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ON THE SELF-INTERSECTION
LOCAL TIME OF BROWNIAN
MOTION-VIA CHAOS EXPANSION

YAaozHONG HU*

Abstract

We discuss the weak compactness problem related to the self-
intersection local time of Brownian motion. We also propose a
regular renormalization for self-intersection local time of higher
dimensional Brownian motion.

1. Introduction

Let By = (B},...,B{), 0 <t < oo be the d-dimensional standard
Brownian motion starting at 0 and let (2, F, W) be the associated canon-
ical probability space with the natural filtration (F3);>0. Let T > 0 be
fixed throughout this paper. The following formal expression is called
the self-intersection local time of the Brownian motion:

(1.1) /OT /Ot (B, — B,)dsdt,

where ¢ is the Dirac delta function on R? and (1.1) is interpreted as
the limit fOT fg P.(B; — B;)dsdt as € — 0, where P is the heat kernel.
There are many references on it. In recent years there have been some

results on the smoothness and renormalization of (1.1). When d = 2,
Nualart and Vives [NV92] (see also [N'V94]) proved that

12) /OT [ o _Bsmsdt_E{ /OT [ o _Bsmsdt}
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isin Dg o for all & < 1/2, where D, o is the so-called Meyer-Watanabe
distribution space. It was proved later by Imkeller, Pérez-Abreu and
Vives [IPV93] that (1.2) isin D, o for all & < 1. In [AHZ95], Albeverio,
Hu and Zhou proved that (1.2) is not in D, when o > 1, giving a
complete description of the smoothness of (1.2) for d = 2. Motivated by
a result of Yor [Yo85], Imkeller, Pérez-Abreu and Vives [IPV93] also
proved that when d = 3,

1 T t
(1.3) m{/@ /OPE(Bt—Bs)dsdt

& ( /OT [ Pm- Bsmsdt)}

is weakly compact in D, o for all & < 1/2 and when d > 4,

(14) = {/OT /OtPE(Bt — B,)dsdt
~E </OT/Ot P.(B; — Bs)dsdt> }

is weakly compact in Dg o for all a < 45—(1. In this paper we shall prove

that when d = 3 (1.3) is unbounded in D, > when a > 1/2 and when
d > 4, (1.4) is unbounded in D, o when a > %. As a by-product,
we also prove the result of Imkeller, Pérez-Abreu and Vives in a simpler
manner (we believe). Since when d > 4, (1.4) is singular (the element of
D, 2 is a distribution when « < 0), we propose a new renormalization
scheme (see (5.2) below) to replace (1.4).

In section 2, we give a quick derivation of the chaos expansion of (1.1)
and its approximation that we are going to use throughout this paper. In
section 3, we provide some necessary estimates. In section 4, we prove
the weak compactness result. In section 5, we propose a new (more
regular) renormalization formula.

2. Chaos expansion

We will use the heat kernel to approximate the Dirac delta function ¢
on R?, where d is an integer > 3. (We will concern with the case d > 3.
But the approach of this section works also for d = 1,2.) Denote

=2

Pt(x):(me)*d/Ze*T; Pix,y) = Pz —y), t>0, z,y € RY,
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Vi = g f PfG@) = [ PG dy

Remark 2.1. We will make use of the following simple facts without
further mention: For f sufficiently regular

0

9 1< 9
= Pi(z,y) = 3 > ViPi(z,y); s-Pf=P {
i=1

a.’Ei

BT oz, f}, i=1,...,d.

| Pla P ds = Prosla), Puf(e) = lim Pof(@) = f(a).

We are going to deduce an explicit chaos expansion for the approxi-
mation of the self-intersection local time of Brownian motion. Denote

T 4t
(2.1) E(T) :/ / P.(B; — By) ds.
o Jo
Given u > s > 0 and f € C°, consider the process
Xy = ufvf(Bv - Bs); s<v<u.
Applying the It6’s formula to the above process, we obtain

(2.2)  f(Bu— By) = Pu_,f(0) + /“ ViPu—u, f(Bu, — Bs)dB},,

where we used the Einstein’s convention on summation for ¢ =1,... ,d,
ie. a;b’ = Zle a;b’. Taking f = P. in (2.2), we have

t
(2.3) P.(B; — Bs) = P;_51<(0) —|—/ ViP;—uyve(Bu, — Bs)dB,,, .

Applying (2.2) to the integrand V;P;_,, +. in (2.3), noting Ap; = 0 and
repeating this we obtain

Lemma 2.2.
t
PE(Bt - Bs) = Pt—s+s(0) Jr/ vipt—uﬁ—e(o) dB}u o

+ / Va,*Va,Pise(0)dBy! ---dBg™
s<uy <o <un <t )

(24) + / val T va71+1pt—u1+E(Bul - BS)
s<uy <o <up41<t
ngll cee ng:Ill

= Pt—s—i—e(o) +I+- +In +In+17
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where
I; ::/ Va, ~Vath_s+5(()) ng‘ll .. ~diji, i=12...n;
s<up<---<u; <t
and
I ::/ Vag - ~Van+lPt,ul+g(Bu1 —Bs) dBjj‘ll . ng:Ll.
s<u <o <up41<t

For a fixed 0 < j < n, I; is orthogonal to Iy, k = 0,1,...,j — 1,
j+1,...,n+1 ie E(I;I;) = 0. So I, is the n-th Ito-Wiener chaos of
P.(B; — Bs). Now we compute Vg, -+ Vq, Pi_si2(0) in (2.4). First we
define for j =1,... ,d and o = (a1,... ,q2,), we set 2n; := 2n;(a) =
#{oi;a; =jrandn=mny+---+nq. n;,j =1,... ,d are integer or half
integer. Using the explicit expression for P;

‘2

e
Pt—s+s($) = [27T(t — S+ 6)]_(1/2@7 2(t—ste)
_ e _1)n|x|2n
= [2m(t — ap g~ (D™
[ '/T( S+5)] ;2"71!@—8—‘,—5)”’
we have for n;, j =1,... ,d which are integer

(27T)d/22nn1! gt — s+ €)n+d/2 )
Other derivatives vanish at 0. We also say that @) is also a multi-index
with length |a| = 0. We set when |a| =0,

(25) Val e VO%Pt,SJrE(O) =

1
C 32 when d = 4;
0= ™
(2m)~%2  when d # 4
and
T
28_1T—10g( te when d = 4;
f(i) = Q(d — 2)*1 [Q(d _ 4)71(€fd/2+2 o (T + E)—d/2+2) _ 5—d/2+1T]
when d # 4.

And we introduce for |a| > 1,

(253)2};'2%1('2%1(1, (n+d/2—=1)""(n+d/2-2)""

(2.6) Cy = (—1)"

and
(27) fé(T)(Ul, o ,’LLQn) = [_(u2n +€)—n—d/2+2 + (T + E)—n—d/2+2
(g — ug + &) 7Y (T g )T,

We will use 3, _,,, to denote the sum over all & = (a1, ... ,a2,) such
that #{a;; ; = j} is even.
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Theorem 2.3. Using the notations above, we have

(2.8) E(T) =D > Cadalfi(T)),

n=0 |a|=2n

where Jo(fE(T)) is defined as (see also [HMS88])

(2.9) Ju(f2(T)) ;:/ FET) un, .. uzn) dBO: -+ dBO2.

0<u; <+ <ugn <T

Proof: It is obvious that the chaos of odd terms are zero. Let 0 <
up < -+ < ug, <T. Then it is easy to show that

T pt
(2.10) / / / Va,*Va,Pi_s4(0)dBy}! - -dBgr
0 0 s<uy <o <un <t

= CaJa(chz(T))'

Since fOT fg P.(B; — By)dsdt is in L%, it admits a chaos expansion ac-
cording to the Wiener-It6 chaos expansion theorem. Since (2.10) is or-
thogonal to the remaining term obtained from (2.4), we see that (2.10)

is the 2n-th chaos expansion of fOT fot P.(B; — B)dsdt. m

Remark 2.4. Letting ¢ — 0, we get a formal expansion of the
self-intersection of local time (1.1). This formula was obtained in
[FHSW94], HWYY94] using the so-called S-transform. It was also
obtained in [AHZ95] with another simpler technique when d = 2 and
used to prove a non differentiability theorem. The obtention above seems
to be the simplest. Let us also point out that the explicit chaos expan-
sion of £ (T') is already known in [NV92], [NV94] and [IPV93] in terms
of Hermite polynomials. The method used here appeared in [Hu94]| to
obtain the Isobe-Sato formula.

3. Some estimates

Let A, and B,, n = 1,2,... be two sequences of real numbers. We
denote A, = B, iff there are two positive constants p > 0 and ¢ > 0
(independent of n and T') such that pA4,, < B,, < ¢A,.

The following result should be found in literature and is stated explic-
itly in ([AHZ95]) when d = 2. However, we still give a simple proof.
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Lemma 3.1. Let C, be given by (2.6). Then

(3.1) 3 02~ (20)nE S,

|a|=2n

Proof: By the Stirling formula n! = (27)Y2n"t1/2e="(1 4+ O(1/n)),
ie. n! &~ n"t1/2e=" we see that

(2n1)! -+ (2ng)!

P2 2 g2 (ny+1)"Y2 (g + 1)~ /2,

(We allow nq,... ,nq to be 0.) On the other hand it is easy to have

Yo ATV (ng )7

nyt-fng=n

~ / (ur + 1) Y2 gy + 1)1/
Upyeen s Ud—120

yeen

(Tl*’ul — = Ud—1 +1)71/2du1~~dud_1
~ /21,
Thus
S oo Y (2n)! <<2n1>!~~<2nd>!>2n4
|a|=2n : ni+---+ng=n (2711)' o (2nd)‘ 2nn1!2 o ’I’Ld!2

%

@n) > (A1) (ng + 1) = (20) 02

ni+-Fng=n

proving the lemma. B

We need the elementary computation

Lemma 3.2. Letd >3 andn > 1. Then when d > 4,

(32)  lim K! (v —u+1)72 " (y —u)> 2 du dv
K—oo 0<u<v<K

_ /oo(x + 1)—2n—d+4x2n—2 dx;
0

(3.3) lim K~! (v +1)"2= 4y — )22 du dv = 0;
K—oo 0<u<v<K
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(3.4) lim K! (K —u+1)"2"" (v — )22 du dv = 0;
K—o0 0<u<v<K

When d = 3, we have

. 1um og K ) v—u+1)" v—u)“" “dudv =1;

3.5) lim (KlogK)™* )2+t =2 qudv =1
K—oo 0<u<v<K

. m og K')~ v+ 1) v—u)"" “dudv =0

3.6) lim (KlogK)™* 1)~ 2+ =2 qudv = 0
K—oo 0<u<v<K

(3.7) lim (KlogK)_l/ (K—u+1)"2" " (v—u)?""2 dudv = 0.
K—oo 0<u<v<K

Proof: Making the transformation u = y and v — u = x, we have

/ (v —u+1)720" 4y — )2 dudo
0<u<v<K

K K

:/ dm/ dy(x + 1) 72n—dtag2n=2
0 T
K

= / (K —2)(x+1)72n-dHign=2 gy
0

K
= K/ (x4 1)72ndHag2n=2 gy
0

K
_/ (Z‘+ 1)72n7d+4x2n71 dr
0
=: A + Bg.

Let K — oco. When d > 4, we have

o0
lim K~'Ax = / (w4 1) 2n—dig2n=2 gy
0

K—o0
and limg oo K 'Bg = 0. This gives (3.2). When d = 3, one can

see that limg oo (Klog K) ™1 Ax =1 and limg .o (K log K) !By = 0.
This proves (3.5). Now

/ (v41)72" 4 (y — u)?" 2 du dv
0<u<v<K

2
< K+1)" % og(K +1).
=9 —2+1 (K+1)7" log(K +1)

K 3
/ (v41)"HBdp < — 2
0 m—2+1
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This shows that when d > 4,

lim K~! (v+1)72"= 4y —u)* 2 dudv = 0,
K—o0 0<u<v<K

proving (3.3). Similarly, we can prove that when d = 3, we have

Klim (Klog K)™* / (v+1)"2" (v —u)* 2 dudv = 0,

0<u<v<K

proving (3.6). ®
Now we estimate [y, . .. o [f&(T)(u1,... U )2 duy - - - dugy,.

Denote for n > 1

G (T)(ur, ... uon) i= (Ugn — ug + &) " 4/2H2

and

G;(T)(ul, e ,UQn)
= —(ugp + E)—n_d/2+2 (T + E)—n—d/2+2 (T -y + E)—n—d/2+2
so that f&(T') = g5, (T) + G5(T).

First we have
(3.8)

/ |g(i(T)(u17 7u2n)|2du1"‘dll/2n
0<u; < <ugn <T

—2n—d+4
= / (UQn — U] + 5) n—d+ du1 s dU2n
0<uy < <ugn<T

1

R (u2n — w1
(2n — 2)! /0§u1<u2nST
cd—d
N (2n —2)! /< <7/ (v—u+1)72"" " (o —u) " dudv
s JO<Lu<v<T /e

{ ey o )22y O ) d >

)—2n—d+4(u2n —up + 8)2n—2 dU1 dUQn

@y O (log (2)) d=3

as € — 0, where the last identity follows from (3.2) and (3.5). This gives
the estimate for the L? norm of ¢¢ (7). Now we have to estimate the L?
norm of G5 (7). It is easy to see that

(3.9) |Gulu, ... uzn)| < pl(un +) 7" 2 4 (T —uy )77 242
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for some positive constant 0 < p < co. We should dominate the two
terms arising from (3.9). When d > 4, we have for n > 1

—2n—d+4
/ (UQn + E) n—d+ duq - - - dusy,
0<uy <+ <ugn <T

= / (uan + 6)_2”_d+4(uzn — u1)2"_2 duq duay,
0<uy <ugn <T

84_d

= @3 /0< ) (v+1)720 =4y — ) =22 du do.
. Su<v<T/e

By (3.3), we see that when d >4

lim 93 / (tgn 4 &) "2 duy - - - dug, = 0.
e—0 0<uy <+ <ugn <T

Similarly, we can prove by (3.6) that when d = 3,

1

S Uon + )72 duy - - - dug, = 0.
log(1/e) /0§u1<---<u2n§T( )

This gives the estimate arising from the first member of the RHS of
(3.9). The same argument (using (3.4) and (3.7)) implies that the same
conclusion holds for the second member of the RHS of (3.9). Thus we
have

lim Ed_3/ |GE(T)|> duy - - - dug, =0 when d > 4 and
0<ur < <u2, <T

e—0

1 / )
|G, (T)|° duy - - - dugy, =0 when d = 3.
log(l/s) 0<u1 <--<ugp <T

Thus we obtain

Theorem 3.3. We have
1) when d = 3,

1
3.10 limi/ Fo(T) (ur, - .. s ugn)|? duy - - - dugy,
(3.10) =—0 log(1/e) O§u1<~~<u2n§T| ) )l deu ?
T

(2n —2)!"

2) When d > 4,

(3.11)  lim 473 /0< - |fE(T) (uy, - . s uzn)|? duy - - - dugy
Sup<--<uzn <

e—0

T oo
= 7(2n %) / (x+ 1)_2"_‘“'4x2"_2 dx.
29! o
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4. Renormalization I

We denote || F||* := [, |F(w)[*P(dw). We need the following

Definition 4.1. Let F = ZZO:O F,, be the chaos expansion of F,
where F,, is the n-th chaos of F. We say that F' is in Dy, 6 € R, iff

o0

(4.1) > (n+ 1), < 0.

n=0

It is easy to see that Dy o is a Hilbert space. We will not discuss this
space here. However, we refer to [Wa84] for more details.

First we discuss the case d = 3. Let

1
(I)s(T) = m {gE(T) - Egs(T)}

=30 > Cadalfa(D)/VI0g(1/)).

n=1|a|=2n

By Theorem 3.3, we have

EhL% HJa(f(i(T)/\/W)HQ _

(2n —2)I"

Thus

2

Y Cada(fa(T)/Vog(1/0)|| ~ > CallJa(fa(T)/V10g(1/e))I?

la|=2n |a\—2n

2n—2 Z 02

|a|=2n

T

~ m(2n)!n3/2*5 ~Tn= %2
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where A, ~ B. means that A. and B. have the same limit when ¢ — 0.
Thus we see that for § < 1/2, ®.(T) is bounded hence weakly compact in
the Hilbert space Dy 2 as e — 0. And when 6 > 1/2, ®.(T') is unbounded
in Dgo as € — 0. Namely, we have

Theorem 4.2. Let d = 3. When 0 < 1/2, ®.(T') is weakly compact
in Dgo ase — 0. When 6 > 1/2, ®.(T') is unbounded in Dg o as e — 0.

When d > 4, let

d—3

(1) =5 (1) — Be(T) |

=3 Y Cuda(fD)T).

n=1|a|=2n

(4.3)

By Theorem 3.3, we obtain

2

(4.4) > Codo (fS(T)T)| = S C2||a (f2(T)"2) |2
la|=2n |a|=2n

~ L 2 - —2n—d+4,2n—2 ~ d/2—3

(2n —2)! Z Ca/o (z+1) x dez ~Tn )

" al=2n
Therefore, we have

Theorem 4.3. Let d > 4. When 6 < 452, U_(T) is weakly compact
in Dgo as € — 0. And when § > 4;—‘1, U (T) is unbounded in Dy o as
e —0.

5. Renormalization II

In [Yo85], Yor showed that (1.3) (when d = 3) converges in distribu-
tion to a Brownian motion which is independent of the original Brownian
motions. In this section we will exclusively discuss the case d > 4. It
is unknown what is the limit of (1.4) (when d > 4). In fact from The-
orem 4.3, we see that (1.4) is unbounded in any space Dy for § > 0.
Therefore (1.4) is not regular (i.e. in the sense that it is not in the Meyer-
Watanabe test functional space). For any 6 € R, let us introduce

(5.1) L7 (T) =Y n™" Y Codal(fi(T)).

n=1 |a|=2n
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JFrom the estimates in section 3, we see easily that E%L’G\IJE(T) is
weakly compact in Dg_g/242— 2 for any p > 0. Thus if 6 > d/2—2, then

E%L_B\IJE(T) is a weakly compact in the Meyer-Watanabe test func-
3

tional space D, o for some o > 0. Hence we think that E%L*Q\IJE(T)
would be a better renormalization scheme for the self-intersection local
time of higher dimensional Brownian motion (d > 4). Using the operator
['(e™") of second quantization of e, we have

L0 (T) :/ tﬂlr(e*t){gs(T) fE(EE(T))}dt.
0
Now using the Mehler formula, we have
T(e™")P.(B, — By) = E'{ P.(e™"(Bi ~ B,) + V1~ e 2(B - B))) }

= Py (1—s)1—c—2v)(e” (Bt — Bs)),

where B’ is a d dimensional Brownian motion independent of B and E’
means the expectation with respect to B’. Therefore

L700(T) = e (t — 5, B, — By),

where
oo
(5.2) Veo(vya) = / Pryo1 oo (e~ a)u® du,
0
Summarizing the above we have

Theorem 5.1. Let . o(v, x) be defined by (5.2). Then for any 6 € R,

T t
(5.3) Uogi=c2 {/ / beo(t — s, By — By)ds dt
0 0

. ( /OT [ st~ Bs)dsdg}

is weakly compact in Do_g/214,2-

It is easy to see that || ¥, ¢||> — uT for some constant u. Motivated
by the result of Yor, we may propose the following conjecture:

Conjecture. There is a 6y > d/2 — 2 such that \115790 converges in
distribution to a Brownian motion which is independent of the original
Brownian motion B.
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