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CODIMENSION 4 SINGULARITIES
OF REFLECTIONALLY SYMMETRYC
PLANAR VECTOR FIELDS

F. DUMORTIER AND S. IBANEZ*

Abstract

The paper deals with the topological classification of singularities
of vector fields on the plane which are invariant under reflection
with respect to a line. As it has been proved in previous papers,
such a classification is necessary to determine the different topo-
logical types of singularities of vector fields on R3 whose linear
part is invariant under rotations. To get the classification we use
normal form theory and the blowing-up method.

1. Introduction

Consider a C°° vector field X on R? with X (0) = 0. The set of all
C®° vector fields which coincide with X in some neighbourhood of 0 is
called the germ of X in 0 and denoted by any of its elements. Let G?
be the set of all germs in 0 having a representative X which is invariant
under the symmetry R(z,y) = (—z,y). We say that X is reflectionally
symmetric. In the sequel we assume that each representative which is
given for a germ in G? is reflectionally symmetric.

Given X, Y € G2, they are said to be k-jet equivalent, with
k € NU {oo}, if their Taylor approximations up to order k are equal.
The set of all germs which are k-jet equivalent to X € G? is called the
k jet of X at 0 and denoted by j; X (0). J2 denotes the set of k-jets in G2.

*Partially supported by the D.G.E.S. Project PB95-1054.
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Let us notice that there exists a one to one correspondence between J ,3
and the space of reflectionally symmetric vector fields Y on R2 with
Y (0) = 0 and whose components are polynomials of degree less or equal
than k. Therefore we will consider J. 2 as a vector space of finite dimension
with the usual topology.

_ Take the projections jj : G? — j,f induced by the k-jet equivalence.
G? is considered to be endowed with the coarsest topology which makes
jx continuous for all k € N.

A set A C G? is said to be algebraic if A = jk_l(g) with A C J? an
algebraic set of J?. The codimension of A is the codimension of A in J7?.

On the other hand X, Y € G? are said to be C? equivalent if for some
(and hence for all) representatives X and Y of X and Y, respectively,
there are open neighbourhoods U and V of 0 € R? and a homeomor-
phism h : U — V which sends orbits of X to orbits of Y preserving the
sense but not necessarily the parametrization.

To give the topological classification of the singularities having a codi-
mension at most four in G2, we will define a stratification:

GP=VyoOVidVeaDd Vs DViD Vs,

where for each i = 1,2, 3,4, 5, V; is a closed algebraic set of codimension ¢
and V;_1 \ V; is a regular manifold of codimension ¢ — 1 such that for
all X € V;_1 \ V; there is a neighbourhood U of X in G2 for which
Y € (V;—1\ Vi) NU implies that X and Y are C equivalent.

Consider Xr € G? given by
0 0
1 Xp = — _

where f and g are C*° functions. Since Xy is reflectionally symmetric,
it follows that f(—z,y) = —f(z,y) and g(—=z,y) = g(x,y). As a con-
sequence of the Malgrange Division Theorem [CH] we know that there
exist C functions f, § : R2 — R such that

f(x,y) zxf(x27y), g(x,y) :g(xzvy)‘
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Therefore, we can use the change of coordinates w = 2% and z = y to
write

0

(2) Xp = wf(mz)i 5

55+ g(w, 2)

Let us now study expression (2) using again (x,y) instead of (w, z) and
f, g instead of f, g:

Q X = af(0.0) -+ 9le.0)

We only need to study the restriction of Xp to the halfplane {(z,y) €
R?: x>0}

Consider the following developments of f and g:

f(z,y) = ago + a10y + a1 + azoy® + a11yx + agez® + o([|(z, y)|1*)
g(x,y) = broy + bo1x + bagy? + bi1yz + boaz®

+ b30y” + ba1y°x + brayx® + boza® + o[ (z, y)||?).

If agp # 0 and byg # 0 the singularity is hyperbolic. Therefore, such con-
ditions define the codimension 0 singularities and their corresponding
phase-portraits are well known. The same happens with the semihyper-
bolic cases. They correspond to one of the following conditions

ago #0, b1p=0

or
ago =0, b1 #0.

To determine the subsequent stratification we use the reduction to a
1-dimensional center manifold. To draw the different topological types
one only needs to consider the classification of the semihyperbolic singu-
larities on the plane up to codimension 5 (see [D]), bearing in mind that
the y-axis is always invariant. Therefore we will find singularities which
are topologically equivalent to either saddles or nodes or saddle-nodes.

We will start the classification on a stratum W5 C V5 of codimension 2
given by the conditions

app — 0, bl() =0.
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Hence (3) reduces to
Xp = z(a10y + ao1z + asoy® + a11yx + agez® + o(||(z, Z/)HQ))%
(4) + (bo1 + baoy? + bi1yz + boaz®
+ bsoy® + bary®x + biayx® + bosa® + o || (x, y)HB))é%
Moreover we will distinguish two cases:

bo1 #0 (nilpotent case),
b1 =0 (quadratic case).

They will be studied in sections 2 and 3, respectively. For each of them
we will consider aditional restrictions. Although the study of the nilpo-
tent case for codimension 2 is already present in the literature (see [T])
and also some singularities of codimension 3 in the quadratic case are
considered in [KR/], we include them here for the sake of completeness.

Our main motivation for the study of the topological classification of
reflectionally symmetric planar vector fields is that they play an essen-
tial role in the classification of singularities in R3. As it is shown in
[T], any C> vector field X on R3, with X(0) = 0 and 1-jet linearly
conjugate to the infinitesimal rotation )\(ya% — a:a%), can be given in a
normal form which is, up to flat terms, invariant under rotations. After
normalizing the rotational component and introducing cylindrical coor-

dinates (0,7, z), X can be written as

277'% + Xp+Y,

where joY(0,0,0) = 0 for all § € S* and Xg is a reflectionally sym-
metric planar vector field, depending on the coordinates (r, z), such that
Xr € Wy, In [DI] it is shown that, at least up to codimension four, flat
terms have no influence on the topological type of the singularity which,
in fact, is given by the topological type of Xg. Nevertheless, neither
the classification of the reflectionally symmetric vector fields Xy nor the
topological types were described in [DI]. In this paper we provide such a
complete classification. The pictures that we give for the phase portraits
have been made with the computer package P4 (see [DH] and [H]). The
models which are used will be indicated in each case. We would like to
thank Chris Herssens and Peter de Maesschalck for having helped us in
making these pictures.
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2. Nilpotent case (by; # 0)

A linear coordinate change permits to take bp; = 1. Hence we can
write the co-jet of Xg as

AR )@
Zaijyx] m%—i— x + Zbijym] o

i+j>1 i+j>2

One can prove that, up to a C* coordinate change which leaves {z = 0}
invariant, the oo-jet of X can be written as:

(5) x Zaiyi %Jr l’Jrzbz'yi gy

i>1 i>2

Indeed, let m > 2 be an integer. Since

0 . . 0 . | ) 0
r—, xj—lym—3+1_ _ (m — i+ 1)xjym—38_ _ mJ—lym—ﬁ-l_
T

Oy Ox oy’

all the terms xjym_j% with 7 > 2 can be removed after a change of
coordinates which does not affect neither the remaining terms of the
m-jet of the %—component nor the terms of the (m — 1)-jet of the

2 _component. Moreover, since
Oy )

0 . .0 . .0
= -l m—j+1 ~ | _ — i DI ym I =
oy T Y 9 (m—j+1Laly a9y’

all the terms z7y™ 7 a% with 7 > 1 can be removed after a change of
coordinates which does not affect the remaining terms of the m-jet of
the vector field. All the changes of coordinates which are needed leave
{z = 0} invariant and it is important to observe that (5) is the simplest
normal form which preserves such an invariance.
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We define the following stratification

Noy ={X € Wy | bp1 # 0},

N3 ={X € Ny | by =0},

N3o={X € Ny1|bs#0, a; =0},

N3s={X €Nay1|b2#0, a1 #0, a1 =2bs},
Ny1={X € Nay|by =0, a; =0},

Nyo={X € Nay|ba=0, a1 #0, bg =0},
Nyz={X € Na1|bs#0, a1 =0, az =0},
Ns1={X €Na1|b2=0, a1 =0, az =0},
Nso={X€Ny1|ba=0,a1=0, a2 #0, bs =0},
Ns3={X€Ny1|ba=0,a1=0,a2#0, b3 #0, ag = 3b3},
Nsa={X€Ny1|ba=0,a1#0,b3=0, by =0},
Nss={X €Na1|by#0, a1 =0, a2 =0, a3 = 0}.

N2,1\
N3 1 N3o N33
Ny Nys Nu3z

SR

Nsi1 Nsa Ns3 Nsa Nsp
Figure 2.1. Stratification in the nilpotent case.
Note that each IV; ; with i = 2, 3,4, 5 is a semi-algebraic set of codimen-
sion 7. In Figure 2.1 we show how the previous strata are organized. Let
us now consider the different equivalence classes which are found in each

stratum. To do this we use the blow-up

r=r°u, Y=r1rv
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with 2 +v? = 1 and » € R* and as usual the calculations are made
by means of directional blow-up’s. Since the exponent of r in the
change y = rv is odd the vector field obtained by blowing-up in the
y-direction with v = —1 is related with the one obtained by taking v =1
by means of the change (r,u) — (—r,u) and the rescaling t — —t. We
keep this in mind in order to draw the different phase-portraits after
blowing up. Further simplifications are possible in each case separately.

Remark 2.1. Let us recall that in the previous observations and
calculations made on expression (3) the coordinates (x,y) represent in
fact (w, z) in expression (2). Going back to the original coordinates (z,y)
in (1) we have to use w = 22 and z = y. Now by means of blow-up we
will, in many cases, prove the existence of invariant curves for vector
fields like in (2) of the form w = az? + o(2?) with « positive. Hence,
with respect to the original (x,y)-coordinates, we get invariant curves
of the form = = \/ay + o(y) for vector fields (1). However, in the cases
drawn in Figure 2.9, the invariant curves in {x > 0} are obtained by a
blow-up (w = r3u, z = rv) and will be of the form x = vy*/% 4 o(y/?)
for some v > 0.

2.1. Singularities of codimension 2.

Let X € No 1\ (N31UN32UN33). In this case we have by # 0, a1 # 0
and a; # 2bs. By means of the change of variables = Z /by, y = 7/ba,
we get from (5) the vector field

a a; _;
7= b—;igﬂzzb—jg’

i>2

V=474
j=3

6

©) -
Y.
Z!

Blowing-up in the y-direction with v = 1, we get

' =ru+r+o(r)

W = <‘Z—21 - 2) u — 2u? + u(O(r)).

This vector field restricted to {r = 0} has exactly two hyperbolic singu-
larities at (r,u) = (0,0) and (r,u) = (0, (a1/bs — 2)/2). Blowing-up in
the Z-direction, no singularity is found at (r,v) = (0,0). The study of
the singularities leads to the phase-portraits given in Figure 2.2 (a) for a
neighbourhood of S' x {0}. In Figure 2.2 (b) we represent the different
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topological types corresponding to Xy as in (1). Note that, because of
the change of variables used to get (6), we must take into account the
sign of by.

peliele
olie

a1
ba ba 2 < ba

(b)

by >0

(al,bg) = (—1, 1) (al,bg) = (1, 1) (al,bg) = (3, 1)

by <0 Q

(alvbQ) = (17 _1) (a17b2) = (_1’ _1) (alabQ) = (_37 _1)
b <0 0<® <2 2< 4

Figure 2.2. Topological types for vector fields in No 1\(N31UN32UN33).
We use the model %xy% + (2% + bzyQ)a%.
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Before continuing with the study of the singularities of higher codi-
mension let us quickly describe the dynamic degeneracies that will occur
in each of the next strata. For that we look at the singularities which ap-
pear after the previous directional blowing-up. For vector fields in N3
the singularity at (0,0) has a vanishing radial eigenvalue because of the
coalescence with an extra hyperbolic singular point. Along the branches
N3 1, Ny2 and N5 4 new singular points coalesce with (0,0) leading to
more degenerate singularities, however staying semi-hyperbolic in all
cases. A similar phenomenon happens at (0, (a1/by — 2)/2) for the
branches N3 o, N4 3 and N5 5. For vector fields in N3 3 both singularities
on the blown-up circle {r = 0} coalesce at (0,0) which hence becomes
a semi-hyperbolic singular point whose center manifold is contained in
{r = 0}; further degeneracies are not possible. Something similar hap-
pens for Ny ; but in this case the singularity at (0,0) has a double zero
eigenvalue and an extra blowing-up should be used. We will find again
two singularities on the new blown-up circle. Then the strata N5 ; with
j =1,2,3 will have the same dynamical meaning, with respect to these
new singularities, as N3 ; has with respect to those obtained after the
first blowing-up. In any case, as we will see later, it is better to modify
the original blowing-up instead of making an extra one. On the other
hand, looking at the quadratic case as limit of the nilpotent case, when
bo1 = 0, and applying the same blowing-up, we would find degenerate
singularities on the second blown-up circle. This is the reason why we
use, after further simplifications, a different blowing-up. If we take into
account the influence of bg1, the singularity (0, (a1/bs — 2)/2) will tend
to infinity when by; tends to 0, leading to the coalescence of two singu-
lar points on the blown-up circle. Such degeneracy is considered in the
quadratic case.

2.2. Singularities of codimension 3.
We have three different cases:
1. X € N3 3. In this case by # 0, a1 # 0 and a; = 2bs,
2. X € N33\ Nys. In this case by # 0, a3 =0 and ag # 0,
3. X € N31\ (Ng1UNygo). In this case bs =0, a; # 0 and b3 # 0,
which are studied separately.

Case 1: Since b # 0 we use (6) which is given, taking into account
that a; = 2b2, by
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Blowing-up in the y-direction with v = 1, we get

{ r=ru+r+o(r)
' = —2u? 4+ u(O(r)).

On the invariant line {r = 0} we find exactly one singularity at
(r,u) = (0,0). The linear part at (0,0) has eigenvalues 1 and 0. The un-
stable manifold is contained in {u = 0} while {r = 0} contains a center
manifold. One can check that blowing-up in the Z-direction no singular-
ity is found at (r,v) = (0,0). Glueing the different charts together we
obtain the phase-portrait given in Figure 2.3 (a) for a neighbourhood of
St x {0}. In Figure 2.3 (b) we represent the different topological types
corresponding to X . Again we must take into account the sign of bs.

(a) (b)

by =1 by = —1
bo >0, a1 =2by by <0, a1 = 2by

Figure 2.3. Topological types for vector fields in N3 3.
We use the model byry-2 + (22 + 6292)8%'

Case 2: We use again (6) which is given, taking into account that

a;=0,b
1 , DY _/7042__2 ~ a; ;
x 7b_2xy +xzb—1y
2 i>3 2
L bs _ b;
o=t gt Y
2 iza 02

Blowing-up in the g-direction with v = 1, we get

b
r=ru+r+ b—ZTQ +o(r?)
3

2
' =—2u(u+1)+ <a_§ - %) ru + u(o(r)).
by b3
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On the invariant line {r = 0} we find exactly two singularities at
(r,u) = (0,0) and (r,u) = (0, —1). The linear part at (0,0) has eigenval-
ues 1 and —2 and {r = 0} (resp. {u = 0}) contains the stable (resp. un-
stable) manifold at (0,0). The linear part at (0, —1) has eigenvalues 0
and 2. In this case {r = 0} contains the unstable manifold. Putting
u+ 1 = z, we bring the singularity at (0,—1) to (r,z) = (0,0). With
respect to the new coordinates a first order approximation of the center
manifold is given by z = (a2/2b3 — b3/b3)r + o(r). Hence, the reduction
at order 2 to the center manifold is

Blowing-up in the Z-direction no singularity is found at (r,v) = (0,0).
The phase-portraits for the blowing-up are given in Figure 2.4 (a). Tak-
ing into account the sign of by we obtain the topological types depicted
in Figure 2.4 (b) for Xp.

(a) \//

az <0 as >0

(a25b2) = (13 1) (a27b2) = (_17 _1) (a27b2) = (1’ _1)
by >0,as #0 by <0,a3 <0 by <0,a9 >0

Figure 2.4. Topological types for vector fields in Nz o \ Ny 3.
We use the model “—;nya% + (22 + b2y2)6%.
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Case 3: By means of the change of variables and the rescaling given by

3

a/17

CL‘:@.’IJ
b3 -
(7) t=—3t
ay

_

_bsy

we get from (5) the vector field
{ ' =2y + o(y))
V' =T+ +oy’)
Blowing-up in the g-direction with v = 1, we get
' =ru+r®+o(r?)
u' = u(l —2u) + u(O(r)).

@

(a1,b3) = (a1,b3) = (1,-1)
a1>0,b3>0 a; >0,b3<0
CL17b3 a17b3 1 _1
a1<0,b3>0 a1<0,b3<0

Figure 2.5. Topological types for vector fields in N3 1 \ (Ng1 U Nyo).
We use the model %4-zy4- 8x + (2% + bSyS)a%
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On the invariant line {r = 0} we find exactly two singularities at
(r,u) = (0,0) and (r,u) = (0,1/2). The linear part at (0, 0) has eigenval-
ues 0 and 1 and {r = 0} (resp. {u = 0}) contains the unstable manifold
(resp. a center manifold). The linear part at (0,1/2) has eigenvalues 1/2
and —1. Again all the relevant information is given by the previous
blowing-up. Figure 2.5 shows the phase-portrait close to S* x {0} and
the corresponding flows for X g, which are obtained taking into account
the signs of a; and b3 in (7).

2.3. Singularities of codimension 4.

We will distinguish four cases:
1. X € Ny3\ Ns5. In this case by # 0, a1 =0, a2 = 0 and ag # 0,
2. X € Nyo\ N54. In this case by =0, a1 # 0, b3 = 0 and by # 0,

3. X € N471\(N5,1 UN572UN573). In this case by = 0,a1 =0, as 7& 0,
b3 7é 0 and a2 7é 3b3,

which are studied separately.

Case 1: Since by # 0 we use again (6) which is given, taking into
account that a; = ag =0, by

_ as _ _ _ A _;
7 = b—Sxy3 +$Z b—ZyZ
2 2

i>4
b b b;
) mo 72 733 Y44 J =j
Y =T+7Yy er%y +bgy +ij_1y .
j>5 "2
Blowing-up in the y-direction with v = 1, we get
bs o bs 3 3
r=r r+ —=r°+ —=r’>+o(r
u+r+ » + 0 +o(r?)
2b3 as 2b4 2 2
v =—=2u(u+1)— —5ru — — — | 7°u + u(o(r?)).
(ws 1) = Gruce (5= 55 ) rPut ator)
On the invariant line {r = 0} we find exactly two singularities at

(r,u) = (0,0) and (r,u) = (0,—1). The linear part at (0,0) has eigen-
values 1 and —2 and {r = 0} (resp. {u = 0}) contains the stable
(resp. unstable) manifold at (0,0). The linear part at (0, —1) has eigen-
values 0 and 2. In this case {r = 0} contains the unstable manifold.
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Putting u + 1 = z, we bring the singularity at (0, —1) to (r,2) = (0,0).
With respect to the new coordinates a second order approximation of the
center manifold is given by z = (—bs/b3)r + (a3/2b3 — by /b3)r* + o(r?).
Hence, the reduction at order 3 to the center manifold is

;a3

3 3
= —=r° +o(r).
203

r

Blowing-up in the Z-direction no singularity is found at (r,v) = (0,0).
The phase-portraits for the blowing-up are given in Figure 2.6 (a). Tak-
ing into account the sign of by we obtain the topological types depicted
in Figure 2.6 (b) for Xp.

(a) > \/{ >

2b3

(b) / /
AR AN

(az,ba) = (1,1) (a3, by) = (—1,-1) (as,b2) = (1,-1)
by >0,a3#0 by <0,a3 <0 by <0,a3 >0

Figure 2.6. Topological types for vector fields in Ny 3\ N5 5.
We use the model %’%gﬁ% + (2% + beQ)a%'
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Case 2: Suppose that a1by > 0. In such a case we use the change of
variables and the rescaling given by
ai
r=-——
by

to obtain from (5) the vector field

(7= 50o0)

v =z+y" +oy")

Blowing-up in the y-direction with v = 1, we get

v =ru+1r3+o(r?)

v =u—2u? +u(O(r)).
On the invariant line {r = 0} we find exactly two singularities at
(r,u) = (0,0) and (r,u) = (0,1/2). The singularity (0,1/2) is hyperbolic
and the eigenvalues of the linear part are 1/2 and —1. The eigenvalues of
the linear part at (0,0) are 0 and 1. The unstable manifold is contained
in {r =0} and since {u = 0} is invariant, it contains a center manifold.
All the relevant information is given by the previous blowing-up. Glue-
ing the different charts together we obtain the phase-portrait given in
Figure 2.7 (a). Taking into account (8) we obtain the topological types
of Figure 2.7 (b) for X which depend on the signs of a; and by.

(a) (b)

(alvb4) = (17 1) (a17b4) = (_1’ _1)
a1 >0,bs >0 a1<0,b4<0

Figure 2.7. Topological types for vector fields in Ny 2\N5 4 with a1b4>0.
We use the model 4ay2 + (22 + b4y4)8%_
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On the other hand, when a1b4 < 0 we use the change of variables and
the rescaling given by

[V

ba\2 1-
_(_* .
Y= by Y

{ ' =zy+ z(o(y))
g =z-y'+o(y").

to reduce (5) to

In this case, by blowing-up in the y-direction with v = 1, we get
{ ' =ru—7r3+o(r?)
' =u—2u? +u(O(r)).

As in the previous cases the above vector field gives us all the relevant
information. We obtain the phase-portrait given in Figure 2.8 (a) and
the topological types given in Figure 2.8 (b) taking into account the signs
of a; and by in (9).

b

! (b)
i?/\ N\
(a17b4) = (_1’ 1) (a17b4) = (]-7 _1)
a; <0,bs >0 a; >0,bs <0

(a)

Figure 2.8. Topological types for vector fields in Ny 2\N5 4 with a1b4 <O0.
We use the model “—;J:ya% + (2% + b4y4)8%.

Case 3: Now we use a different blowing-up given by

T :7’3u, Yy =rv.
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Blowing-up in the g-direction with v = 1 we obtain, after division by r?,

{ ' =ru+ bsr+ o(r)
u = asu — 3u(u + bz) + O(r).

b3 >0 /
as >0

(az,b3) = (ag,b3) =
-
bsas < 0
(az,b3) = (1,-1) (az,b3) =
bs <0
az <0 { ‘E
(ag,b3) = (—1,-1) (a2,b3) = (—4,-1)

a2*3b3>0 as —3b3 <0

Figure 2.9. Topological types for Vector fields in Ny 1\(N51UN5 2UN5 3).
We use the model 2ay? 2 + (22 + b3y3)a%
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We find exactly two hyperbolic singularities at (r,u) = (0,0) and (r,u) =
(0, (a2—3b3)/3). The blowing-up in the y-direction with v = —1 is related
to the one obtained by taking v = 1 by means of the change (r,u) —
(=r,—u). All the relevant information is given by the previous vector
field and glueing the different charts together we get the phase-portraits
given in Figure 2.9 for the blowing-up near S' x {0} as well as for the
different topological types corresponding to Xg.

3. Quadratic case (by; = 0)

Under certain conditions we will consider further simplifications of
the expresion of Xg given in (4). These simplifications are obtained by
means of linear changes of coordinates and they are such that the 2-jet of
(4) with respect to the new coordinates presents some specific invariant
lines. Let us recall that the 2-jet of Xp is given by

0
(10) z(a10y + ap1z) = + (b20y® + br1yz + bpaa®

)2
ox oy’

Simple calculations permit to show that if A is such that
(11) (a10 — b2o)A? + (agr — b11)A — bog = 0,
then the line y = Az is invariant for the vector field given in (10). Let
A = (agr — b11)* + 4bo2(a10 — bao)
be the discriminant of equation (11).
If A < 0 then ajg — beg # 0 and hence (11) is a quadratic equation

which has no real solutions. In this case no further simplifications are
done and we merely define the following strata in W:

03,1:{X€W2|b01:0,A<0},
Ci1 ={X € 031 | by =0},
C5,1 = {X S 03’1 | bg() = O, bgo = 0}
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If A > 0 and ajp — bao # 0 then (11) is a quadratic equation with
two different real solutions A; and As for which condition Ay > A; is
assumed. The linear change of coordinates

(12) { y ; Az + (A2 — A1)y

sends the lines {y = Ajz} and {y = Asz} to {§ = 0} and {§ = T},
respectively. Hence, with respect to the (Z, §)-coordinates, X i still main-
tains {Z = 0} as an invariant line and presents the following 3-jet:

)
(13) (@109 + @01 T + G20¥” + G11UT + GaT”) =
0T

} - } ) ) } P
+ (b207? + b11FT + b3oF° + b21 57T + b12FT> + boai?’)a—g

with bag + by1 = @g1 + @10 since Y = T is an invariant line for the 2-jet.
Under these conditions we define the following stratification:

Cs0={X €Wy |bp1 =0, A >0, aip— by # 0},

Ci2=1{X € C52 | byy = 0},

Ciz=1{X € Cs2 | by #0, ag; = 0},

Cua={X € C55 | by #0, o1 # 0, o1 + aro = 0},

Cs2={X € Cs2 | byg =0, g1 = 0},

Cs3=1{X € Cs2 | by =0, ag1 # 0, ao1 + aro = 0},

Cs4={X € Cs2 | by =0, ap1 # 0, do1 + aio # 0, byo = 0},

Cs5={X € Cs2 | by #0, ap1 = 0, @y = 0},

Cs6=1{X € Cs2 | by #0, ag1 =0, aig # 0, a10boz+ao2(bao —a10) =0},
Cs,7={X € Cs2 | by #0, o1 # 0, Go1 + a0 = 0, bao(azo + @11 + do2)

— @10(b3g + ba1 + bio + boz) = 0}.
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Finally, we have to consider the cases {A > 0, ajg — by = 0} and
{A =0, ajg — byg # 0}. The condition in the first case implies that
apy — b11 # 0 and therefore (11) is a linear equation. In the second
case (11) is a second order equation with a unique real solution. Let A;
be the unique solution of (11) under any of the previous conditions. In
such a case, with respect to the (Z,§)-coordinates given by the linear
transformation
(14) -

y=A41z+7y,

the vector field Xp still maintains {Z = 0} as an invariant line and its
3-jet is like in (13). That is, the 2-jet presents {§ = 0} as the unique
invariant line of the type § = AZ. Thus, we define the following strata
of codimension 4 and 5:

C475:{X€W2 |b01 =0, A>0, (110—1720:0}7
Css ={X € Cy5 | by = 0},

Cs9=1{X €Cys|by #0, ap1 =0}
and

0476:{X€W2|b01:0, AZO, alo—bgo#O},
Cs.10 = {X € Oy | bao = 0},

Cs11 ={X € Cu | boo # 0, @1 = 0}.

Cs1 03,2\
Cua Cupo Cas Caa Cus Cap

PN VT

C51C52C53C54C55C56C57C58C59 Cs10 Cs11 Cs,12

Figure 3.1. Stratification in the quadratic case.
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We also define the stratum Cs10 = {X € Wy | bpr = 0, A = 0,
aio — bayg = 0}. Note that each C;; with ¢ = 3,4,5 is a semi-algebraic
set of codimension ¢. In Figure 3.1 we show how the different strata are
organized.

Remark 3.1. The a;; and b;; refer to coefficients in (4) while a;;
and b;; to coefficients in (13). Nevertheless, it is important to ob-
serve that after the change (12) (resp. (14)) @19 = a10(A2 — A1) and
620 = b20(A2 — Al) (I“GSp. a0 = ayg and 520 = bzo). Therefore, in both
cases @19 — bag and a9 — bag have the same sign. Since § = 0 is the
unique invariant line of the type § = AZ for the 2-jet of (13) if X € Cyp,
it follows that A = 0 is the unique solution of (@p; —b11)A = 0 and hence
do1 — b11 # 0. Similarly, if X € Cy6 then A = 0 is the unique solution
of (5,10 - 1_720)142 + (C_Lol — 511)14 = 0 and hence C_L()l = l_)ll.

Remark 3.2. Putting together the different strata which we have
just characterized with the ones given for the nilpotent case in section 2,
we finally obtain the following stratification of Ws:

Wag = Nay

Was = (U3_1 N3 ;) U (U7_,C55)
Way = (U3 Ny j) U (US-1Cuyj)
Was = (Uj=1N5,5) U (U;2,Cs,5) -

Note that each Wy; with ¢ = 2,3,4,5 is a semi-algebraic set of codimen-
sion 1.

We will obtain the different equivalence classes which are found in each

stratum C; ; \ C; j+1. To do this we use the homogeneous blow-up given
by

r=ru, Y=rv.

Since the exponent of r in the change y = rv is odd the vector field
obtained by blowing-up in the y-direction with v = —1 is related to the
one obtained by taking v = 1 by means of the change (r,u) — (—r, —u)
and t — —t. We will keep this in mind in the sequel.
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We can first give a survey of the different dynamics which are ob-
served in each stratum as well as of the different transitions. We first
study the singularities obtained after one blow-up. Only the side u > 0
on the blown-up circle needs to be considered. In all cases we will find
two singularities at (u,v) = (0, £1), corresponding to the invariant axes.
For U5 ; there are no more singularities and further degeneracies in Cy 1
and C5; are given by the coalescence of an extra hyperbolic singular
point with (0,£1). For Css we also find two singularities p; and p
on the blown-up circle with u > 0. Further degeneracies along the dif-
ferent strata contained in C'3 o are given by the coalescence of an extra
hyperbolic singular point with (0,£1), p1 or ps. C45 can be seen as the
transition inside C3o from a9 — bag positive to negative. As a conse-
quence, one of the singularities, either p; or ps, coalesce with (0,£1) in
a saddle-node bifurcation. Finally Cy¢ shows the transition from Cf
to (31, in which p; and py coalesce in a saddle-node bifurcation.

Remark 3.3. Let us recall that in the previous calculations on (3)
the coordinates (z,y) represent in fact (w,z) in expression (2). Going
back to the original coordinates (x,y) in (1) we have to use w = x? and
z = y. By means of blow-up we prove the existence of invariant curves
for vector fields like in (3) of the form z = aw+o(w). Hence, with respect
to (z,y)-coordinates we get invariant curves of type y = ax?/2 + o(x?).
This must be kept in mind when drawing, as we do in this case, the
different topological types for vector fields (1).

3.1. Singularities of codimension 3.

We will distinguish two cases:

1. X € C31\ Cy1. In this case b1 = 0, A < 0 and by # 0,

2. X € C372 \ (C'_4)2 U 04)3 @] 04)4). In this case bgy = 0, A > 0,
aro — bao # 0, bao # 0, Go1 # 0 and dg1 + @10 # 0,

which are studied separately.

Case 1: We consider expression (4) for Xr. The change of coordinates
(z,y) — (x,—y) permits us to put gy > 0. Hence, we assume that bag
is positive. Blowing-up in the y-direction with v = 1 we get

{ " = baor + (O(||(r,w)|))
u' = u(aip — bao + (ap1 — bi1)u — boau?) + u(O(r)).
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Since A < 0, on the invariant line {r = 0} we find exactly one hy-
perbolic singularity at (r,u) = (0,0). Recall that A < 0 implies that
(a10 — bag) # 0. One can check that blowing-up in the a-direction no
singularity is found at (r,v) = (0,0). The study of the singularity leads
to the phase-portraits given in Figure 3.2 for the blowing-up as well as
for the corresponding topological types of Xpg.

(@10, b20,b02) = (2,1, —1)  (ai0,b20,b02) = (—1,1,1)
a9 — by >0 a0 — b2 <0

Figure 3.2. Topological types for vector fields in C3 1 \ Cy 1.
We use the model %x(amy + a01x2)a% + (baoy? + br1ya®+

b021'4) %

Case 2: In this case we consider the expression of X which is obtained
after the change (12) and hence we assume that its 3-jet is given by (13).
As it is explained in Remark 3.1, @1g — b # 0. Moreover we use that
bao + bi1 = @1 + G1p and assume, as in the previous case, that bag > 0.

Blowing-up in the z-direction with u =1 we get

{ v’ = (G10v + ap1)r + o(r)
v = (bao — a10)v(v — 1) + O(r).

On the invariant line {r = 0} we find exactly two hyperbolic singularities
at (r,u) = (0,0) and (r,v) = (0,1). Blowing-up in the g-direction with
v =1 we get an extra hyperbolic singularity at (r,u) = (0,0). Studying
the singularities and glueing the different charts together we obtain the
phase-portraits given in Figure 3.3.
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apgr >0 }Z
Q19+ ag1 >0 F

(@10, @o1, b2o) = (2,1,1) (@10, o1, b20) = (—1,2,1)

apr >0 L
aio+apr <0

(@10, @o1, b2o) = (—2,1,1)

A
ap1 <0 L i j
a0+ agr >0

A

(@10, @o1, bo) = (2, —1,1) alo7a01,bzo) (1/2,-1/4,1)

ao1 <0 : ;
a0 + agr <0

(@10, o1, b2o) = ) (@10, o1, b20) = (—1,-1,1)

\N

alO_b20>0 a107b20<0

Figure 3.3. Topological types for vector fields in C32\(Cy,2UCy 3UCy 4).
We use the model x(aloy—l—amx ) +(baoy® + (Go1 +a10—
bao)y?) 5
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3.2. Singularities of codimension 4.
We have six cases:

1. X e 0471 \ 0571. In this case b01 = 0, A< O7 bQo =0 and b30 7é 0,

2. X € 0472 \ (0572 U 0573 U 0574). In this case bg; = 0, A > 0,
a10 — bao # 0, bag = 0, ao1 # 0, do1 + 1o # 0 and bgg # 0,

3. X € C4,3\(C5’5UC5’6). In this case by; = 0, A > 0, a9 —bog # 0,
bao # 0, apy = 0, a1o # 0 and ay0bos + doz(bao — a10) # 0,

4. X € 0474 \ 0577. In this case by = 0, A > 0, aig — bao 75 0,
bao # 0, o1 # 0, Go1 +a10 = 0 and bag (@20 + a11 + aoz) — @0 (bso +
ba1 + b1a + boz) # 0,

5. 2( S 04’5\(05’3U0579). In this case bgy = 0, A > 0, a19—bog = 0,
b20 7é 0 and C_l(]l 7é O,

6. 2( S 0476\(65710UO5711). In this case bg; = 0, A= 0, a190—b2g 7é 0,
boo # 0 and ag; # 0,

which are studied separately.

Case 1: In this case the change of coordinates (Z,§) — (Z, —y) permit
us to put a;p > 0 and hence we assume that such a condition is satisfied.
Blowing-up (4) in the y-direction with v = 1 we get

{ ' = r(b1u + bogu?) + r?(bso + baru + br2u® + bozu?) + o(r?)
u' = u(ao + (ap1 — bi1)u — boau?) + u(O(r)).

(a10,bo2,b30) = (1,—1,1) (a10,bo2,b30) = (1, -1, 1)
b30 >0 b30 <0

Figure 3.4. Topological types for vector fields in Cyq \ C5 1.
We use the model Fz(aioy + a01x2)% + (brryz? + booz*+
b30y3)8%.
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Since A < 0, on the invariant line {r = 0} we find exactly one singularity
at (r,u) = (0,0), where the linear part is given by alou%. Therefore,
there exists a center manifold tangent to the eigenspace associated to
the 0 eigenvalue. In this case {u = 0} is an invariant line and hence it is
a center manifold. The restriction of the vector field to {u = 0} is given
by (bsor? + o(r?))Z. One can check that blowing-up in the z-direction
no singularity is found at (r,v) = (0,0). Glueing the different charts
together we get the phase-portraits given in Figure 3.4 for the blowing-
up near S' x {0} as well as for the corresponding topological types of
Xng.

Case 2: We use the expression of the 3-jet of X which is given in
(13) and, similarly to the previous case, we may assume that a;o > 0.
By blowing-up Xr in the Z-direction we will obtain the same phase-
portraits as in case 2 of codimension 3. Nevertheless, blowing-up in the
y-direction with v =1 we get

{ ' = byru+ r2(bsg + baru + biau? + bosu®) + o(r?)
u' = u(@io + (aor — bir)u) +u(O(r)).

The linear part at (r,u) = (0,0) is given by leoua—au. As in the previous
case, {u = 0} is a center manifold. The restriction of the vector field to
{u = 0} is given by (b3or? + 0(7“2))%. In Figure 3.5 the corresponding
phase-portraits for the blowing-up and for Xy are depicted.

Case 3: We assume that byy > 0. After blowing-up we obtain the same
singularities as in case 2 of codimension 3. Also the behaviour at each
one of them is the same except for the singularity at (r,v) = (0,0) which
is obtained by blowing-up in the Z-direction with v = 1. In such a case
we get the vector field

T/ = (_1107”’0 + 7’2((_120’02 + C_L11’U + 602) + 0(7"2)
v = (520 — Ezm)v(v — 1) =+ ’I“((i)30 — 620)1}3
+ (ba1 — @11)v® + (br2 — Go2)v + bos) + o(7).

The linear part at (r,v) = (0,0) is given by (bosr + (@10 — 620)11)8%.
The singularity is hyperbolic for the restriction to {r = 0} and there
exists a center manifold W€ tangent to the eigenspace associated to the
0 eigenvalue. A simple calculation shows that a first order approximation
of W€ is given by -
— b037 r+o(r)
bao — @10
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and the reduction of the vector field to W°€ is

, @10bos + Go2(b2o — @10) o

r = - — r? 4 o(r?).
bao — a1

dopr > 0 M
a0+ apr >0

(@10, do1, b30) = (1,1,1) (@10, @01, b30) = (1,1,—1)
apr <0 L ﬁ
a0+ apr1 >0 F N —

(@10, @o1, bso) = (1,—1/2,1) (@10, ao1, bso) = (1,—1/2,—1)

ap1 <0
aio+agr <0

(@10, @01, b3o) = (1,—2,1) (@1o0,d01,b30) = (1,—2,—1)
b30 >0 bgo <0

Figure 3.5. Topological types for vector fields in Cy 2\(C52UC5 3UC5 4).
We use the model % (@10y + ag12?) 8‘1 + ((@o1 + a@o)yx®+
b30y3)3%
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We get the phase-portraits depicted in Figure 3.6 for the blowing-up and
for the topological types of Xg.

aig >0 &

s

(@10, @02, boo) = (2,1,1) (@10, a0z, bao) = (2, —1,1)
ayg > 0
@10 — bao < 0

(@10, @2, b20) = (1/2,1,1) (@10, o2, b20) = (1/2,—1,1)

L
<o X

B

(@10, o2, b20) = (—=1,1,1) (@10, a0z, boo) = (—1,—1,1)
a>0 a<0

Figure 3.6. Topological types for vector fields in Cy 3 \ (Cs5,5 UC56).
= ((_llobog + C_Log(bgo - C_Llo))/(bgo - C_Llo). We use the model

$2(a10y+asoy? +51029€4)% + (b2oy?+ (@10 —bao)y? +503$6)3%~
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Case 4: Again, we assume that by > 0. As in the previous case,
after blowing-up, we obtain the same singularities that in case 2 of codi-
mension 3. The behaviour at each one of them is the same except for
the singularity which is present at (r,v) = (0,1) after blowing-up in the
Z-direction with u = 1. In such a case we get the vector field

7" = r(@iv + @o1) + r?(agev? + a11v + agz2) + o(r?)
v = (620 — @10)7}(1) — 1) + 7‘((630 — dzo)v3
—+ (bgl — (_1,11)1)2 + (b12 — L_log)’l) + b03) + 0(7”).

Putting v —1 = z we traslate the singularity at (r, z) = (0,0). The linear
part of the new vector field at (0,0) is

0

0z’
The singularity is hyperbolic for the restriction to {r = 0} and there
exists a center manifold W€ tangent to the eigenspace associated to the
0 eigenvalue. A simple calculation shows that a first order approximation
of W€ is given by

(((530 + by + b1 + B03) — (@20 + @11 + Go2))r — (@10 — 1_720)2’)

G20 + 11 + @p2 — bzp — ba1 — bi2 — b037‘

o(r)

b2o — @10
and the corresponding reduction of the vector field to W€ by

o 520(6720 + a1 + @02)7— @10(530 + bgy + bia + 603)
bao — @1g

r? 4+ 0(7“2).

In Figure 3.7 we represent the phase-portraits for the blowing-up and
the corresponding topological types for X i which are obtained.

Case 5: We assume that byy > 0. Blowing-up in the g-direction with

v =1 we get B _
{ " = r(bgo + b11u) + o(r)
u = (601 — 611)u2 + U(O(T))

On the invariant line {r = 0} we only find a singularity at (r,u) = (0,0)
with linear part boor 2. Therefore {r = 0} is a center manifold and the
corresponding restriction is given by (ag — 511)u26%. We know from
Remark 3.1 that (@g1 — b11) # 0.

Blowing-up in the z-direction with u = 1 we get

r = 7“((7,10’1) + @01) + 0(7")
v' = —(@o1 — b11)v + 7((bzo — @20)v>
+ (ba1 — @11)v? + (b12 — @g2)v + bos) + o(r).
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On the invariant line {r = 0} we get an extra hyperbolic singularity at
(r,v) = (0,0) with linear part ELOlr% + (bo3r — (o1 — Bll)v)%. Glueing
the different charts together we get the phase-portraits for the blowing-
up and for the topological types for Xz which are depicted in Figure 3.8.

@10 — bao <0
apgr >0

(@10, @20, b2o) = (—1,1,1) (@10, @20, b20) = (—1,—1,1)

d10—620>0 L
apr <0

(@10, @20, b20) = (2,—1,1) (@10, @20, b20) = (2,1,1)

@10 — b2 < 0
agr <0

(@10, @20, b2o) = (1/2,1 (@10, 20, b20) = (1/2,—1,1)
6>0 8<0

WM

N

Figure 3.7. Topological types for vector fields in Cy4 \ C57.
B=(bao(@20+a11+a02) —a10(b3o+b21+b12+bo3))/(b2o —a10)-
We use the model %x(dloy—a10x2+d20y2+@11y$2+d02$4)%+
(b20y2—bQOyaz2+b02x4+b30y3+b21y2x2+b12yx4+b03x6)3%
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o1 — b11 >0

(@o1,b20,011) = (1,1,0) (@o1,b20,b11) = (—1,1,-2)

Gp1 — b11 <0 % =

(o1, b2, b11) = (1,1,2)  (@o1,b2o,b11) = (—1,1,0)
apr >0 apgr <0

Figure 3.8. Topological types for vector fields in C'4 5\ (C58UC59).
We use the model x(bgoy + a1z ) + (baoy? + by1yz? ) 9

Case 6: Let us recall from Remark 3.1 that ag; — b11 = 0. Once more
again, we assume that bgy > 0. Blowing-up in the y-direction with v =1
we get

{ r" = r(bao + b11u) + o(r)
u' = u(@io — bao) +u(O(r)).
On the invariant line {r = 0} we find exactly one hyperbolic singularity
at (r,u) = (0,0) with linear part bogr 2 2+ (a0 — bao)u aau
Blowing-up in the Z-direction with u = 1 we get

7”'/ = T(C_Llo’U + C_Lol) + O( )
v = (6 20 — alo)U + ’I“((B?, — Elgo) 3
+ (ba1 — @11)v? + (b12 — Go2)v + boz) + o(r).
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Again (r,v) = (0,0) is the unique singularity on {r = 0} and the linear
part is given by &017'% + 1_7037’3%. Therefore {r = 0} is a center manifold
and the restriction of the vector field is given by (bgo — alo)fuza%. Glue-
ing the different charts together we get the phase-portraits depicted in
Figure 3.9 where the different topological types corresponding to X g are

also shown.

(@10, @01, b20) = (2,1,1) (@10, do1,boo) = (2, —1,1)

aio —620 <0

(@10, @01, b20) = (0,1,1) (@10, ao1,b2o) = (0, —1,1)
apr >0 ap1 <0

Figure 3.9. Topological types for vector fields in Cy g \ (Cs,10 U C5,11).
We use the model %x(@10y+601$2)%—i—(bgon—&—dOlyﬁ)%.

References

[CH] S. -N. CHOW AND J. HALE, “Methods of bifurcation theory,”
Springer-Verlag, New York, Berlin, Heidelberg, 1982.

[D] F. DUMORTIER, Singularities of vector fields on the plane, J. Di-
[ferential Equations 23 (1977), 53-106.

[DI] F. DUMORTIER AND S. IBANEZ, Singularities of vector fields on
R3, Nonlinearity 11 (1998), 1037-1047.



CODIMENSION 4 SINGULARITIES 533

[DH] F. DUMORTIER AND C. HERSSENS, Tracing phase portraits of
planar polynomial vector fields with detailed analysis of the singu-
larities, Preprint (1998).

[H] C. HERSSENS, Drawing and classifying portraits of planar polyno-
mial vector fields, Thesis, Limburgs Universitair Centrum (1998).

[KR] B. KRAUSKOPF AND C. RousseaU, Codimension-three unfold-

ings of reflectionally symmetric planar vector fields, Nonlinearity 10
(1997), 1115-1150.

[T] F. TAKENS, Singularities of vector fields, Inst. Hautes Etudes Sci.
Publ. Math. 43 (1974), 47-100.

F. Dumortier: S. Ibanez:

Limburgs Universitair Centrum Departamento de Matematicas
Universitaire Campus Universidad de Oviedo

B-3590 Diepenbeek 33007 Oviedo

BELGIUM SPAIN

e-mail: fdumorti@luc.ac.be e-mail: mesa@pinon.ccu.uniovi.es

Primera versié rebuda el 25 de juny de 1998,
darrera versi6 rebuda el 27 de gener de 1999



