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REGULARITY OF
SOME NONLINEAR QUANTITIES
ON SUPERHARMONIC FUNCTIONS
IN LOCAL HERZ-TYPE HARDY SPACES

DASHAN FAN, SHANZHEN LU* AND DACHUN YANG*

Abstract

In this paper, the authors introduce a kind of local Hardy spaces
in R™ associated with the local Herz spaces. Then the authors
investigate the regularity in these local Hardy spaces of some non-
linear quantities on superharmonic functions on R2. The main
results of the authors extend the corresponding results of Evans
and Miiller in a recent paper.

1. Introduction

In recent years, Hardy space methods have lead to remarkable progress
on nonlinear partial differential equations with critical growth; see [3],
[15], [1] and [16]. The main reason is as follows: a typical difficulty
when studying such equations is that the nonlinear term is a priori only
known to be in L'(R"™) in which there is no good elliptic theory;
however, there is a well-established regularity theory in a particular
subspace of L'(R™), namely the standard Hardy space H!(R™). In
other words, Calderén-Zygmund singular integral operators are
not bounded on L'(R"); but, they are indeed bounded on
HI(R™) if they satisfy the vanishing moment condition; see [5].
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Moreover, Coifman, Meyer, Lions and Semmes in [1] proved that certain
nonlinear quantities mentioned above are in fact in H!(R"). In particu-
lar, L. C. Evans and S. Miiller in [3] established the local boundedness in
standard Hardy space H!(R") of some nonlinear quantities on the weakly
superharmonic functions. Applying their results to the two-dimensional
Euler equations with nonnegative vorticity, Evans and Miiller gave a new
proof of Delort’s results in [2].

On the other hand, a theory of the Hardy spaces associated with Herz
spaces has been developed considerably in recent years; see [6], [11] and
[12]. These Herz-type Hardy spaces are good substitutes of the usual
Hardy spaces when studying boundedness of non-translation invariant
operators (see [13]) and can be regarded as the local version at the ori-
gin of the usual Hardy spaces. There is also a good regularity theory
in these spaces; see [12] and [14]. However, it is still not clear how to
apply the theory on these spaces to partial differential equations. The
main purpose of this paper is to establish a local version at the origin of
Evans and Miiller result in [3]. That is, we will study the local bounded-
ness on the Hardy spaces associated with Herz spaces of some nonlinear
quantities on weakly superharmonic functions. Our main results also
extend the corresponding results of Evans and Miiller, Theorem 1.1 and
Theorem 5.4 in [3]. We hope this will be helpful to finding more appli-
cations of the Herz-type Hardy spaces in the study on partial differential
equations; see also [14].

Let us first introduce some definitions.

For k € Z, let B, = B(0,2%) = {# € R" : |2| < 2F} and
Ay = By \ Bk—1. We denote the characteristic function of Ay by xk.

Definition 1 ([8]). Let a € Rand 0 < p, ¢ < c0. f € L  (R™\ {0})
is said to belong to Herz space KP(R™), if

0o 1/p
Hf”K;‘”’(]R”) = { Z 2kap|kaiq(Rn)} < 0.

k=—o0

We introduce the local Herz spaces as follows.

Definition 2. Let « € Rand 0 < p, ¢ < co. f € L] (R™\{0}) is said

loc

to belong to local Herz space KZif)C(R” \ {0}) if for every ¢ € C°(R™),
of € K&P(R™).
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Obviously, by the above definition, f € K™ (R™) is equivalent to the

q,loc
fact that for any k € Z, xp, f € KJP(R"). It is also easy to observe
that f € Kg‘izc(R") if and only if for any k € N, xp, f € Kg"p(R").
We easily verify that I.(Zgiépfl/q)’p(R") G L} (R™) when ¢ > p > 1 and
0,
Kp,ﬁ)c(Rn) = Lfoc(Rn)'

Now choose 77 : R — R to be any smooth function satisfying
suppn € B(0,1) and / n(z)de = 1.
B(0,1)
If f € LY(R"), we write

fH(z)= sup

re(0,00)

rin / fym (#) dy‘-

In [11] (and independently in [6]), S. Lu and D. Yang introduce the
following Herz-type Hardy spaces, HK;~*/9"X(R"), which can be re-
garded as the local version at the origin of the standard Hardy space,

H'(R™), studied by C. Fefferman and E. M. Stein in [5].

Definition 3 ([11]). Let 1 < ¢ < oo. f € L'(R") is said to belong
to the space HKg(lfl/q)’l(R") it f* e Kg(lfl/q)’l(R"). Moreover, we
define

1l gema-1r02 oy = I Il genom1/00 gy

According to Lu-Yang [12], this definition does not depend on the
particular choice of 1. Obviously, when ¢ = 1, HKg(l_l/Q)’l(R”) =
H(R"), the standard Hardy space studied by Fefferman and Stein in
[5].

In [4], Fan and Yang introduce the local version, the space
REITY DR of the space HEKL! /Y (R") in Goldberg’s sense
[7]. For f € LL _(R™), we will hereafter set

loc
f*(x) = sup in fy)n (x_y) dy'-
o<r<1 |7 JRrn r
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Definition 4 ([4]). Let 1 < ¢ < oo. The space th(l_l/Q)’l(R") is
defined by

-n(l1—1/q),1 ny — 1/mny . g*xx* ~n(l1—1/q),1 n
hEPIYONRY) = {f € LYR™) : f* € KpU-YaOL (R},
Moreover, in this case, we set

”f”hkg(l*l/q%l(Rn) = ”f**”K;l(l*l/q%l(Rn)-

It is clearly that when ¢ = 1, hKy Y9 (Rn) = RL(R"), the local
Hardy space introduced by Goldberg in [7]. By the results in [4], we also
know that the above definition does not depend on the spemal choice of

1. Now, we introduce another local version Hjo. K (1 Vo1 (R™) of the
space HEP DL (R as follows.

Definition 5. Let 1 < g < co. f € L{ _(R") is said to belong to the
space Hioe Ko ™Y1 (RM) if for any g€ C2(R™), ¢f € hEy DL (Rm).

In the next sect10n we will prove the following equivalent definition

of the space Hioc K, 1 1/9), 1(Rn)

Proposition 1. Let 1 < q < co. Then f € Hig kg1 (R™) if
and only if for any k € Z, xp, f** € Ky n(1-1/9).1 (R"), which is also

equivalent to the fact that f** € K:gcl)c 1/9),1 (R™).

We remark that when ¢ = 1, HloCK;(l_l/Q)’l(R”) = HL_(R"), the
local Hardy space introduced by Evans and Miiller in [3].

To state our main theorem, we still need to introduce the local Herz-

K”(1/2 1/q), Q(Rn)

type Sobolev space H. . see also [14].

Definition 6. Let 1 < g < co. We call u € Hll()CKg(l/Q—l/q)Q(Rn)

if w and its distributional first partial derivatives u,,,... ,u,, belong to
n(1/2—1/q),2
the space Kq ol T (R™).

Obviously, when ¢ = 2, HIOCK"(U2 /9, 2(R™) = H} _(R™), the stan-
dard local Sobolev space.

Now, it is a position to state our main theorem.
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Theorem 1. Let1l < g < o0, u € HI{)CK;;U'I’Z(RQ) be a weak solu-
tion of the partial differential equation

—Au=w in R

where w € K'Q(l_l/Q)’l(R2) and

q,loc
(1.1) w > 0.

Then )
u%lu:,y‘,,ui1 — uig € HlOCKqQ(lfl/q)J(R?).

In addition, for each ¢ € C2°(R?), we have the estimate

(12) ||¢ur1ur2 H}Lkg(l—l/q%l(ﬂgz) + ||¢(UZIU§2)||hK§(1—1/q),1(R2)

< C”XB(O,R)‘DUH‘[(;*U%?(RQ)
q
for some constant ¢ and some radius R depending only on ¢.

If we take ¢ = 1, then Theorem 1 is just Theorem 1.1 in [3]. Thus,
Theorem 1 is a generalization of Theorem 1.1 in [3]. In fact, Theorem 1
can be regarded as some kind local version of that theorem at the origin.
See also Semmes [16] for several different versions of Evans and Miiller’s
theorem.

It has been pointed by Evans and Miiller in [3] that without the sign
condition (1.1), Theorem 1 is false. However, in the radical case, the
nonnegativity of w is not required. To be precise, we have

K§(1/2*1/q1)’2 (RQ)

Theorem 2. Let 1 < q, q1, g2 < 00, u € H}! be a

loc
weak solution of the partial differential equation

—Au=w in RZ

with w € K2(171/q2)’1(R2) and u(z) = u(r), w(x) = w(r) for r = |z|.

q2,loc

Then Ug, Ug,, u2 —ui, € Hioe K2V DY (R2) . Furthermore, for each

¢ € C°(R?), we have the estimate
(13) ||¢ux1u962 th(g(lfl/q)vl(Rz) + ||¢(’U,§l - uazcz)th(gufl/‘I%l(Rz)
S C(”XBk|DUH|§(§£1/2*1/41)12(R2) + ||XBkw”i'(i;l*l/qg),l(Rz))a

where k € N depends only on ¢.
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If we choose ¢ =1, ¢; = 2 and g2 = 1, we recover Theorem 5.4 in [3].

Finally, we point that we also obtain a local version on Herz-type

Hardy spaces th(l_l/q)’l(R") of Jones-Journé’s result on convergence

a.e. and convergence in the distribution sense for a sequence bounded in

the Hardy space H!(R™); see [9], [1] and see also [3] for the local version
on h'(R").

Proposition 2. Let 1 < g < oo. Suppose {fi}p>, is bounded in
hKP VDY R and i, — f, a.e., as k — oo, for f € LL _(R"). Then
fe hK;l(lfl/q)’l(R”) and

(1.4) fe— f
in the sense of distributions.

If we take ¢ = 1, Proposition 2 is just Theorem 3.1 in [3].

2. Proofs of Theorems

We begin with the proof of Proposition 1.

Proof of Proposition 1: When g = 1, this proposition is just Lemma 5.1
in [3]. Now we restrict that 1<g<oo. Suppose f e?—[loclﬁ?(l*l/qx1 (R™).
For any k € Z, we choose ¢ € C(R™) such that ¢(z) = 1 when z €

B(0,2F +1). Then, if x € By,
1 _
o /n 7 (I " y) o(y) f(y) dy‘

s () rwal

(¢f)"(x) = sup

0<r<1

= sup
0<r<1

=" ().

Thus,

HXka**H[(;L(lfl/q),l(Rn) = HXB,C (¢f)**||K;L(lfl/q),l(Rn)

<) g1/ g

< 00.

That is, xg, f** € KyU ™9 (RR).
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Now suppose xp, f** € K;L(l_l/q)’l(R") for each k € Z. Fix any
¢ € C*(R™) with supp¢ C B(0, R). Choose Iy € N such that 2lo~! <
R +1 < 2. Observe first that

= (I‘y) o)1 (V) dy’

vanishes if x € R"\ B(0, R+1). If € B(0, R+1), by (5.2) in [3, p. 215],

we have

(¢f)™(x) = sup

0<r<1

ok ok 1
(@) (w‘)éc(f @+ s [ (mlf(y)ldy>

lo+1
<c <f**(ﬂf) + Y /Rn file = )lyl' " x5, (v) dy) )

l=—0o0

where fi(x) = |f(x)|x:(2). Let gy(x) = [p. filz —y)ly|' " x5, (y) dy and

lo+1

o)=Y ).

l=—00

Then,

||(¢f)**Hk;“‘””‘mw = C”XBzo f**”;'(g(l—l/q))l(Rn)

+ CHXBzog||K";L(1*1/‘1)>1(Rn)-

By the hypothesis, we know that ||xp,, f**||Kn<171/q),1(Rn) < 0o. We still
q

< 00. In fact, we have

need to show that ||XBlog||KZ(1_1/q>‘1(R")

lo+1 lo
X B1, 9ll grma-1/01 gy < > D 2G| Lean

l=—00 k=—00

lo+1 min{l+2,l0} lo+1 lo
l=—o0 k=—o00 l=—oc0 k=I+3

EIl +IQ
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For Iy, by the trivial estimate ||g;xx|/za®r) < cllfill La(rn) and the hy-
pothesis, we obtain

lo+1 42
I; <c Z Hfl”Lq(]Rn) ( Z an(l—l/Q)>

l=—0c0 k=—o00
lo+1

<c Z 2 =YD ]| Lo ey
l=—00

< C||XB10+1 f**||K;L(1—1/q)>1(Rn)
< o0.

To estimate I, we first note that if [ > 0 and k& > [ + 2, then g;(z) =0
when = € Aj. Thus,

—1 2
I, = Z Z 2kn(171/f1)HngkHLq(Rn).
l=—00 k=143

Now, since [ < —1 and k > [+ 3, for z € A, we have

7i@) = [ 1= )l xealo) dy

</ e = )yl "X, () dy
3|z <4|y|<5|z]
< 2 il gy,
By substituting this into I3, we obtain

—1 2
L<ey > 2l

I=—o0 k=143
—1
<c Z 2=V x| Lo ey
l=—o0
< elixp [ M gna-1r0 gy

< 00.

This finishes the proof of Proposition 1. B
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Proof of Theorem 1: Fix R > 8. Let B(0, R) denote the closed ball
with center 0 and radius R, and set

v(z) = —o- w(y) log(|z — yl) dy.
™ JB(0,R)

Then
(2.1) 6 =u—wv is harmonic within B(0, R),
and
(2.2) @ =5 [ w) Iy =12

) v, () = — w(y) ——=dy, i=1,2.

‘ 2m B(0,R) |z —yl?

Choosing n € C2°(R?) satisfying
suppn € B(0,1), / n(z)de =1, n=0.
B(0,1)

Let us also fix any point xo € R2. Consider then for 0 < r < 1, the
expression

A= v @)ow, @) (ﬂ) de

r2 Jpe T

7 o .
=3 w(y)w(z)
47212 Jpo.r) JB(O,R)
/ $1*y1$2*22n T —Xo da ) dydz,
r2 [T —y)? |z — 2 r

by (2.2). We change variables by replacing (r — xo)/r with x, (y — o)/
with y, and (z — z¢)/r with z to discover

7,2

(2.3) A / w(zo + ry)w(zg + rz)
B(—zo/r,R/T)

T1 — Y1 T2 — 22
dz ) dydz.
. (/ oyl ) yde

472 (e srRr)
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For fixed y, z € R? and y # 2, let

BE/ 2 B x2_2277(x)dx.
R

2 |z —yl? |z — 2

Then by the estimation in [3, p. 202-204], we have
Bl <c(t+y)~ A+~
Substituting this to (2.3) and noting that w > 0, we obtain

Al < cr?/ / w(wo £ ry) w(zo +r2) dy dz
B(—o/r,R/7) ) B(—zo/mr/ry L+ 1Yl L+ 2]

2
—c (T/ —w(lxo +ry) dy)
B(—wo/r,R/T) + lyl

We restore the original variables by replacing xg 4+ ry with y to obtain

2
1A < e / &dy
B(O,R) T+ |y — ol

Therefore,

24) (o) (z0) = sup |A|§c( [ dy)

0<r<1 (0,r) |y — ol

For xy € R?, we next write

w
9(xo) :/ _(y) d
B(0,R) ly — 20

and claim

(2.5) g€ K, A R2),

2q,loc
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To this end, first choose a cutoff function p € C2°(R?), with 0 < p < 1,
p=1on B(0,R), p =0 on R?\ B(0,2R), |Dp| < ¢/R. Choose also
Ae € CX(R?) satisfying 0 < A\ < 1, A\c = 0 on B(zg,£), Ae = 1 on
R?\ B(zo,2¢), |DA| < ¢/e. Let M(f) denote the Hardy-Littlewood
maximal function of f. By [3], we have

w(y)

|y—330|

0 < g(zo) < /RQ p(y)

— I

< —p.o. / p(y)Duly) - L0 dy + eM(1Dul | 502 (o)
]RZ

ly — o3

1
+C/ |Du(y)|——— dy
B(0,2R) ly — o

= g1(x0) + g2(w0) + g3(o).

Since y/|y|? is a Calderén-Zygmund kernel and —1/q < 1—1/g < 2(1 —
1/(2q)), by Corollary 2.1 in [10], we have

||91 HK;;l/q»Z(Rz) < c||p\Du| |‘K21;1/‘1!2(R2)
(2.6)
< c||XB(O,2R) |D’U,‘ H[(lfl/‘l»Z(Rz)'
2q
Furthermore, by the same corollary in [10], we have

(2'7) ”92”1‘(;;1/‘1’2(]1@2) < CHXB(O,QR)|DU| ”K;;l/qﬂ(Rz)‘

Now, let ko € Z such that 2% < R/2 < 2FoF1, Therefore, 2¥0+2 < 2R <
2ko+3  Write

1
g3(zo) =c [ |[Du(y)|———=XB(0.2r)(y) dy
R2 ly — o]

Zo
ko+3 1
< 3 [ IPuhatg = i
ko+3

1
. [ IDuty+ sty + o) dy
= — oo /R? |y

ko+3

=c Z 7;(xo).

l=—o00
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Let € > 0 to be determined late. We have

||XB(0,R/2)93 ||K21;1/q’2(R2)

9y 1/2
ko+1 hot3

<¢ Z 92k(1-1/q) < Z ||Xk§l|L2q(R2)>
k=—o0 I=me

ko+1 ko+3 1/2
- c{ Z 92k(1-1/q) < Z 2_26l|Xk?§l|%2CI(R2)226k0>}

(28) k=—o0 l=—00

1/2
ko+3 min{l+2,ko+1} /

< ¢(R) Z Z 22k(171/q)*25l”?g(ng%zq(RQ)

l=—0c0 k=—o0

ko—2 ko+1 1/2
-I-C(R){ Z Z 22k(1I/Q)Qelxkgl”%zq(Rz)}

l=—o00 k=Il+3
=J; + Jo.

For Ji, we first note that when zg € Ay and k <[+ 2, by the definition
of g;(xp), we have

_ 1
)| < [ 1Duly+ o)+ ) ensaycas ()

Thus,

_ 1
Bl < NDubuloey [
i<+ Y]

< Y| |Dulxi|| 20 g2)-
By choosing 0 < ¢ < 1, we obtain

ko+3 142 1/2
S s C{ > 22 [Dulxal| a0 e ( 3 2%@-1/@)}

l=—00 k=—oc0

ko3 1/2
< c{ > 2l DuIlelifzqu)}

l=—o0c0

< C”XB(OAR) ‘DU| ”K;;I/Q’Z(RZ)'
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On J5, we note that when £ > [+ 3 and zg € Ag,

_ 1
gi1(wo) < /R2 | Du(zo + y)|xi(wo +y)mX{y;%\zo\g|y|gg|zo\}(y) dy

<2 [ Duteo + oo +v)dy
RZ
< 27 MOV R Dul x| 20 z2)-

Therefore,

ko—2 ko+1
Jo < c{ Z 22l(1—1/q)|| |DU|XI||2L20(R2) ( Z 221(1—6))}
l=—00

— k=I1+3

ko—2 ko+1 1/2
< c{ Z 921(1-1/0) | |Du|Xl||2LQq(R2) ( Z 22k(1_5>>}

l=—00 k=Il+3
ko—2 1/2

< C{ » - sl |DU|X1||2qu(R2)}
l=—00

< CHXB(O,4R)|DU| ”K;;UQ’Q(RQ)'
Substituting the estimations on J; and J into (2.8), we have
(2.9) ||XB(0,R/2)93Hk;;uq-z(Rz) < C||XB(0,4R)|DU\ “['(21;1/‘1=2(R2)-
By combining (2.6), (2.7) and (2.9), we obtain
(210) HXB(O,R/Z)gHKQl;l/q,Q(Rz) < C||XB(O,4R)|DU| ||K21;1/‘1’2(R2) < o0.
Thus, the claim (2.5) holds. From (2.10) and (2.4), we deduce
(211) ||XB(O,R/2)(,UZ‘1VU1}2)**||K§;171/Q)’1(R2)
S C(R)||XB(O,4R)|DU| ||2§;1/q’2(R2).

Now recall from (2.1) that § = w— v is harmonic and thus smooth within
B(0, R). Consequently, if zo € B(0, R/2), by a similar procedure to [10,



332 D. Fan, S. Lu, D. YANG

p. 205], we obtain that (6.,0,)** (x0) < ¢sup,cp( 3r/a) [DO(2)]?; and

sup | DO] < e(R) / \Du(z)| do
B(0,3R/4) B(0,R)

x)| dx
|BOR|/ OR)

< ¢(R) /B((),R) |Du(x)| dx + ¢(R) /B(O’R) w(z) dx

< ¢(R) /B(O - |Du(x)| dx

(2.12) ko+3
Z / |Du(z)|xi(x
ko+3
< ¢(R) Z 221(1—1/(2q))H |Dulxi]| 24 (R2)
l=—00

1/2
ko+3
< o(R) { S 010 | D oo }

l=—00

< C(R) ||XB(0,4R) ‘DU| ”K;;l/q’z(R?)'

Thus,
||XB(0,R/2) (95619(E2 )** ||K§(1*1/Q)71(R2)
ko+1
1
(213) <c<l_§_j 22> x5 DUl 110 o)

< C||XB(0,4R)\DU| ||2- 1,1/4,2(

R?2)’
Similarly, if g € B(0, R/2 by (2.12), we have

A L (52) o
r

<c sup [DOP+e( sup |DO)M(xp(0,m | Dul)(z0)
B(0,3R/4) B(0,3R/4)

(09210372 )** (xo - bup
0<r<1

< ellxsoar) [ Dul 511702 o
q

+ cllxB(o,ar) | Dul ||K21;1/q,2(R2)M(XB(o7R)|Du\)($0)-
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Now, Corollary 2.1 in [10] gives us that

||XB(0,R/2) (ellvl’z)** ||K§(1*1/q):1(R2)

< C||XB(0,4R)|DU| ||12,-<21—1/q,2(R2) + CHXB(O,4R)|DU| ||K;;1/q’2(R2)
q

ko+1
X ( Z 22k(1_1/q)|XkM(XB(O,R)|Du|)”L‘1(]R2)>

k=—o0

< cllxB,ar)| Dul ||12,-<21—1/q,2(R2) + cllxB(o.ar) | Dul ”K;;l/%"‘(Rz)
q

ko+1
X ( Z 2k(l_l/qwk||ch]\4(><13(0,13)Du|)L%z(uaz‘))

k=—o0

< cllxB,4r)| Dul ||i'(;;1/‘?>2(11§2)
+ellxsoam Dulll gi-1/e2ge) [ M (s 0.m) [ Dul)ll 11702 g2

< CHXB(OAR) |DU| ||§'(21q—1/q,2(R2)‘
The same argument shows that

(215) ”XB(O,R/?) (1)@19:1;2)** ‘l]‘(g(l*l/‘Z)vl(R2)

< C”XB(OAR) |.D’LL| ||i‘(21;1/(1,2(R2) .
By combining the estimations (2.11), (2.13)-(2.15), we obtain

||XB(0,R/2)(UI1U$2)**Hkg(l’l/‘”’l(R?) < CHXB(OAR)|DU|||§-(;71/(1,2(R2) < 00,
q

for each R > 8. Hence g, iz, € HiocKa /9 (R2).
2

By rotating variables, similar to [3], we can prove that uZ —u2, €

Hioc Ky (1=1/9:1 (R2). Finally, estimate (1.2) is a consequence of Propo-
sition 1.

This finishes the proof of Theorem 1. B
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Proof of Theorem 2: We have the ordinary differential equation

(2.16) —%(ru’)'(r) — w(r).

We only prove the estimates for u,, u,,, because, similar to [3], those for
u? — uZ_ follow then by performing a rotation. Let n € C°(B(0,1)),

T

n >0 and fB(o 1y M(z) dz = 1. Define

f(@) = (u0) (@) = D2 @) and fy=fxi for i€ Z,
We also write
*k 1 -
o= [ [ () o

and for 7 € Z,

fi*(x) = sup
0<r<1

%Azn<xry> fi(y)dy'-

Since w € K2 "1/9)1(R2) c Ll (R2), the ordinary differential equa-

ga,loc loc
tion (2.16) implies that v(r) = ru’(r) is absolutely continuous on each

interval [0, R]. In particular, if 20~ < r < 27,

2" 2!
< / [v'(r)] dr < / rlw(r)|dr.
2i—1 2i—1

It is easy to verify that if he LY(R?), supp hC B(0,r) and [, h(z) dz=0,
then | B(0,r)|/a1 ||h||qu(R2) h is a central (2(1—1/q), ¢)-atom supported
in B(0,7); see [11]. Thus, by Theorem 2.1 in [12] (see also [6]),

(2.17)

2i
v(r) — 21.1_1 /2 v(r)dr

i—1

”h**Hkg(l*l/‘”’l(R?) S ||h*HK§(171/Q)’1(R2)
< er?VD | h| Lo ey
S CT2||h||L:>o(R2),

if h € L>°(R?). Therefore,

Hf;*||1'<§<1*1/‘1>’1(ﬂa2) = C22i||fi||L°°(R2)~
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Moreover, fi#,(x) = 0 on B(0,2'"! —1) D> B(0,2") if i > 1. Now, by
(2.17),

22| fill oo (r2y <4 sup P (r)?
2i—1p<2i

- ru’ )|dr+/2i_1|(ru (r)) |dr}

{ N
2 2
{ z/q1 |7,1/q1 ()|dr+/ 7a|w(7.)|d7,}
21 1 2i—1

2

i

211

2 1/(11
2i(1= 2/‘11) i’ (r)| dr) +/ |w(z)| d
A

' 1/q 2
C{Qzu—z/qn (/ | Du(z)|o da:) +/ |w(x)|dw} :
A; A

HXka** |‘K§(1_1/‘7>‘1(R2)

Therefore,

Z XS5 N 201701 e

j=—o00
k+2
Z ||Xka]>'k*Hkg(lfl/Q),l(Rz)
j=—00
k+2
e Y {0 Dug o)+ bl o
j=—o00
k+2 k+2
<e Z 24](1/2—1/q1)|| ‘Du|xj||%ql(R2)+c Z I |w\xj||2L1(R2)
j=—00 j=—o00

< ¢l X By | Dul Hig(l/z—l/qlm(Rz) + C||XBk+zw||§-<§<1—1/q2>,1(R2)
1 2

< 00.

Hence g, Uy, € HioeK, (1 ta) I(RQ)

from Proposition 1.
This finishes the proof of Theorem 2. B

The estimation (1.4) now follows



336 D. Fan, S. Lu, D. YANG

Proof of Proposition 2: Since th(l_l/Q)’l(R") C RY(R™), (1.4)
holds by Theorem 3.1 in [3]. The remaining thing is to verify that
f e hKn(lfl/q)’l(R"). Choose ¢ € C(R™), supp¢ C B(0,1) and
Jgn #(x)dz = 1. For t > 0, set ¢y(z) = ¢ (£). Then by (1.4), for
every x E R™ and 0 < t < 1, we have

O x fr(x) — o x f(x), as k — oo
therefore,

lim sup |¢t*fk(w)|=sup inf sup [¢; * fi(2)]
k—oo 1>t>0 12k 1>t>0

Y

sup sup inf |¢y « fi()|
1>t>0 k =

= sup lim |¢; * fi(z)]

1>t>0 k—oo

sup ¢ f(x)].

1>t>0

On the other hand, since || f
rem 2.1 in [4] that

”hk;;‘“*l/‘”*l(R”) < ¢, it follows from Theo-

su * <c
H 12t£0 190 % il HK?(l*l/")’l(R") -

By Fatou’s lemmas of series and integration, we have

c> hm H sup |o¢ * fr H
1>t>0| | gV (R

oo
kﬂoo{z_z: X 12t1>)0|¢t i La(rn)
=—0
S 9ln(1-1/q) lim ‘Xl sup bt * [r ’
_l_z,:oo o 190 % il | 0 oy
oo
N 9ln(1-1/q) x; lim  sup ¢ x fi H
_l:z_:oo k—>—<>012t>0| ! | La(R™)
oo
> 2ln(1—1/Q) ‘Xl sup ¢ *f H
; l;OO 12t>0| Al La(rm)
= H 1;1;150 |¢t * f‘ K;(l—l/q%l(Rn)'
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Again, from Theorem 2.1 in [4], we deduce that f € th(l_l/Q)’l(R”).
This finishes the proof of Proposition 2. B
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