Publicacions Matematiques, Vol 40 (1996), 351-372.

NEW SUFFICIENT CONDITIONS FOR A
CENTER AND GLOBAL PHASE PORTRAITS

Abstract

FOR POLYNOMIAL SYSTEMS

H. G1ACOMINI AND M. NDIAYE

In this paper we consider cubic polynomial systems of the form:
&z =y+P(z,y), y = -+ Q(z,y), where P and Q are polynomials
of degree 3 without linear part. If M(z,y) is an integrating factor
of the system, we propose its reciprocal V(z,y) = m as a
linear function of certain coefficients of the system. We find in
this way several new sets of sufficient conditions for a center. The
resulting integrating factors are of Darboux type and the first
integrals are in the Liouville form.

By induction, we have generalized these results for polynomials
systems of arbitrary degree.

Moreover, for the cubic case, we have constructed all the phase
portraits for each new family with a center.

Introduction

In a previous paper [1], we considered the following system of differ-
ential equations (.5)

(1)

where P(z,y) and Q(x,y) are polynomials of degree n of the form

n J
Plz,y) =y+ Z Z i iy’ ",
=2 i=0

n J

Qz,y) =—z— Z Zbi,j—ixiyj7i~

j=2i=0



352 H. GiacoMmiNi, M. NDIAYE

For this system, we found sufficient conditions for the existence of a
center at the origin. This has been accomplished by proposing a constant
of motion linear in some coefficients of the system.

We recall that the problem of the center plays an important role in
the second part of Hilbert’s 16" problem, which asks for the maximum
number of limit cycles that a vector field given by polynomials of degree
n should have. There are well-known necessary and sufficient conditions
for quadratic systems [2], [3], [4] and for systems in which P(z,y) and
Q(z,y) are cubic polynomials without quadratic terms [5]. Sufficient
conditions are also well-known for other classes of cubic systems [6]. In
[7], the author classified the reversible cubic systems with center and
recently, Sokulsky began the classification of Darboux integrals for cubic
systems [8].

In this paper we continue the study of the problem of the center. In
section 1 we consider the general cubic system (n = 3). Instead of looking
for a constant of motion, we work with the reciprocal of an integrating
factor of (S): V(z,y).

In [9] it has been shown that V(z,y) has very interesting properties
and that it is relevant in the analysis of the problem of limit cycles.

By studying quadratic systems, we found that, while the known con-
stants of motion are complicated functions, the reciprocal of the inte-
grating factor V(z,y) turns out to be a simple polynomial. This has
also been showed in [10]. We hoped to find the same result for the
general cubic system, but unfortunately, this is not always the case. A
counter-example has been given in [11], where V(z,y) is not a polyno-
mial function.

Nevertheless, we found particular cases of the general cubic system,
1

for which the integrating factor - is of Darboux type (see [12], [13],
[14]) and leads to an elementary first integral of the Liouville form [15]
as we can see in the expression (34) of section 3. V(x,y) is given by a
fourth-degree polynomial that factorizes as a product of a polynomial
of degree one and another of degree three. These two polynomials are
directly related to particular algebraic integrals of the system [16].

The corresponding constant of motion associated to the integrating

factor ﬁ is analytic in the neighbourhood of the origin and therefore

the origin is a center.

These results have been found by proposing a function V'(z,y) which is
linear in the coefficient as; of the general cubic system. In fact, our first
choice was the coefficient a11, because for quadratic systems, V(x,y)
is linear in this coefficient, but the calculations rapidely became very
involved. After that, we have proposed a first integral linear in the
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coefficient ag;. This choice is natural and leads to new conditions for a
center.

By using the fact that V' (z,y) satisfies the equation:

5V(w7y)P(x Y) + oV (z,y)

(3) or oy

Q(x,y)

—V(z,y) (8Pé(;;7 Y) n 8Q§; y)) -0

we found in this way new sufficient conditions for which the origin is a
center of the general cubic system.

In section 2, we generalize these results to polynomial systems (S) of
arbitrary degree n. This is done by proposing a function V (z,y) of the
form:

(4) Vi(z,y) = Vi(z,y)an-1,1 + Va(z,y)

where Vi (z,y) and Va(x,y) don’t depend on ay_1,1.

We found that, similarly to the case n = 3, V(z, y) factorizes as a poly-
nomial of degree 1 and another of degree n, associated to two particular
algebraic integrals of the system.

Finally, in section 3, we use the particular algebraic integrals for con-
structing global phase portraits of the system (S7) with n = 3.

1. Sufficient conditions for a center in the case n=3

Here, we consider the general cubic system (S7)

3
Plz,y) =y+> > apj 'y,
j=2 i=0

(6) .

3 7

Qz,y) = —x — Z Z biyj_isciyj*i.

=2 i=0

In order to obtain sufficient conditions for the existence of a center, we
propose the reciprocal of an integrating factor V(x,y) which is linear in
the coefficient ag; of (S1):

(7) V(z,y) = Vi(z,y)an + Va(z,y),
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where Vi(z,y) and Va(z,y) are independent of ag;.

By replacing (7) in equation (3) and imposing the condition that (3)
must be identically zero for arbitrary values of as;, we obtain three
equations

(8) ul(l‘vy =Y,

9) ug(w,y )

(10) 'LL3(£17, y)= Oa

where

(11) wn(zy) = DD 5y oy (0, yaty,

ox

and ua(z,y) and uz(z, y) are complicated expressions in terms of Vi (z,y),
Va(x,y) and their partial derivatives.

From (11), we have

(12) Vi(z,y) = h(y)a®.
When we replace (12) in (9), we obtain
Vs (x,
(13) Wi(z,y) + %xsy — 2Va(z,y)zly = 0,

where W1 (z,y) is a function of x, y and h(y).
From (13), we can calculate Va(z,y)

(14) ‘/Z(xay) = (W2(x7y) +h1(y))x2,
where hq(y) is an arbitrary function of y and Wa(z,y) is a function of x,

y and h(y).
If we replace (12) and (14) in (10), we obtain an equation of the form

(15) Wg(fﬂ,y) = 07

where W3 (z,y) is function of x,y, h(y), h1(y), ¥ (y), "' (y) and A} (y).

With respect to the variable 2, W3(x, y) is a polynomial in z and log ||
(of first degree in log|z|).

As (15) must be identically zero for arbitrary values of z, the coeffi-
cients of log |z| and (log |z|)° in (15) must be identically zero. From this,
we obtain two equations

(16) W4(x,y) = 07
(17) Ws(z,y) =0,
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where Wy (z,y) and Ws(z, y) are polynomials in the variable x of degree 7
and 5 respectively. The coefficients of these polynomials are functions of
y and must be identically zero. One of the coefficients of Wy(z,y) gives
the equation

(18) (14azoy+aosy®)(—(b11+2b12)h(y) + (1+ b1y +biay® R (y)) = 0.

As the first factor cannot be zero, the second one must vanish. This
condition enable us to determine

(19) h(y) = k(1 + by + b12y2)7

where k is an arbitrary constant factor.

By replacing (19) in the others coefficients of (16), we find that they
are identically zero.

By replacing (19) in (17), we obtain 6 equations:

1 (y) = 07

r2(y) =0,
(20)

re(y) = 0.

Each of these equations must be identically zero for arbitrary values of
y. One of them is a polynomial of fourth degree in y. As each coefficient
of this polynomial must vanish, we obtain the following system of five
algebraic equations between the coefficients of (S7):

bOQ = 07
3ap2boz + 6bos + 2002011 = 0,
(21) 2a03bo2 + 5agaboz + ag2bo2bi1 + 4bozbir = 0,

4agp3bo3 + 3ao2bozbi1 — ap2bo2bi1 + 2bp3b12 = 0,
2a03b03b11 — 2a03bp2b12 + ap2bosbi2 = 0.
It is easy to verify that the solution of this system is by = bg3 = 0, the

remainder coefficients being arbitrary.

By replacing these results in the other equations of the system (20),
we obtain the condition

(22) b11b3, = 0.

If we take b;; = 0, by following the calculation, we find that b3y = 0.
Therefore, we must choose the solution by = 0 and by; arbitrary.
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Using this result, we obtain from equations (20), after a long calcula-
tion

ag2 = —2azp, bo2 = boz = b3g = 0,
b
_ 2 _ 21
ap3 = a3g, bi1 = —ag + o
(23) 20
az0b21
azo = axbao, bia = — P
20

a2 = —azaii, hi(y) = bi2(1 + b1y + b12y?),

where we supposed that by # 0.
The final expression that we obtain for V' (z,y) is polynomial in z and
y:

V(x,y) = (bao + ba1y)(—azobao(azobao + ba1)z®
+ (agibao — agobar ) (1 — agey)z?
+ a11boo(1 — as0y)*x + bao (1 — azoy)?) /b3

We wrote V(x,y) in this form in order to be able to generalize this
expression for a system (S) of arbitrary degree. Since V(z,y) is the re-
ciprocal of an integrating factor, we can evaluate the associated constant
of motion I(x,y) from the relations:

ol(z,y)  Qz,y) 0I(x,y) P(x,y)
29 or - V() oy Vi)

It can be easily verified that the behaviour of I(z,y) in a neighbourhood
of the origin is equivalent to (x? + y?)/2. This proves that I(x,y) is
analytic at the origin and the level curves in a neighbourhood of this
point are circles surrounding the origin O. The explicit form of I(x,y)
is given in the Proposition 2 of section 3.

We conclude now with the following theorem:

Theorem 1.1. Consider system (S1) with bag # 0. Under conditions

ap2 = —2az0, bo2 = bp3 = b3p = 0,
b
_ 2 _ 21
ap3 = ajg, bi1 = —ag + o
20
(25)
_ _ b21
azo = azobao, b2 = —agg—,
bao

a12 = —a20011,
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the origin is a center and the associated reciprocal of an integrating factor
is a polynomial form given by

V(x,y) = (bao + ba1y)(—azobao(agobao + ba1)x®
(26) + (az1bao — azobar) (1 — agey)z?
+ a11ba0(1 — asoy)*x + bao(1 — asey)®) /3.

1.1. Particular case byy = 0.

By using the same procedure that above, we find the following condi-
tions for a center:

ag2 = —2azo b3p = bo2 = bp3 = ba1 = azp = 0,
_ 9 _ 2
(27) ap3 = ajy b1z = —(a3g + az0b11),
a12 = —az0011,

and the reciprocal of an integrating factor is for this case

V(z,y) = (1+ (az0 + b11)y) (1 — a20y)((1 — azoy)?

(28) ) )
+ a11(1 — az0y)z + (ag1 — a5y — azobi1)z”).

The associated constant of motion is analytic at the origin.

2. General case

We also carried out of calculations of section 1 for the cases n = 4,
n=>5and n=6.
We proposed the following form for V(z,y):

V(l‘,y) = Vl(x7y)an—1,1 + VQ(%ZJ)’

where Vi (z,y) and Va(z,y) are independent of a,—1,1. The regular form
taken by these results has allowed us to propose a general compact ex-
pression for the integrability conditions and the reciprocal of an integrat-
ing factor, for arbitrary values of n.

For 2 < n < 6, we found that the difference between the number of
coefficients of the system (dimension): (n—1)(n+4) and the number of
integrability conditions u,, has an arithmetic sequence progress:

(n—1)(n+4) —up, =3+ 2(n —2). Then we have u,, =n? +n — 3.

The general expressions for integrability conditions, V(x,y) and u,
that we induced from the results obtained for n < 6, is verified for n =7
and n = 8.

So, we conjecture the following theorem:
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Theorem 2.1. Consider the system (S), with n arbitrary, and assums
that b,—1,0 # 0. Under conditions

. _i)
ai; = (=17 (#ﬁ]))'(] — Da3gbi—1,0
(n—i—1) i—1 .
*u—1Mn—u+ﬁﬂ%O“%’J¢Q
ai0 = azobi—1,0,
i (n—i—1)!
(n_i_ 1)' bnfl,l

+

bioahy i+ j < | # 0,
(j—1)!(n—(i+j+1))!bn_1,0> oaz s itj<n, j#

i1 - bn-11 ., . )
bii= (=17 ad T 0= i+ =n, 0,
(29) J=01 20 0i,0 - 7 j#

0(0,0) is a center and the reciprocal of an integrating factor is given by

n

V(2,y) = (bn-10+bn-1.19)Y_((n — k = 1)azobn_1,0bk-1.0
k=0

+ ag1bn—1,0 — a20bk—1,00n-1,1)(1 — azy)

(30)
n—kxk

)

with by j =a;; =0if1 <0, j<0ori+j>n.

Particular case.
Suppose that b,_1 9 = 0. Under conditions

aij = (=1)"" (%(] — 1)azebi—1,0

(n—i—1)! R
*u—mwn—u+ﬁﬂ%Q 20570,
a;,0 = azobi—1,0,
Y A (n —)! .
=07 (Rt
(n—i—1)! . "

G- Dl G+ ”>2°
(n—i—1)! i1
GG ) bk a0

bp—1,1 = ano =0,

+

+
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the origin is a center and the function V(z,y) is given by

n—1
(32) V(z,y) = 1+ ((n—2)azo + b11)y) Y _ Q(y)a*,
k=0
where
Qe (y) = (—(k — Dagobr—_1,0 — azobi1bx—1,0 + ar1)(1 — azy)" .

3. Phase portrait of the system (S5;)

Our purpose in this section is to demonstrate the following theorem

Theorem 3.1. If the conditions

azg >0, by >0, ba >0,
(33) A <0,

2 2
r1 = a1 — a11bag + azq + by # 0,

and the conditions (25) are satisfied, the phase portrait of (S1) is home-
omorphic to one of the configurations shown in Figures 1,... ,4

Figure 3

The phase portraits of the system (S1) associated with conditions (25)
and (33).
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Figure 1 corresponds to the case r1 < 0 and the others correspond to the
case r1 > 0. Here A is the discriminant of the homogeneous function
g2(z,y) (see below).

Let us define

91(x,y) = bao + b1y,
g2(,y) = —ag0bao(azob20 + 521)333 + (a21b20 — a20b21)(1 — azoy)332
+ a11b20(1 - a209)2x + b20(1 - a2oy)3-

When the conditions (25) are satisfied, we have
V(z,y) = g1(x,y)g2(z, y) /b
About the functions g (z,y) and g2 (z,y), we have the following result.

Proposition 3.1. gi(z,y) = 0 and ga(z,y) = 0 are both algebraic
particular integrals of the system (S1) when conditions (25) are satisfied.

Proof: By a straightforward calculation, we have

dg1(x,y) dg1(x,y) B ba1
81‘ P(x7 y) + ay Q(x’ y) - gl (xﬂ y) 7b20£(1+620$7a20y) )
Jga(,y)

Po) + 22D G(0,g) = ga(o. ) ansbaol1 ~ aaun)y

ox
+ (3az0ba0+(2a21b20 +az0b21)y)x
+ 36@0[)30372)/[)20.
These two equalities insure that g;(z,y) = 0 and go(z,y) = 0 are alge-
braic particular integrals (or invariant curves). W

Proposition 3.2. Let us suppose that agpbag(azobag + ba1) # 0.

Let A be the discriminant of the polynomial go(x,y). If A < 0 then
the system (S1) has four invariant straight lines when conditions (25)
are satisfied.

One of the straight lines is Lo, given by bag + ba1y = 0 and the others
three have a common point of intersection.

Proof: We have already seen that Lg is an invariant curve. If A < 0,
we can write go(x,y) as follows

92(x,y) = —agobao(azobzo + b21)(x — a1 (1 — azy))
(z — a2(1 — azoy))(z — as(1l — a2y)),
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where a1, ap and ag are the zeros of the polynomial

h ) a20b21 — a21b29 2 a11b20
(2) =2 - z
as0b20(a20ba0 + ba1) a20b20(a20b20 + b21)
1

as0(az0ba0 + b21)

From equation (24) and after a direct calculation, we obtain the constant
of motion

(34) I(z,y) = C1(y)|lz — a1 (1 — azoy)|* |z — az(1 — azoy)|*?

|z — a3 (1 — agy)|** = C,

where

041(1 + Ozlbgo)

A= ,
! (o1 — az)(ag — 1)
A - Ckg(]. =+ 0[2b20)
2 — — )
(1 — az)(az — az)
Ay = — az(1 + azby)

(a2 —az)(az —aq)’

and C1(y) is a function of y that is not necessary to give in an explicit
form. This expression shows that the straight lines L1, Lo and L3 defined
by x — a;(1 — agey) = 0 (i = 1,2,3), are particular integrals, obtained
from the constant of motion for C' = 0 or C' = oo, depending on the sign
of Ay, A and A3. These three invariant straight lines intersect at the

point M; (0 L)

? az0

By using these results, we will study the phase portraits of (Sy), with
conditions (25) and (33).

Remark. The above first integral could actually be computed using
computer algebra (MACSYMA).

Proposition 3.3. Under conditions (25) and (33) and with r < 0,
the only possible configuration of the critical points and the invariant
straight lines is given by the Figure 5 while, under conditions (25) and
(33) and with r1 > 0, the possible configurations are given by Figures 6,
7 and 8.
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M,
M 0
F1 F2 F3 F1 F2 FS
Figure 5 Figure 6
M1 Ml
My 0O Mo 0
F Fy Fj F1\ Fy  Fj
Figure 7 Figure 8

Proof: Under conditions (25), the polynomials P(x,y) and Q(x,y) of
(S1) can be written as

P(z,y) =y + agor? + an1zy — 2a20y* + azobaoz®
+ a917%y — arrazry® + aﬁoy?’,
x(—1 = baox + az0y)(b2o + b21y)
Qx,y) = :

bag

From these expressions, we see that the system has six finite critical
points

1 1
O<070)a Ml 07_ ) M2 __50 )
as0 b2o

b b b
Fl <ﬂlv£)a F2 (ﬁQvﬁ)a F3 (537%)7

where (31, B2 and (3 are the zeros of the polynomial

b
(=b3,)P (337 —£> = bao(ag0b20 + ba1)? + a11b20ba1 (azobao + boy)x

2 2 3 .3
+ b21(a21b20 — a20b21)x — a20b20b21x .
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The discriminant of this polynomial is A; = b3?A < 0.

By a direct calculation, we can verify that Fy, Fy and F3 are, respec-
tively, the intersection points between L1, Lo, and L3 with Lg.

As M, is situated on the x axis, the problem consists of determinating
all the possible situations of My (— ﬁ, 0) with respect to the intersection

points of the straight lines L1, Lo and L3 with the x axe. The abscisses
of this intersections are given by a1, as and as, i.e the zeros of go(z,0)
(and then also the zeros of V(z,0)).

If we calculate V(z,y) at the critical point My, we obtain

v ( 1 0) a1 —antbao + a3y + 03 7
- > =3
b2o b3 b3

Furthermore, the signs of V(x,0) are given by the Table 1

x —00 a1 a2 a3 —+oo

V(z,0) —+ - + —

Table 1

Using the fact that V(0,0) = 1 > 0 we conclude that the origin O is
situated either in the intervalle | — oo, 1] or |ag, as].

1) Case where O €]ag, as|.

If ry > 0 then V <7i, 0) > (0, and M5 can be situated either in the
intervalle | — 0o, a1 [ or Jag, 0].

If r1 <0 then V (7%7 0) < 0 and M, (%, 0) must be in the inter-
valle Jay, s

2) Case where O €] — 00, aq].

We must consider only the case r;1 > 0, because if 1 < 0 then
\% (—ﬁ,()) < 0 and My must be situated in the intervalle Jaq, as| or

Jas, +oo[. This is a contradiction because —ﬁ < 0.

If 11 > 0 then V (—ﬁ,O) > 0, and M, must be in the intervalle
] — 00,0[.

Thus, we have the four possible configurations mentioned above.
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Nature of critical points of (S;).

As we said above, the system (S7) has six finite critical points when
conditions (25) and (33) are satisfied. There are also four infinite critical
points Foeo, Floo, Fooo and F3, located on the lines Ly, Ly, Ls and Ls,
respectively.

For the study of the nature of the critical points at infinity, we must
apply the Poincaré’s compactification of a plane vector field, defined by
the central projection [17], [18]: z =1 u =¥ (z # 0), which gives the
transformed system (S5):

2= Q1(u,2) = —z(axbao + az1u + azz — ay1agou’
+ ajjuz + a%ou?’ — 2a90u’z + uzQ),
’l:L = Pl(u, Z) = 7(@20[)20 + bgl)u — bgoz

(35)
a2obz1) 2 ba1 2

U ——uz—=z

+ (—a21 + Do

bao

+ a11a20u3 — a11u22 — a§0u4 + 2a2ou3z —u?22.

For the study of the nature of the critical points Flso, Fooo and F3e,

it is convenient to introduce another transformation: z = %, w = % that
gives the system Ss:

Z2=Q2(w,z) = zw(—ag + b201g22_ 2)(ba1 + bao2)

W = Py(w, 2) = (adgbao — ar1a20b20w — 2a90ba02 + (a21bag — azoba; )w?
+ a11baowz + bagz? + bao(a20b20 + b21)w3

+ b21w22 —+ b§0w32 + b20w2z2)/b20.

)

For obtaining (S2) and (S3), we rescaled the independent variable ac-
cording to t = 22t

From (S2), we obtain Fpe(0,0) and Fiso(v4,0) (i = 1,2,3), where ;
(i =1,2,3) are the zeros of the polynomial

b
<—%> Py (u,0) = bag(agpbag + ba1) + (a21b20 — agpbar)u

2 2 3
— a11a20b20u” + azgbaou”,

4
whose discriminant is: Ay = (a‘zob:o%A <0.

Proposition 3.4. The points F; (i =1,2,3) and Fi» (i =0,1,2,3)
are saddle or node while My is a saddle or a center.
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Proof: By a straightforward calculation, we can evaluate the eigen-
values associated to the critical points F; in terms of §; (i = 1,2,3) as
follows

; b b baoba1 5;
M(F) = _5,(a20 20 Jrb21 + bagb21 B )7
20
X2 (F;) = —(a11b20(a20b20 + ba1)

+ 2bg1 (a21b20 — a20b21)B; — 3azobaobs, 57) /b3

For the critical points at infinity we find, from (.S2)

2 2 3
M (Fioo) = —a20b2o — G217y + a11a20y; — azy7;

2a20b
X2 (Fise) = —a20b2o — ba1 — (2(121 - ;20 21) Vi

+ 3aras0y? — 4azey; i =(1,2,3).

For i = 0, we have: A1 (Fpoo) = —a20bag and Ao(Foso) = —(a20b20 + ba1)
which are both negative, thus Fj is a stable node.

The above expressions for the eigenvalues associated to the points
Fi (i = 1,2,3) are rather complicated, so it is more easy to consider
the system (S3). The critical points Fjs of (S2) are transformed in the
critical points F (&, 0) of (S3), where & (i = 1,2, 3) are the zero of the
polynomial

(bao) Pa(w, 0) = (a39b20 — a11a20b20w + (az1bag — azgbar)w?
+ bao(azobao + ba1)w?),

whose discriminant is Az = A < 0. It is easy to show that the eigenvalues
corresponding to the points F/ . (i =1,2,3) are

M (Fl) = (—a11a20b20+2(az1bag —asobar )€ +3bag(azobzo + ba1)€7) /bao,

No(FL) = bo1&i(—ag0 + 520&).
b2

It is evident that A1 (F}), Aa(F;), A1 (Fiso) and Ag(Fjeo) are real numbers.
Besides, the eigenvalues Aj(F;) and Ao(F;) are non-zero. It can be
proved as follows.
Suppose that A\ (F;) =0, then 8; =0 or 3; = —9%0 — 1

b21 bao
If 8; = 0, then F; (0, %) is a critical point, but it is not possible,
because the origin is a center and an invariant straight line cannot pass
by such a point.
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If g, = —%20 — > then we have

21

(61 bzo) _ (ag1 — ai1bao + a3y + b3y) (az0ba0 + ba1)? £0
) baobl, )
and the point (ﬁl, 423) cannot be a critical point. In consequence we
have A1 (F;) #0 (i =1,2,3).
If A2 (F;) = 0, then the abscisse 3; of the critical point F; must be a zero
of A\;(F;), then the remainder of the euclidian division of P with Az (F}),
calculated at the point (ﬂ“ —bz—i’) must be a quantity independent from

0i. But a simple calculation shows that it is of the form ro = mi +msf;,
where

— 2(120 2&%11)20 2(111&20[)30 + 4(121 2CL11b20
5 = — _ _ _
9b20 9@20()31 3b§1 9b21 3b21

In order to have a remainder independent of 3;, we must impose the con-
dition mgy = 0, but it is easy to show that this condition is incompatible
with A < 0. In consequence, we have Ao (F;) #0 (i = 1,2,3).

Signs of A\ (F;) and A\y(F;).
Let us define the functions k1 (x) and ka(z) as follows

z(a20b20 + ba1 + bagba1 )

kl ($) = - b )
20
ko(z) = —(a11bao(az0bag + ba1) + 2b21(a21b20 — ag0bor1)z
- 3&20[)20[)51%‘2)/1)%1.

It is evident that ki(8;) = A1 (F;) and kz(ﬂz) Ao (F3).

22 ) will be very useful

In the following, the identity ko(x ( —b20

v

for us. Let x; and x5 be the zeros of %—5 ( T, 0) We must consider

two different cases.

1) Case where 1 < 0.

For this case, we give the distribution of signs of the quantities that
are relevant for the determination of the signs of A\;(F;) and A\3(F;) in
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Table 2.
T3 0
x A x1 B2 A B3
9L (=, —322) + - - - + +
P (,—p2) - - - - - +
ko () + + — — - +
ki(z) — ||| - + + ||| - -
Table 2

For the signs of k1(z), we have already seen that O €]aq, a3[ so O €
182, B3]. To be precise, O €]f2, z5[ if a1 > 0 and O €]z, B3] if a1 < 0.
Obviously, the position of O in the intervalle |8z, 3] is not important
for the determination of the signs of ki(x) and ko(x) at 8; (1 = 1,2,3),
as can be seen from Table 2.

ter _ a 1 1
The other zero of ki (2) is z3 = =32 — ;- < —¢-.
1 1
As —p- €laq, as[, then — % €]61, Bl
2
Furthermore P (x5, —b20 ) = —rlazbaodba)” o o which implies that
7 by b2obs, ’

r3 €]01, Bal-
From these results, Table 2 follows.

We see that for the three points Fj;, the signs of the two eigenvalues
associated to each point are distinct. Then we conclude that F;, F5 and
Fj5 are saddle points.

2) Case where r; > 0.

We have P (07—22—0 = —W% < 0 and P (J;g,—bﬁ) < 0.

bo1
21
So we must consider three possibilities:

a) If 3 < 81 < 0. From Table 3, we conclude that F; is an unstable
node, while F, and F3 are saddle points.

Let us remark that —ﬁ cannot be contained in the intervalle |32, 0[.
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Indeed we have that fﬁ €lxs, f1].

0
x T3 B 1 B2 A B3
oL (v, —22) + + + - - + +
o) | - | - |« [+ [ -[-1]-
ko (z) + + + — — + +
k1 () - + + + + ||| - -
Table 3

b) If B2 < x3 < 0. For this case we have Table 4, from which we
conclude that F3 is a stable node while F; and F3 are saddle points.

0
x B1 x1 B2 z3 A B3
g |« [ <] |- -]+~
P (z,—322) - + + - - - +
ka () + + - - - + +
k1(x) - - - - +|E£|£| - —

Table 4

¢) If 0 < B4 < B2 < (3. For this case, the table of signs is given in
Table 5. We see that Fy is a stable node, while F; and F3 are saddle
points.

T 3 0 B1 T1 B2 T2 B3
9 (o —2) | + + |+ + — — + -
P (z,—$22) - - - + + - - +
ko () - + |+ + - — + +
ki(z) - + — — - - - -

Table 5
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For the study of the critical points at infinity, we apply the same proce-
dure that for the points Fy, F5 and F3, but we treat with the transformed
system (S3).

Is can be easily verified that A\;(F}, ) and Ao(F}, ) are both non-zero.

In order to study their signs, it is convenient to introduce the polyno-
mials:

Ky (w) = (—a11a20b20 + 2(as1bag — asobar )w + 3bag(azobao + ba1)w?) /bao,

K (w) = barw(—ago + baow)

bao

It is obvious that k(&) = A1 (F]) and k5(&;) = Ao (FL).
Furthermore, a direct calculation shows that
. oP, a20

H(w) = =—= P =a2 P —=,0)=
k7 (w) 5 (w,0), »(0,0) = a3, >0 and 2(b20’0)

2
CL20T1
B .
b20

We use the same method as above. We must consider two cases: r; < 0
and r; > 0 and obtain the following conclusion.

1) Case where m < 0.

F! _ (i =1,2,3) are unstable, stable and unstable nodes, respectively.

2) Case where 1 > 0.
For this case we must consider three possibilities:

a) If ¢4 > v1, Fi., and Fj_ are stable and unstable nodes, while
F| . is a saddle point.

b) If 0 < x4 < 72, Fi o, Fi are both unstable nodes while Fj__ is
a saddle.

c) If0>~1 >y > 73, Fio, F4. are both unstable nodes and Fj_
is a saddle.

The results that have been obtained above for the points F/_ are also
valid for the points Fjoo (1 =1,2,3).

We can note that the Tables 6, 7, 8 and 9 correspond respectively to
Tables 2, 3, 4 and 5, respectively.

A direct calculation gives the eigenvalues associated to the critical

point My: A\ (M) = % and \o(Ms) = %.
Therefore, if 7; > 0 then M5 is a saddle and if r; < 0, then M, is a
center or a focus.



370 H. GiacoMmiNi, M. NDIAYE

Proposition 3.5. Ifr;1 <0 then My is a center.

Proof: If in the system (S7), we translate the origin at the point M,
we obtain the system (S4)
i = Py(x,y) = (azobao® + (az1 — a11bag + b3g)y — 2a20b302>
+ bag(a11bao — 2a21)zy + azobao (a1 — 2bag)y>
(36) + azobor® + anbhor’y — arnazobiry” + a3ebyey’) /by,
(=1 + boo)(b2ox — azoy)(b2o + b21y)
b0
As can be easily verified, the system (S4) admits the reciprocal of an
integrating factor VLS, where V3(z,y) is given by

y: Q3(Iay) = -

Va(2,y) = (bao + ba1y)(—bao (a1 — a11bag + a3y + b3)

+ b20(3a30bao + 2a21b20 — a11b3y + asobar)x

+ azo(az1bao — 2a1103 + 355 — azpba1 )y

— b3 (3a30b20 + az1b2o + 2az0bar )z

+ 2a20b20 (—a21bao + a11b3 + azobo1)zy

+ a3ob30(a11 — 3bao)y® + azbiy(azebzo + ba1)a®

+ azob3g(az1b20 — azoba1)z®y — annazebzgzy® + asebiey’).
Furthermore, the associated constant of motion I(z,y) defined by (29)
is analytic in the neighbourhood of the origin Ms: I(z,y) ~ %(bzoxz —
2a207y + (—az1 + ai1bag — b3g)y?).

Then, the level curves around the origin are ellipses and thus M5 is a
center.

The linear part of (S7) associated to the critical point M is identically
zero. Technic of blow up can be applied in order to determine the nature
of such critical point [19]. In our study, the global phase portrait enable
us to determine the nature of this critical point, as can be seen from the
figures, and then the Theorem 3 follows.

Much of calculations performed in this work have been made with
Mathematica computer algebra system.
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