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WEIGHTED ERGODIC THEOREMS FOR
WEAKLY MIXING TRANSFORMATION GROUPS

MARIA ELENA BECKER

Abstract

In this paper we characterize weakly mixing transfermation groups in
terms of weighted ergodic theorems.

1. Introduction

Let (r:,t € R) be a one parameter group of measure preserving transfor-
mations on a probability space (1, F, P} and let (7)) denote the corresponding
group of unitary operators on L? = L?(Q, F, P). We assume that the map ¢ to
T, f is continuous for each f in L%,

The group (T} is ergodic if the only functions let fixed by T: for all ¢ are the
constants. The group is called weakly mixing if for any f in L?

fim 1 f T )~ | EC)PPdL = 0,

rT—oo T

where E(f} = [, fdP.
Weak mixing implies ergodicity and then by the Birkhoff Ergodic Theorem
we have

1 r
lim ;/ Tif(z)dt = BE(f) a.e.
r—oo 0
From this it is easy to see that the convergence also holds in the L%-norm. For
a proof of these assertions see [1, Chapter 1).
We denote by W the class of all bounded complex valued functions p on R

such that g
m{p}) = lim —/ plt) di exists.
Linnd= R A Y

Let p be a function in W. For each f € L? we consider the weighted averages
1 r
Afode) = 7 [ AT (e bt
g

In what follows we prove that A,.(f,p) converges in mean to m{p) E( f) if,
and only if, (T} is weakly mixing. We alsc show that this later condition is
equivalent to the almost everywhere convergence of A (f,p), when the weight
p 1s a periodic function.
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2. Statements and proofs

Theorem 1. The following conditions are eguivalent:

(a) (T:} is weakly mizing

(b) For any p in W, A.(f,p) converges in mean to m(p) E(f), for each f €
L2

Proof: (a) = (b). Let f € L?. We may assume without loss of generality
that E(f) = 0. For agivene > 0let B, = {t € R: {Tvf,f}| > ¢}. Since
|T-¢f, £} = |(T2f, f)|, we sce that B is a symmetric set respect to zero. Also

from
= 82 IBS n [03 T]l
iy r 4

ir 2
- [ i@ pea

where vertical bars denote Lebesgue measure, we deduce that B, has zero
density, i.e.
l‘ |B€ n [_r! r]l _
m — =

=00 T

G.

On the other hand, by Fubini’s theorem we have

Il

Asool = % [ [ RN T )

= %frm(l "—3p(u+3)(Tuf,f)du)ds
2} Y SN
< efplz, + 1 ARNpIE, =20

Letting r — oo, we obtain limsup||A.(f,p)|I? < ¢||p||%,. Since ¢ is arbitrary,
r—oo
this implies [|A,(f,p)ll2 — 0, as r — oo,
{b) = (a). Suppose that (I} is not weakly mixing. Hence, there is a non-
constant f such that Ty f = e'* f for some real number A (see {1, p. 28]). If we
take p(t) = e ™ then A,(f,p)z) = f(z) does not converge to m(p) E(f). W

Under the assumption that the map ¢ to Ty f is continuous for each f € L7,
it is not hard to prove that if {Ty) is weakly mixing then Ty is itself weakly
mixing for any a # 0. Using this fact we can state the following result.

Theorem 2. ({T}) is weakly mizing if, and only tf, for any periodic funciion
p € W, A{f.p) converges almost everywhere to m(p) E(f)}, for each f € L%

Proof: Assume that (7)) is weakly mixing. Let p be a bounded periodic
function and let o > 0 such that p{o + ¢} = p{t) for all real number . Let f be
a bounded function. To prove the almost everywhere convergence of A.(f,p)
it suffices to show that Asn(f.p)(z) tends to m(p) BE(f) for almost every z, as
n — 00, n beng integer.
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We have

e

Agnlfop)z) = — AECLYOTE

&t

n—1 o
-1 g fe P(t)Tet jof () d

= LTl [ OTiAa)

Since T is weakly mixing and therefore ergodic, it follows that

Jm Aculp)e) = Bl [ BT f(z)dt) = mip) B

for almost every z.

By virtue of the Maximal Ergodic Theorem {see (2, p. 690]) and the density
of bounded functions in L?, a standard argument implies the convergence of
A, (f,p) for an arbitrary f ¢ L2

The converse follows from the proof of (b) = (a) in Theorem 1.
Remark. Since all almost periodic function is the limit of a uniformly

convergent sequence of trigonometric polynomials, Theorem 2 remains valid if
we set almost periodic functions instead of periodic functions.
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