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DILATIONS ASSOCIATED TO FLAT CURVES

STEPNEN WAINGER

I would like to give an exposition of recent work of Tony Carbery, Mike
Christ, Jim Vance, David Watson, and mysclf concerning Hilbert transforms
and Maximal functions along curves in B2 [CCVWW]. Thus we let ['{#) =
(t,7(t)) be a curve in B? with +(0) = 4/{0) = 0.

For a function f in C5°(R?), we set

ot

Hef@) = [ fie-To)T,

and

1 h
Mrf) = sup 3 JRICEROTE

We are interested in the problem of obtaining estimates of the form

1) Hre fller < AR, DI f |2
and
2) | Mr fllee < Alp, THIf| 15

Positive results have been known for a long time for 1) and 2) under an
appropriate curvature hypothesis. The curvature hypothesis is that v(¥(8) # 0
for some k£ > 2. Thus if

3) T{t) = (¢,%) k> 2, k a positive integer,
or
4) T(t) = (t,t* — 5+ k> 2, k a positive integer,

the curvature condition is satisfed. If
5) T(t) = (t,e /%)

the curvature condition is not satisfied,
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An important property of curves for which the curvature hypothesis holds is
that it is almost homogeneous. We say I'(f) 1s homogeneous if there exists a
group of linear transformations A(}), defined for A > 0, such that,

6) T(At) = A(MT(),

7 A(du} = A(A)A(p),

and

8) A{Xyz — 0 as A — O for every z

Thus T(t) = (¢,*) is homogeneous with

A= (3 %)

and Tt} = (¢,t* — t**1) is almost homogeneous in that
T(At) = A{A(t} + smali error.

In 3) and 4) above the dilations A(}) are staring one in the face. The question
we are interested in is whether or not there could be a useful family of dilations
for curves in which the curvature condition fails, a curve like

T(t) = (t,e 1.

In discussing this question, it is well {o keep in mind another exarmple of a
homogeneous curve, namely

) D{ty = (i, tiog ).

Here \
0
A(A) = (/\log)\ A) '

Thus if we wish to have a theory that includes the example ), we would not

want to take
AN = (3 7(0/\))

Belore describing the family of dilations that we found, let us try to decide
what we might hope to prove using them.

in general.

Let us assume that ¥(f) is odd and convex for { > 0. Then most known
results are expressible in terms of a functional A{t},

B(2) = '(2) = 2(2).
Geometrically h(t) represents the distance from the origin to the y-intercept of
the linc tangent to I' at T'(Z}.

We then have the following Theorem: P
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Theorem A. Assume ()} 1s odd end convez for t > 0, then

IHrfllpz < A)f|lee
tf and anly if
10) h{ct) > 2R{t} for allt > 0

for some ¢ > 8. Also of
h{ct} > 2h{t)

for some ¢ > 0 and allt > 0,
IMefllze < ell fllee-
See [NVWWI1| and [NVWW2].

Further it is known that 10) does not suffice for 1jor 2} for all p, 1 < p < co.
See [CCNWW)] and [C1]. Using the family of dilations we construct we are
able to prove the following:

Theorem B. Assume ¥{t) is odd end convez for t > 0. Then if for some
e>0,

11} R'(1) 25@,

& fller < A D Nlze, 1 < p < o0,

and

IMrfllr < A(p,T)lI fllze, 1 < p < oo,
(Other sufficient conditions are given in [CCCDRVWW)| and [CW].)
We may view 11) as an infinitesinal version of 10}. In particular 11) implies

10).

It turns out that the family of dilations we use are

4]
B00= (o ai)
Note that in the case of the curve
I(t) = (¢, tlog [t}
B(A) and A{A) are the same. In the case that

T{t) = {t,t5)
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A{X) and B(X) are not the same, but they are equivalent in the sense that if
K is an open convex set containing the origin in its interior, there is another
such set A'; such that

AK€ BOK

and visa versa.

The dilations B{A) do not form a group, that is condition 7} is violated.
However, onc can dispense with 7} if one proves

1) 1B(s)" Bl < CE)°

for some positive €. It turns out that 10} implies 12).

The dilations are used in the proof of Theorem B in 2 ways. The first
application is to obtain uniformy decay estimates for measures supported on
I'{t), and the second is to be able to develop a Calderon-Zygmund theory. The
Calderon-Zygmund theory gives rise to a Littlewood Paley Theory from which
Thecrem B can be derived using ideas developed in [BR] and [NSW). The
Calderon Zygrund theory is developed by using 2 variant of the argument of
Coifman and Weiss concerning spaces of homogeneous type [CW]. Here we
shall concetrate on the decay of the Fourler trasnform of measures supported
on I We refer the reader to [CCVWW] for the Calderon Zygmund theory,
Littlewood Paley arguments and the rest of the proof of Theorem B.

We define measures dy, supported on I' as follows: For a test function ¢

2.2="
dun(dy=2" [ ariea

So
2.2="

dpn(€) =2" j €T gy,
3—r
We wish o say In a precise way that &}T,,({} decays as £ tends to oo "uniformly”

in n. {Note that the condition 10} does not imply that dp.{£) = Dasn — o
because I'(t) can contain straight line segments while the condition 11} at least
insures that T'(?) is either part of the x-axis or has no straight line segments.

The uniform estimate we obtain is {if 11) holds and I'(t) is not a segment of
the x-axis

13) |dpn(€)] < cl|B*(27™)¢] "

for some ¢ > 0.

The use of the dilation is that we don’t have to make a close examination of
the curvature of T in the interval (27,2277}, but instead we can "normalize”
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to the interval (1, 2). Let us be more precise,
o 227" 2
dun{ﬁ) _ 2n/ e:’f,]"(t) dt = / eig-l"(‘l'ﬂt) Jdf
z-n 1
2
=] SEBERT) BT IR 0) 4y
1
2
:/ B (2TMEBTI2TINETY gy
1
Thus to prove 13} it suffices to show

2
14) ) [ e an < a2
1
where 7 is a vector in H? and [n(t) = B~1{(27™)T(27"1). A calculation shows

that
Ta(t) = (£, 7a(t))
where 4,(t} has the following properties:

18) ¥n{t} is convex
16) W1 =1  7(1)=0
17) RL(s )>eh ~(s)

(Here ha(s) = s74(s) = a(s)), and

€ 74(s)
i8) 7ils) 2 2

5

17} follows immediately from 11} while 16}, 17), and the convexity of v,
imply 18). Cne can then prove 14} by adapting the ideas of Van Der Corput,
see [SW].

To see 18) note that

alt) = ] T(s)ds < (¢ — Dya(t).

So
4 t [ iz "
Talt) £ ha(t) = o (t) = piat



256 S. WAINGER

Thusfor 1 <#<2 .
AU > Slt)

Finally 14) is obtained from Van Der Corput’s Lemmas, Lemma 4.3. of
[CCVWW]. I |21 > |ni|, we use the "second derivative estimate” together
with 18) and 18). If jm| > |n2| we use the "first derivative estimate” for t's
such that g |y, (2) < 1"2—‘1 and the "second derivative estimate” together with
18} for t's such that

A
|72y (t) > TN

We remark that the operators considered above are special cases of more gen-
eral operators where r is in R?, z — I'(2) is replaced by a k-parameter surface
S(z,1), {t € R*) with ${z,0) =z, and 1/¢ is replaced by a Calderon Zygmund
kernel on R*. In this more general setting positive results have been obtained
in [C2] and [CNSW] provided S(z,t) satisfies an appropriate curvature con-
dition. We would hope that a better understanding of the operators Hr and
My above without the assumption of the curvature condition would eventually
carry over to the more general type of operator without assuming the curvature
condition. Let us remark that the arguments in [CNSW] strongly depend on
families of dilations.
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