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LINEAR TOPOLOGICAL INVARIANTS
OF SPACES OF HOLOMORPHIC FUNCTIONS
IN INFINITE DIMENSION

NGUYEN MINH HA AND LE MAu HAI

Abstract

It is shown that if E is a Frechet space with the strong dual E*
then Hy(E*), the space of holomorphic functions on E* which
are bounded on every bounded set in E*, has the property (DN)
when E € (DN) and that Hy(E*) € () when E € (Q2) and either
E* has an absolute basis or E is a Hilbert-Frechet-Montel space.
Moreover the complementness of ideals J(V') consisting of holo-
morphic functions on E* which are equal to 0 on V in H(E™*) for
every nuclear Frechet space E with E € (DN) N (Q) is stablished
when J(V) is finitely generated by continuous polynomials on E*.

1. Introduction
Let F be a Frechet space with a fundamental system of semi-norms
{Il - I} For each subset B of E we define a semi-norm || - ||%; on E*, the
strongly dual space of E, with values in [0, +o0] by
[ullp = sup{lu(z)| : 2 € B}.
We write
1 Ml% =1 - Iz, » where Uy ={z € E: [lz|x < 1}.

Using the notation we say that E has the property

() ¥p3gVk3d, C >0 |- [z < Cll- k-5
(DN) Vg 3k, C >0 -7 < Cll- Nl - -
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The above properties and many others properties were introduced and
investigated by Vogt (see [9-12]). In [9] Vogt has proved that E € ()
if and only if for every p > 1 there exists ¢ such that for every k& we have
C, d > 0 with

1
Uy € CrU, + Ui

for all > 0.

In [3] Meise and Vogt have investigated the structure of spaces of
holomorphic functions in the relation with the above linear topological
invariants in nuclear spaces of infinite dimension.

The aim of the present paper is to continue the study of Meise and
Vogt in the non-nuclear case.

In Section 1 we prove that H,(E*), the space of holomorphic functions
on E*, which are bounded on every bounded set in E*, has the prop-
erty (DN) if E has also the property (DN). We also prove that when
E* has an absolute basis, H(E*) € () if E € (£2). Moreover we prove
also that H(E*) € () for every Hilbert-Frechet-Montel space E having
the property ().

Finally in Section 3 we consider completemented ideals of H(E™*), the
space of holomorphic functions on E* equipped with the compact-open
topology when FE is a nuclear Frechet space. By applying the spliting
Vogt’s theorem we prove that if V' is an algebraic hypersurface in E*
with E € (DN) N (), the space

J(V)={f e HE"): flv =0}

is complemented in H(E*). Moreover a more general result is also es-
tablished. That is if V is an algebraic set of finite codimension in E*
such that J(V) is generated by finite number of continuous polynomials,
J(V) is complemented in H(E*) when E € (DN) N ().

2. Properties (DN) and (Q)

In this section we prove the following theorem which was proved in [3]
by Meise and Vogt for the nuclear case.

2.1. Theorem. Let E be a Frechet space. Then
(i) Hy(E*) € (DN) if E € (DN).
(ii) Hp(E*) € (Q) if E* has an absolute basis.

Proof: (i) Assume that E € (DN). By Vogt [9], E can be considered
as a subspace of a space of the form F®,s, where F' is some Banach space
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and s is the space of rapidly decreasing sequences. Since every bounded
set in E* can be extended to a bounded set in (F®,s)* = F*®@,s*, it
follows that Hy(E*) can be considered as a subspace of Hy(F*®,s5*).
Since Hy(F* x s*) = Hy(F*,H(s*)) and Hy(s*) € (DN) [3], (i) is an
immediate consequence of the following two assertions.

Assertion 1. Hy(F*®xs*) is isomorphic to a subspace of Hy(F* x s*).
Assertion 2. Hy(F*, H(s*)) € (DN).

Proof of Assertion 1: We check that the form f — g = f|p«xs+ defines
an isomorphic map from Hy(F*®,5*) to a subspace of Hy(F* x s*).

Given B a bounded set in F*®,s*. Since F™* is a Banach space and s*
a (DF N)-space we can find a neighbourhood U of 0 € s and r > 0 such
that B C conv(D, x U°) where D, = {z € F* : ||z*|| < r}. For each
f € Hy(F*®y,s*) consider its Taylor expansion at 0 € F*®,s* : f(w) =
Z P, f(w) where P, f(w) = 5= [ J;fffl) dt. Let 7 : F* x s* — F*®,s*
n>0 [t|=r
be the canonical map. We have

Hf”B < Hf”conv(DT.@UU)
sup{|f(w)| : w € conv(D, @ U°)}

IN

sup Z |Pof(w)] : w € conv(D, @ U°)

n>0

sup $ D {Puf [ D Ai(z ® uy)

n>0 j>1

2 €D u; €U0 5> 1) N <1

Jj=1

=supS Y D GNP (2 @y 2, @)

n20 ji,j2,... ,jn2>1
0 .
2 €D u; €UCY > 1) N[ <1
n>1

< Z sup{|]§n\f(zj1 ®Ujy s - 525, Quj, )| 2, €Dy, u; €UV >1}
n>0

sup ST Pl Y Il

Jiseeesdn2>1 Jj=1
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2n
< (Zl)z sup{|Pnf(z @ u)| : z € D,, u € U’}
n>0 v
S A DY EEDBIVES
jz1 §>1
:Z—(n!)qup 2—7” TCD\ z€D,uelU
n=0 I\I=p
n?" L[ g(Ozw) .
= >0(n!)2sup i Wd)\'ZEDT’quU
"= IA=p
n2n .
< ()2 sup{lg((A\z,w))| : [\ = p, 2 € D,,, u € U}
n>0
n2n .
=3 e Sl )l 2 € Dy w e UY)
n>0

> o
=lgllp, xvo ) g <0
r 12

= (nh)2en

for p sufficiently large, where ]gn\f denotes the continuous symetric n-
linear map associated to P,f. Hence the map f +—— g = f|prxs+ i
isomorphic from Hy(F*®;s*) to a subspace of Hy(F* xs*). The assertion
is proved. &

Proof of Assertion 2: It is easy to see that the topology of Hy(EF™* H(s*))
can be defined by the system of seminorms given by

[fllr.py = sup{[[ Pnf ()p : lz]l <7}

where {|| - ||} is a fundamental sequence of seminorms on H(s*). Since
H(s*) € (DN) [3] there exists p; such that

VpIp2, C>0: (|- 2 <O - llpoll - Iy
on H(s*).
Then we have
£ 112y < SUD{CI P f (@)l|ps | Pa f (@) Iy = |l < 7}

= sup{CT*" | Po f () llp | Puf (@) llp, + 2]l < 1}
< Cll e po) 11l -
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The assertion 2 is proved. H

Now we continue the proof of (ii) in Theorem 2.1. Let {e}} be an
absolute basis of E* and {e;} € E** be coefficient functionals. For each

p put
Np ={j € N :|ef], < oo}

and

E*(p)=qa" € B o'l = ) lej(@)lllefl; < oo
GEN,

Obviously N, € Npy; for every p > 1. Since E is a Frechet space it
implies that every bounded set in E* is contained and bounded in some
E*(p). Indeed, given K a bounded set in E*. Take p such that K is
contained and bounded in E7, where by E we denote the Banach space
associated to p. Since for each bounded set B in F, the seminorm

> les(@)lle; 1l

j>1

is continuous on E;, we have
C(B) =sup{ Y lej(@™)||lef|l5 : 2" € K p < oc.

j=>1

Assume that for every ¢ > p there exists z; € K and z,; € U, such that

D lei@plle; (zq)| = 24

Jj=1

Now for each q we take m, such that

S les@plle;(@es)] = a-

1<j<mgq

Then we have C(B) = oo, where B = {x,; : 1 < j < mg}. This is
impossible, because B is bounded in E. By the hypothesis E € (Q) for
every p there exists ¢ such that for every k there exist d, C' > 0 for which

=15 < Gl - 157
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Put a;, = [|e]|]; we have
1+d
J'Z < Ca;y, ka for all j > 1.

Let

M ={m=(my,... ,my,0,...)} and
M,={meM:m;=0forj¢ Ny}

Now for each m € M and each f € Hy(E*) put

(trel + -+ tne
/ flaeit - ttneh) o gy

bm( tm+1

‘t1| 1 ‘tn
where ¢+t = ¢t pmatl

By Ryan [7] the series Z b (f)z™ is absolutely convergent and

meM
uniformly on every bounded set in E* to f. Moreover, since the map

§€;
ZI

JEN,

is an isomorphism from [' onto E*(p), by Ryan [7], the topology of
Hy(E*) can be defined by the system of seminorms || - [|(4,p) given by

1l = sup {a™ [bm (F)lm™ /a7, m| ™1}
meM,

where « € Rt = {r e R:r >0} and |m| = my + ma + - +m,. We
check that for every (a,p) we can find (3, ¢q) such that for every (v, k)
there exist d’, C’ > 0 such that

, 1
(%) Wg,q C C'rT W (v, k) + ;W(a’p) forallT >0

where W(,, ;) denotes the unit ball in Hy(£*) defined by the semi-norm

|| : H(a,p)~
Given («,p). Put 8 = 2a. Take ¢ such that for every k there exist d,
C > 0 for wich
JHd < Caj, ka for all j > 1.

Given (v, k). We check that (%) holds for C' =1 and

=d1 =d +logyvC/p.
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Obviously (x) holds for every 0 < r < 1 and every d’, C’ > 0. It remains
to check that (%) holds for every » > 1 and d' = dy, ¢’ = 1. Let
fe W(ﬁ’q). Put

M; ={m e M, : |m|>log,r}

1 1
Mg{mEMp:|m|>log2r and < }
ar, = rat,

M2 = Mp\(M) U M?).

We have

sup{am|bm|mm/a%|m|lm| im € M;}

< sup{(1/2)!™ 8™ b, [m™ /a7 m] ™ s m € M)

< (1/2)°% 7 sup(5" by ™ fa | ™ m € My} < T
and
sup{am|bm|mm/a%|m|lm‘ tm € Mg}
< (1/r) sup{B" b |m™ /@y [m|™ - m € M}
< (1) sup{™ ™ fa | ™ € M} <
Thus
> b (f)2™ € (1/r)W(ap for all 7 > 1.

me(M\Mp)U(MIUMZ)
It remains to show that

Z b (f)2™ € 7 Wiy k-

meM3
First we observe that
1/a”}, < rdC‘ml/a_’Z for all m € M.
Indeed, in the converse case we have
1/a", > r?C'™l ja™ for some m € M.
On the other hand, since m ¢ Mg we have

1/al, > 1/ra’,.
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Hence (
1+d)m Im| m _dm
a-q > C"™aaly

This inequality shows that for 1 < j < n we have
(@l FDymi > ™ (a; pad )™
This is impossible, because

14+d

. d
ajq" < Cajraj,.

Thus we have
sup{y" |bn|m™ /@™ Jm[™ : m e M3}
< r¥sup{(yC/B)™ 8™ by |m™ fally lm|™! - m € MY
< r(yC B2 sup{ B by [m™ fa™ [m | m € M2} <.

This means that

D bm(f)2™ € rh W,

mEMg
and, hence,
1
Fert Wi + - W

The theorem is proved. B

2.2 Theorem. Let E be a Hilbert-Frechet-Montel space with E € (Q).
Then H(E*), the space of holomorphic functions on E* equipped with the
compact-open topology, has the property (€2).

Proof: Applying the spliting Vogt’s theorem for exact sequences of
Hilbert-Frechet spaces [12], it follows that F is isomorphic to a quotient
space of [2®,s. This is possible, because for E we have a canonical exact
sequence of the form

OHEHHE]-HHEJ-HO
J J

where E; are Hilbert spaces.

Since E is a Frechet-Montel space every bounded set in E is the image
of a compact set in 12®,s, we infer that E* is contained as a subspace
of (I?®,s)* = I?®,5*. On the other hand, since I?®,s* has a fun-
damental system of Hilbert semi-norms by Colombeau and Mujica [1],
H(E*) is a quotient space of Hy(I?®ys*). Thus it suffices to check that
Hy(I?®,5*) € (Q). The following lemma will solve that. m
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2.3. Lemma. H,(I>®,s*) is isomorphic to a quotient space of
Hy(I2)®Hyp(s*).

Proof: Given
(f:9) € Hy(I) x Hy(s").
Consider the Taylor expansion of f and g at 0 € {2 and 0 € s* respectively

flu) = ZPnf(u) for u € 12

n>0

and

g(v) = Z P,g(v) for v € s*.
n>0

For each n > 0 by

Xt (P@r8")x -+ X (P®75%) = (IP®75" )@ (P@r8)®r -+ D (B s™)

we denote the canonical n-linear map and by
Hn - (l2®F8*)®W(l2®WS*)®ﬂ' e ®W(l2®7\'3*)
— (12657{'[2@77 R ®ﬂ12®7r12) @TF(S*®7T te @7‘1’8*)

n

we denote the canonical isomorphism. Putting

Pu(f,9) = (Puf © Pug)inXn

we obtain a continuous symetric n-linear form on (I2@,s*)x- - - x(12@5*).
Let P, f ® P, g denote the n-homogeneous polynomial on [?®,s* induced
by P.(f,g). We have

(Puf) @ (Pag) | D u; @

Jj=1

=P,(f,9) ZUj@Uj,...,ZUj@Uj
Jj=21 Jj=1

Pn(fa g)((ujl 0 Vjrseee Uj, 0 vjn)

— —

Pnf(“ju"' ,an>Png(Uj1,.-- ’an)

1

J1,J2,e50n2>1
>

J1:J25ew+5dn
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Hence for every r > 0 and every neighbourhood V of 0 € s we have

Y Puf@Pag|| <D IPf@Puglls <Y I1Paf®Pugllconviroxv)

n>0 B n>0 n>0
= Z sup{|P,f ® P,g(w)| : w € conv(rD x V°)}
n>0

:Zsup P.f® P.g Z)\juj@)vj

n>0 j>1

Z’LLJ‘ETD,UJ‘EVO7Z|)\]‘|§1

jz1

< ZSUP Z |)\j1|"'|>\jn| |(Pnf®Png)((uj1 ®Uj17"'=ujn®vjn)‘

n>0 J1:d2se5dn>1

ZUjE'I"D,UjEVO,Z‘)\ﬂSl

Jjz1

=> sup Do Pl N P f Wiy ) [Pag (503, )

n>0 J1:d2-sdn>1

ZUjGTD,UjGVO,Z‘)\ﬂS].

Jjz1

n" || fllorp 2™ [lgllpvo
I o Pl
PP CP G192, 2in>1
n
n

2
o lslon X () (S

n>0 §>1
< Collfllprnliglovo
for p sufficiently large. Thus the form

a(fvg)zzp'rLf@Png

n>0

define a continuous bilinear map from Hy(12) x Hy(s*) to Hy(I*?®ys*)
which induces a continuous linear map

0 : Hy(1)®, Hy(s*) — Hy(I?®ys").
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It remains to check that 8 is surjective. Given f € Hy(1?®,5*). Let {e;}
and {ej} be the canonical bases of s and s* respectively. Formally we

have, for every Z up ® g, € 1’Qrs*, the following equalities
E>1

f Zuk®vk

E>1

- Z P.f Z up ® v
n>0 k>1

=P [ D (w @D eilwi)e]
n>0 k>1 j21

=2 Pl | 2 | X estwu | @
n>0 Jj21 \k>1

= Z P.f Zejl (v )ur, @ €5 |5, Zejn (vr)ur @ €5,

n20 ji,...,jn>1 k>1 k>1

:Z Z Z E\f(ukl@)e;l,...,ukn®e;n)ejl(vkl)...ejn(vkn)
=y S P @el @) Uk ur,)
) - "
(ejl(') i 'ejn(')(vklv s 7Uk‘n)

= ([Pnf( ® 6;1, . ®€;n)®(€j1(') . ejn(-))] Zuk RV

n>0 ji,eafn>1 E>1

On the other hand if for » > 0 and V as above, choose a neighbourhood V
of 0 € s such that ) ||e[|[[e;]|v < 1/2 we get the following estimations

ST0> 0 s D> Pl e [P f (uk, @€, un, @65
n>0 j1,...,jn>1 K1y skn>1

xlej, (vgy)] - - lej, (V)| - uk € 7D, vy € Vo, Z M) <1
E>1
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<> sup S > el [l
1

n>0 jiyee jn>1 Kty ko>

— ek es
Pof | uk, ® *jli,...,ulcn(@ *J"i
llez, 115 lex. 1%

5, 15 - lle5, 15 les (el - leg, (0,)] - uw €7D, vk VO, Y 1A <1

k>1
n”l
< Z Z sup Z |>\k1|---|)\kn|m\|f||pm®v0
20 i guzl ki ka2l 7
leq, 15 lles v - - - lles, 15 les, v = ux € rD; vg € Vo, Z M| <1
k>1
n n
nn
* || *
= flprpeve Y i > sl lesllv >
n>0 j>1 k>1
nn
< | fllorpevo Z nl2n < Covllfllorpevo
n>0

for p sufficiently large.

Now for each n > 0 we define x,,(f) € Hy(1?)®,Hy(s*) = (I? x s*)
given by

Xn(f)(u,v) = Z P.flu®e,...,u®e; Jej (v)...ej, (v).

Jis--esjn>1

It follows that

~

G(Xn(f))(ul ®U17"' , Un ®Un)
= Y Pifm®e],...,u, @€} )ej, (v1) ... €5, ()

Jiseesin21
:Pnf(U1®U1,--. 7un®vn)'

Thus for g = an(f) € Hy(I*)®, Hy(s*) we get bg=f. m

n>0

To complete the proof of the theorem 2.2 it suffices prove the following.



LINEAR TOPOLOGICAL INVARIANTS 83

2.4. Proposition. Let B be a Banach space and E be a Frechet-
Montel space such that E* has an absolute basis. Then Hy(Bx E*) € (Q)
if E €(Q).

Proof: Since E is Frechet-Montel, we have H,(Bx E*) = H(E*, Hy(B)).
By the hypothesis E* has an absolute basis {e}} as in Theorem 2.1 (ii)
the topology of Hy(E*, Hy(B)) can be defined by the system of semi-
norms given by

1F @y = sup{a™ p" | Pubi (f)l[m™ /a7 [m| ™}

where
* || % .
Aj,p = He]Hp for J, P 2 1

As in the proof of Theorem 2.1 (ii) for each («, p, p) take 8 = 2a, n = 2p,
and d; = d + log, v0C/3 we have

1
dy
Wema € Weom + 7 Wiapp)

for all » > 0, where for each p take ¢ such that for each & there exist C,
d > 0 for which
a;fgd < Caj,ka?)p forall j > 1
and (7,0, k) is given.
Consequently H(E*, H,(B)) and, hence, H,(B x E*) has the prop-
erty ().
The proposition is proved. B

3. Complemented ideals in H,(E*)

Let V be an analytic set in a locally convex space E and let
(V) ={f € Hy(E) : flv =0}.

It is known [2] that J,(V') is a complemented subspace of Hy(E) when
dim F < oo and V is an algebraic set in F. In this section we shall prove
the above result for algebraic hypersurfaces in the space E*, where E is
a nuclear Frechet space with E € (DN) N ().

3.1. Theorem. Let E be a nuclear Frechet space such that E €
(DN)N(Q) and let V an algebraic hypersurface in E*. Then J(V) is a
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complemented subspace of H(E™), where H(E*) is the space of holomor-
phic functions on E* and

J(V)={f e H(E): flv =0}
Proof: Considering the exact sequence of nuclear Frechet spaces
O—J(\V)—H(E")— HE")/JV)— O

by the spliting Vogt’s theorem [9] it suffices to check that J(V) € (Q)
and H(E*)/J(V) € (DN). &

3.2. Proposition. Let E be a Frechet space with the property ()
and let V' be an algebraic hypersurface in E*. Then Jp(V) € () if one
of the following two conditions holds

(i) E* has an absolute basis
(ii) E is a Hilbert-Frechet-Montel space.

Proof: By Theorem 2.1 and 2.2, Hy(E*) € (). Let Pi,..., P, be
irreducible polynomials on E* such that

V=2(P,...,P)

where by Z(Py,...,P,) we denote the zero-set of Py,...,P,. Such
polynomials exist by the factoriality of the ring C[E*] of continuous
polynomials on E* (this can be proved as in [6] for the case where E is
a Banach space). Take a decomposition of E*, E* = F; @ Ce; such that

Py (2] + z161) = Z a} (m*{)z{ € C[Fy][z1).
0<j<p:

Let D; € C[Fi] be the discriminant of P;. Since P; is irreducible so
D; # 0 and, hence,

G1 = F1\Z(D;) = {z] € Fy : Pi(27) has different p; solutions}

is dense in Fy.
As in [6] the map 0 from C[E*] ® C[F}][z1]p1 to C[E*] given by

(9:7) = Pg+r
is an isomorphism, where

C[Fi][z1]p1 = {r € C[Fi][z1] : degree (for 21) < p1}
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Since C[E*] and C[Fy] are dense in H,(E*) and Hy(F) respectively, the
map 6 is extended to an isomorphism 6 from Hy(E*) & Hy(F1)[z1]p1-
Thus every f € Hy(E*) is written uniquely in the form

(%) f="Pyg(f)+r(f)
where ¢g(f) € Hpy(E*) and r(f) € Hyp(F1)[z1]p1. Now given f € J(V).
Write f in the form (%). Then
r(f)(z7,-) =0 for z7 € G;.

Since Gy is dense in Fy, we have r(f) = 0 and, hence, f = Pyg; with
g1 =r(f).

It follows that ¢1|Z(Ps,... ,Pn) = 0, because Z(Py),... ,Z(Py,) are
irreducible branchs of V. Applying the above argument to g; and P, we
can write g1 = Pbgo with ga|z(p,,... p,) = 0. Continuing this progress

we get
f=P-Py...P,gn for some g, € H,(E™).

Consequently
Jb(V) =P .. Pme(E*) = Hb(E*) € (Q) [ |

3.3. Proposition. Let E be a Frechet space with the property (DN)
and V an algebraic set in E* with codimV < co. Then

Hy(E*)/Jy(V) € (DN).
Proof: Let Py, Ps, ..., P, be polynomials such that V=Z(Py,..., Py,)
where by Z(Py,. .., P,,) we denote the common zero-set of Py, Ps,.. ., Py,.
To simplify our reasoning we consider only the case m = 2. Take a
decomposition of £*, E* = F ® Ce; @ Ces such that
P =P =ayz) + Z a;z]
0<j<p—-1
Q=Py=bzi+ > bk
0<k<q—1

where ap, by € C\{0} and a; and b, are continuous polynomials on F
and

f=Pg+ > a;(f)

0<j<p—-1

= Pg+ Z z{ Qh; + Z b{czg

0<j<p-1 0<k<g-1

=Pg+Q Z h;z] + Z Z bl 2] 2%

0<j<p—1 0<j<p—1 0<k<q-—1
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where g € C[E*], aj, h; € C(F ® Cey) and b}, € C[F]. Then as in
Proposition 3.2 every f € Hy(E*) is written uniquely in the form (%)
with g € Hy(E*), aj, h; € Hy(F @ Cey) and b], € Hy(F). Let 6 be
the canonical map from Hy(F) to W = Hy(E*)/;,(vy. Obviously, 6 is
injective and defines W as a finitely generated H,(F)-module. Hence
there exists monic polynomials R and S € Hy(F)[X] such that

R(Zl) = S(Zg) =0.

This implies that (B x (Ce; @ Cez)) NV is bounded for every bounded
set in F'. Then it is easy to see that 6 is an embedding. Let us note that

W = Z = Hy(F)[21, 22]p, q/ Jp(V) N Hy(F)[21, 22]p, -

Thus bi induces for each 0 < j <p—1and 0 < k < ¢g— 1 a continuous
linear map on Z and hence every f € Z can be written in the form

[= Z Cr(f).gr

0<r<s

where C, are continuous linear for 0 < r < s and {g,} is some finite
system in Z. This yields that we can find w such that for every f € Z
there exists a monic polynomial @ € Hy(F)[X]

Q=X"+dyr ()X 4 +do(f)
where Q(f) = 0 and d; are continuous polynomials on Z with values in
Hy(F).
To prove that Z € (DN) by Vogt [11] it suffices to shown that every

continuous linear map from A;(«) to Z is bounded on a neighbourhood
of 0 € A1() for every exponent sequence o = {«,, } where

Ai(a) = {f}ECN:Z\fﬂr(’j <oofor0<r<l1

j>1

Given such a map T. Since d;T are continuous polynomials on A;(«)
and Hy(F) € (DN) (Theorem 2.1) again by Vogt [11] these polynomials
are bounded on some neighbourhood of U of 0 € A;(«). Then from the
relation

(T + dus (T~ - do(Tf) =0, for f €U

it follows that 7" is bounded on U. The proposition is proved. B

Since T Hy(E*) € () for every finitely generated ideal I in C[E*] such
that TH,(E™*) is closed using Proposition 3.3 we have
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3.4. Theorem. Let E be a nuclear Frechet space with E € (DN)N(Q)
and let V' be an algebraic set in E* such that J(V') is finitely generated
by finite number of polynomials. Then (JV) is complemented in Hy(E*).

Proof: Let Py,..., P, € C[E*] generate J(V) and let I denote the
ideal in C[E*] generated by P, ... , P,,. We consider only m = 2 because
the other cases are similar. Given f € J(V). As in Proposition 3.3 we
can write f as follows

f=Pg+Qh+ > > bl(x)sh
0<j<p—1 0<k<g-1
for some decomposition of E*, E* = F @ Ce; @ Cez. Then r|y :=
Z Z bl.(x)2] 25|y = 0. Considering the Taylor expansion of
0<j<p—10<k<g—1
each b, at 0 € F we have

r:Z Z Z P,bi(z)2] 5.

n>0 0<j<p—1 0<k<q—1

Let @ : V. — F be the restriction of the canonical projection from E*
onto ' to V. As in Proposition 3.3, 7 is a branched cover. By S we
denote the branched locus of . Let x € F\S. Then we can find a
neighbourhood V of z in F\S such that

71 (V) =UUs and 7 : Uy 2V x uy for every s,
S

where 77 1(X) = {u,}.

Since A ‘
Y>> Pb@)Hzlu, =0

n2>0 0<j<p—1 0<k<g—1

for every s we infer that

Z Z Pnbi(x)z{zﬂﬁq(v) =0.

0<j<p—1 0<k<g—1

This implies that this function is equal to 0 on V because V\7~1(S) is
dense in V. Thus r can be approximated by elements of I. Consequently
IH(E*)=Cl(IH(E*)) = J(V) and the theorem is proved. ®
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