo, Ay)e",
=0

where w;(zg,-) € C¥(U,) for all i > 0.

Similarly, by restricting U, . 4, to some smaller neighborhood of the
origin, there exists a unique formal center manifold for X at x,
W(zo,e, A) = > wilzo, A )e’,

=0

where w;(zg,-) € C¥(Ugp,4,) for all i > 0. The following result estab-
lishes a connection between such expansions:
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Lemma 11.2. If we let (¢,a,b,A,.) = P(e, A.) be the induction map
defined on (71), then

W (0, e, Ar) = W(xo, P(e, Ar)).

In particular, if we re-expand the right hand side in powers of €, we see
that each w;(xo, A,) can be written as

wi(zo, Ar) = wWi(wo, P(0, A)) + pi(Wi—1,... ,Wo)
for uniquely defined analytic functions p;.
Proof: It is an immediate consequence of the uniqueness of the above

expansions. O

It follows that an initial condition function I for X at xy always re-
stricts to an initial condition i to X at xg.

Proposition 11.3. Let I(e,a,b,A;,) € Cg2, (V, {e = O},@IO) be an ini-
tial condition function for X at xo. Then, supposing that V' := P=Y(V)
s non-empty, the function

i(e; Ap) =10 Pe, Ar)

belongs to Cgo.(V',{e = O},Wzo), and is an initial condition function
for X at xg.

Proof: It is an easy consequence of the previous lemma. O

In the same way, if we let ¢ be an initial condition function for X at
Tg, it can be extended to an initial condition function I for X:

Proposition 11.4. Leti € Cg3, (V,{e = 0}, Wzo) be an initial condition
function for X at xo. Then, there exists a neighborhood V1, of {a = b=
0} in R3P and an initial condition function

1€ O (V X Vi, {e = 0},2,,)
such that i is the restriction of I (i.e.i=10P).
Proof: Using Whitney’s Extension Theorem, we can choose a function
€0 (Uap.a, . {e = 0}, 2,,).
Now, if we restrict I to the domain Uy 4 4, N {(e, A,) € V}, and define
I(e,a,b,A) = I(e,a,b, A,) — I(P(e, A)) +i(e, A,),

it is easy to see that I satisfies the requirements of the enunciate. O
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11.2. Dropping the Transversality Hypothesis.

Let us state the following condition, which links the multiplici-
ty u(X) = p at the degenerate point 0 € I', and the asymptotic be-
havior of the induction map P(e, A, ):

Asymptotic Hypothesis: The functions a;(¢, A,) and b;(e, A,)
which appear on (69) and (70) are such that

ai(e, 0) :0(6%), for0<i<2p—1
bi(e,0) = o(e»7t), for0<j<p-—1,

where, as usual, g(z) = o(f(x)) means that lim,_,og/f = 0.
Using this hypothesis, we can generalize the theorems of the previous
section as follows:

Theorem 11.5. On the enunciates of Theorems 10.1 and 10.3, replace
the words Transversality Hypothesis by Asymptotic Hypothesis. Then,
there exists an open semi-analytic set

Oy C {e >0},

which contains {¢ = A, = 0} in its closure, and there exists a C'™
function w(z, e, A,.) defined on I' x Os which verifies exactly the same
conditions (i), (it) and (iii) on these enunciates.

Proof: Let us suppose that x = 0 is in the (s,s) case. The proof on the
other cases is very similar. s

Suppose given an initial condition function i € Cge, (V, {e = 0}, Wy,)
for X at xp. Using Proposition 11.4, we can extend it to an initial
condition

IeC2(V x Uyyp, {e =0},90,,)

for the family X at xg. Applying Theorem 10.1, we find an open semi-
analytic set

O’f C Us,a,b,.AT
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which has the form (65) (for some collection of strictly positive con-
stants r, s, k; and [;) and a unique C'™° function w(z,¢,a,b, A,) in
I x Oz which verifies conditions (i)—(ii).

Now, from the expression (65), the Asymptotic Hypothesis necessarily
implies that

P~H(05)

is a non-empty semi-analytic set which contains the origin in its adher-
ence (independently of the constants r, s, k; and [;). To prove this, it
suffices to consider the restriction of the induction map to the curve

ce :={A, =0, >0}

From the Asymptotic Hypothesis, it is clear that its image P(c.) should
be contained in O for all sufficiently small € > 0.
Thus, it suffices to define

Of = Pil(Oi:) and w(x,e, A,) = w(x, Ple, A,)).

This proves the theorem. O

FIGURE 16. The canard region for the family X.

In order to prove an analogous generalization of Theorem 10.5, we
need to make an stronger hypothesis concerning the induction map:
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Improved Transversality Hypothesis: Let us write A, =
(Ao, ..., A,—1) and suppose that, up to a diffeomorphism

(67 AT) = (67 ’7(5’ Ar))

on the space of parameters (with v(0,0) = 0), the following con-
ditions hold:

(a) There exists an even index 0 < s < 2p — 2 such that

65(5,./47-) = AO'
(b) If we consider the restriction of each a;(e, .A,) and b;(e, A,)
to the set
(67-’40’0) = {Al _ = An—l - 0}7

and make the substitution ¢ = tP*1, 4y = t2?~%, the follow-
ing asymptotic conditions hold:
a;(tPHL 1275 0) = o(t?7Y), for0<i#s<2p—1
bj(tPT1, 42775 0) = o(tP77), for 0<j<p-—1.

Notice, in particular, that the Improved Transversality Hypothesis al-
ways implies the Asymptotic Hypothesis.

Lemma 11.6. Let us suppose that the induction map P:U; 4, — Uz o, A,
18 such that the Improved Transversality Hypothesis holds. Then there
exists a polynomial map

P: RT x R" — RT x R
which has the form

g =égrtl
(72) (éa "2(7‘) — -AO = EQP_SJZO

A; =&V A;, for1<i<n-—-1
for some collection of natural numbers 1, ... ,yn—1 € N\{0}; such that,
if we let v be the polynomial map defined on (60), there exists a unique

analytic map

P: Z/{E,AT - Z/{E,A,B,_A,.
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where Uz A, == P~ (U 4,) and U 5.4, = ¢ "(Ucap.a,.), such that
the diagram

P
U a,B A, — Uz a,

lw l@
Uapa, —— Uea,
18 commutative.
Proof: Using the definition of ¢ and v, and writing
PEA) = (6,46, Ar), Bi(E Ar), An(E Ay)
one sees that the relation ¢ o P=Po 1 is equivalent to the equations
B0 ALE,A) = 8P A
EPT A5, AL) = a; 0 (8, Ay,
&7 B[, Ar) = b0 U (&, Ay),
A& A) =9 (E A

From the first equation, one immediately obtains

AS(E,A,) = Ay.
For the remaining equations, we can set
X a; 0 p(E, A,) . b o (&, A,)
Ai(f,Ar) = %T and Bj(g,Ar) = ‘YET

provided that one verifies the following statement:

Claim. There exists a choice of weights V1, ... ,Yn—1 in (72) such that
the functions A; and B; defined above are analytic.

Indeed, it follows from the Improved Transversality Hypothesis that,
if we write the expansion,

ai(saAT) = f(gaAO) + O(Alv cee 7An—1)

(where O(A4,...,A,_1) denote terms which have some A;, 1 < i <
n — 1, as a factor), then

a; o p(, A,) = 0o(E%7Y) + O(&)
where v := min{7y,... ,yn—1}. Similarly, we obtain that

bj 0 (&, A,) = o(EP9) + O(&).
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Thus, if v is sufficiently large, A; and B; are analytic functions. This
proves the claim and the lemma. O

Remark 11.7. From the above proof, it follows that we can further as-
sume that P has the form

My

s =Ao

i =Efi(E,A), for0<i#s<2p—1
= gj(é,.zr), for0<j<p-1
A, = EH(E A,)

for some analytic functions f;, g; and H.

:b:bm‘
I

P& A :

oy}
o

As a consequence of this hypothesis, we can prove the following gen-
eralization of Theorem 10.5:

Theorem 11.8. On the enunciate of Theorem 10.5, replace the words
Transversality Hypothesis by Improved Transversality Hypothesis.
Then, there exists an open semi-analytic set B C {e > 0}, a submanifold

OF CcB
which contains {e=A, =0} in its closure, and a C* function w(z,e, A;)

defined on T’ x Og which verifies exactly the same conditions (i)-(iv) on
the enunciate of that theorem.

Proof: Let iy and i; be arbitrary initial condition functions for X at xg
and x1. Then, considering their extensions (given by Proposition 11.4)

Ip € C2(V x Uy, {e = 0},20,,) and
I € C2,(V X Ugp, {e = 0},20,,)

as initial condition functions for X at x¢ and x1, we can use Theorem 10.5
to define the sets B, the manifold

Oy := graph{a; = as(e,a’ b, A}

and the function w(z,y,e,a,b, A;).

Now, we shall use Lemma 11.6 in order to define B and OF' Keeping
the notation of that lemma, let as: Us — R be the function in (67),
which defines the matching region O(W_, W, ), i.e.

O = graph{A; = a,(é, E, B, A)}.
Then, the set
S :={(&,A,) | Ay = a, o P}
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defines the pull-back of the matching region under the map P. From
Remark 11.7, we can prove the following statement:

Claim. There exists an open neighborhood V of {é = A, = 0} in RT x
R™ and a unique C'*° function
Ay =ag(&, Ay, ..., Au_y)
defined on V N {Ay = 0}, with ap(0,0) = 0, such that
S = graph{ﬂo = ap(€, A, JAn_1)} on V.
Indeed, since a,(0,0) = 0 and P(0,0) = 0 (see Remark 11.7), we know

that the point (€, .4,) = (0,0) is contained in S. Moreover,
9
0A

Thus, it suffices to use the Implicit Function Theorem to define ag. This
proves the claim.

(Ay — a, 0 P)(0,0) = 1.

Since V' is an open neighborhood of the origin, there exist some strictly
positive integers 7, k; (0 <14 <n — 1) such that the open (n + 1)-cube,

(73) B:={0<|e|<r |[A] <ki(0<i<n-—1)}
is such that V N {4y = 0} contains By := BN {Ay = 0} and
graph{ao|; }
is strictly contained in B. Thus, to conclude, it suffices to define B :=
¥(B),
(74) Oy = graph{Ag = e Sqpotp e, Al Anl1)),
and w(z,¢,A;) := w(z, P(¢, A;)). This proves the theorem. O

Remark 11.9. Similarly to Subsection 10.4, the above proof provides a
natural C*° parameterization for Oz: If we let B be the cube defined on
(73), and define the map

~

1;[)(57 Ala cee 7An—1> = 1/)(57 A07 s ’An_1)|A0:a0(é,.Z1,... A1)

with domain By := BN {Ap = 0}, then

By (B AL, Auy) 5 (2, A,) € O

defines a C injective parameterization of Ox.
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12. Some examples worked out
12.1. An example local study.

Let X, . be given by

0 0
X0 €5+ [az® + 2Py(1+ O(z)) + O(y?)] oy’

where o € (R,0) is a one-dimensional control parameter, p > 1 is odd
and 0 < s < 2p — 1 is an even index. Then, the local canard problem
has a positive answer.

Indeed, there exists a transversal family X, ;4 o which induces X, 4,
with the induction map given by

a; =0, 0<i<2p—1, i#s,
P(e,a): ¢b; =0, 0<j<p-1, and
as = a.
Notice that P clearly satisfies the Improved Transversality Hypothesis.

Let us consider a sufficiently small interval U, C R such that =0
is the unique degenerate singular point of X, , on

F={y=e=a=0,x¢eU,},

and let us fix arbitrary initial condition functions ig(e, @) and i1 (e, @) at
points xg,x1 € U, with g < 0 < z7.

Now, it suffices to apply Theorem 11.8. It follows that there exists an
open interval I = (0,&¢), a unique C* function

a=ale)

defined on I, and an unique C'*° function w(z,¢) defined on [zg, 1] X [
such that the surface

W = graph{y = w(z, )}

is an invariant surface for the vector field X ,(.), with the boundary
conditions

w(zg, e, a(e)) =ik(e, ale)),

for k=0,1.
Using Remark 11.9, we can also consider the C'*° parameterization of
the canard region, which is given by

(RT,0) 3 p = (e,a) = ("7, a(p)) € (RF,0) x (R,0),
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for some uniquely defined C*> function a: (R*,0) — (R,0). Thus, the
surface

W = graph{y = w(z, p**1)}
is a canard surface for the restricted vector field X = X_(,) o(,), which
is given by

0 0

X7 =" o [alp)a® + 2Py(1+ O()) + O] 5 -

p

dy

TH o R
T
[T |

N
)
il

7
ZITIN
'.llllllll\\\

FIGURE 17. The control parameter « is a function of €.

12.2. An example of global study.

Let us consider a global singular perturbation family on the cylin-
der E =S! x R, given by
Xeo = 52 + (acos(0) + r sin(0) + r*H(r,0,¢,a)) 9
’ 00 T or
where (0,7) € S' x R, (g,a) € U. x U, (with U. € (RT,0) and U, €
(R,0)) and H is an arbitrary analytic function.
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For the parameter values {¢ = a = 0}, the set
I={r=0}~s'

is a curve of singularities of X, . Let us prove the following statement:
There exists a C'° curve vy on the parameter space, having the form

v:10,6) — RT xR
p — (e,0)=(p*,a(p)) where a(0) =0,

such that, for each p # 0, the restricted family X,z ,(,) has a limit
cycle l,, and

lpb—TI asp—0
(for the Hausdorff metric on compact sets).

Remark 12.1. In the Bifurcation Theory terminology, this implies the
cyclicity of ' (in the family X, ,) is strictly positive.

To prove such statement, it suffices to prove that the (global) canard
problem has a positive answer for such family.

Notice that all singularities on I'\ {# = 0, 7} are non-degenerate, and
both degenerate points # = 0 and # = 7w have multiplicity p = 1. The
first point § = 0 is in the (s,u) case (i.e. presents an stable-unstable
transition), while § = m is in the (u,s) case (i.e. an unstable-stable
transition).

Let us firstly study the point § = 7. Locally at this point, the fam-
ily X can be embedded into the local transversal family

9, 0
X, = €50 + (ap + a1z + O(z®) + y(bo — z + O(2?)) + y* H) %

where z € U, € (R,0), y € R and (ag,a1,by) € (R?0). From Theo-

rem 10.3, for each compact connected segment I' C U,, such family has
a canard region of the form

O<e<r
laf < s

O’Ir: \ao\2 < kg |£—Z|2
|a1? < ki Je]
Dol < 1o |e]

for some strictly positive constants r, s, kg, k1, lo-
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To compute the induction map Py (e, ) = (g,a,b, ) (which realizes
X a sub-family of X,) it suffices to compute the Taylor expansion of
sin(#) and cos(f) at § = 7. This gives

Pﬂ': (E’Oé) | — (57a03a13b07a) = (53 705,07076“)'

This induction map clearly satisfies the Asymptotic Hypothesis (see Sub-
section 11.2), which implies that the pull-back of OF under P is a non-
empty semi-analytic set. Explicitly, it is given by

0<e<R
O~ =P 10y =
Fir = 0P {|a|2<k0|5|2

(where R = min{r, s}).
Thus, there exists a C* function w(f, e, &) defined on the region I' x

OF - such that

W = graph{r = w(f,¢,a)}

defines an invariant surface for X, , over T. Let us denote by 6,6, € St
the two endpoints of I', where

0o € (—m,0) and 6, € (0,m).

If we define Iy(g, o) := w(lg,e,a) (k = 0,1), it follows from Whitney
Extension Theorem that such functions can be extended to all (e, ) €
Ue X Uy. That is, there exist C'*° functions ig(e, a), 91(e, @) in C*° (U, x
U,) such that

i0|o,., :[0 and illO- :Il.
I, r,m

Moreover, using a similar argument to the one used in the proof of
Lemma 11.4, we can prove that ig and i1 can be chosen as initial con-
dition functions for X, at 2y and x; respectively (because the sets U =
Oy _and V = {e = 0} are regularly situated).

Let us now pass to the point § = 0. At this point, the family X can
be locally embedded into the transversal family

0 0
Xo=e-—+ (ao + a1z + O(z®) + y(bo + = + O(2?)) + y*H ) .
oz y

The induction map is given by

PO: (E,Oé) [ — (Eaa07a17b07a0) = (570170,0704),

and it clearly satisfies the Improved Transversality Hypothesis.
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Therefore, we can apply Theorem 11.8 using the above functions ig
and 77 above as initial condition functions. It follows that there exists
an open interval By = (0,¢0) and a unique C'* function a(e) defined on
By such that the canard region at # = 0 is given by

Op = graph{a = a(e)}.
To conclude, we have to prove (possibly taking restrictions to some
smaller neighborhood of {¢ = 0}), that the condition
(75) Op C Oi:ﬂ_
is verified. Indeed, such condition proves the existence of a global invari-
ant surface W = {r = w(f, e, o)}, with domain S! x O.

To prove (75), it is easier to consider the parameterization of Oy which
is given by the blowing-up ¥. From Remark 11.9, we can write Oy as
the image of a C*° curve

(0,6)3 p = (p*,a(p)) € Uy x Us,
where a(p) has the form

a(p) = p*ao(p)
(see (74)), for some C'* function ag(p) with ag(0) = 0. Thus, it follows
that a(p) = O(p?) and the curve y(p) is clearly contained in the canard
region O, for all p > 0 sufficiently small. This proves (75).

13. Appendix on normal forms
13.1. Normal form near semi-hyperbolic singularities.

First of all, we state the following special case of a result from [B]
(the enunciate below is taken from [Du-R]).

Theorem 13.1. Let X(x,y,2,A) be a C® wvector field on R3 x R"
(where A = (ag, ... ,an—1)), having the following properties:
(i) X has the functions g; = a; (for 0 <i<n-—1) and F(x,z) = P24
(where p,q € N\ {0} are relatively prime) as first integrals;
(ii) DXg has ezactly one non-zero eigenvalue, and the related eigen-
space is given by {x = z = A = 0}.
Let W be a C* center manifold of X at 0, for some k > 1. Then, there
exists a local C* change of coordinates v of the form

w: (x7 y) Z? 'A) — (¢1(x’ y’ Z7 A),¢2($, y’ Z’ A)7¢3(x7y7 Z’ A)’A)
with
F(¢1($>y72,A)7¢2($7y727¢4)) = F(LL"Z) and (b(W) = {y = O}a
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and a strictly positive C* function f(x,y,z, A) such that

0
with Y being a vector field of class C*, such that Y (g;) = Y(F) = 0.

If the above equality holds, we shall say that the germ of X at the
origin in C*-equivalent to the expression on the right hand side of (76).

The following results are immediate consequences of this theorem.
Below, given a real number A\ # 0, we shall denote by

sgn(A) = %' e{-1,1}

its corresponding sign.

Corollary 13.2. Let X, , be a germ of singular perturbation of transi-
tion type, and let © € T be a non-degenerate point (i.e. a semi-hyperbolic
singularity of Xo,0). Then, the germ of X, , at p is C*-equivalent to

where s = sgn(By,) (B, being the non-zero eigenvalue of DXo o at x).
Proof: We refer the reader to [Du-R, Proposition 4]. d

Let us now suppose that z € I' is a degenerate point of X, , and that
the Transversality Hypothesis holds at . Then we can also find normal
forms for the points which are contained in the semi-hyperbolic set P_
and Py (see (31)).

Corollary 13.3. Let p— € P_ be an arbitrary normal hyperbolic singu-
larity. Then, the germ of X at p_ is C*-equivalent to

0 0 0
Y. =(s_) ya—y +ePT f(2,y,e, A) <_x8_:z: + e&>

for s_ = sgn_(B_) and some strictly positive C* function f. Similarly,
the germ of X at an arbitrary point p, € Py is C*-equivalent to

0 0 0
Vo= (s) w4 e ) (22— el )

for some strictly positive C* function f and sy := sgn(By).

Proof: The proof is obtained by easy modifications on the proof of
[Du-R, Proposition 5]. O
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