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THE LIONS’S PROBLEM FOR
GUSTAVSSON-PEETRE FUNCTOR

E.I. BEREZNCT AND M. MASTYLO

Abstract

The problem of coincidence of the interpolation spaces obtained by use of
the interpolation method of Gustavsson-Peetre generated by (parameters)
quasi-concave functions is investigated. It is shown that a restriction of
this method to the class of zll non-trivial Banach couples gives different
interpolation spaces whenever two different parameters satisfying some
conditions are used,

1. Introduction

Let X = (Xo, X1) be a compatible couple of Banach spaces {see [1] for fun-
damental definitions) and let 7, be an interpolation functor depending on a
parameter. In the theory of interpolation spaces is well-known the problem
of Lions: whether an interpolation family {F,} depends effectively on its pa-
rameter. In the complex case, ie. F (X) = [X]a, 0 < @ < 1, Stafney (8]
proved that (under certain auxiliary density assumptions on the couple X) if
[X)eo = [Xla, for some ag # oy, then X = X;.

The complete answer to the Lions's problem for the real interpolation method
was given in [4].

In this paper we consider the Lions's problem for interpolation spaces gen-
erated by the functor of Gustavsson-Peetre,

2. Results

Throughout this section P denotes the set of all guasi-concave functions
w: Ry — Ry (9 is quasi-concave if 0 < ¢(s) < max(1, s/t)p() for all 5,¢ > 0).
By Py we denote the subset of P consisting of all ¢ with p(¢) - 0ast — 0
and @(t)/t — 0 as ¢ — oco. For a Banach couple X = (X;, X; ) and ¢ € Py the
space ()_{,(p) = G‘F(X) introduced in [2] consists of all z £ Xy + X, such that

a0
T = Z z, { convergence in Xo + X}, z, € Xg N X,

P=—00
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and for every finite subset F C Z and every & = {{,},ez with [£,] < 1, we have

+) 2 2,,)acunx, <c (=01
vEF
with C independent of F and €. It is well-known that G ,{X) is a Banach space
with the norm |jz||, = inf C. Moreover G, is an ezact interpolation funclor
{see [2], [3), [6] ). For the other interesting descriptions of the functor G, and
its properties {see [3], [5], [6]). I ()} = %, 0 < & < 1, then we write GQ(X)
instead of G{X).
In this section we will show that under some conditions on ¢y and ¢4,
Goo{X) # G, (X) provided X is a non-trivial couple of Banach spa.ces, ie.
Xo N X, is non-closed subspace of Xo + X;.

First we give auxiliary results, In what follows By denotes the closed unit
ball of 2 Banach space X. The following lemma is a modification of Lemma 1
of [8] (for completeness sake we give a proof).

Lemma 1. Let X = (Xo,X1) be e couple of Banach spaces such that Xg N
X1 # {0}, If there ezist 0 < g < 1 and ¢ > 0 such that

1 su inf 2 — <
* reBE;oyEchBxl“ ¥|lx, < 4,

then Xo C X, with continuous embedding.

Proof: Let 0 # 2o € Bx,, then there exists y1 € Xp N ¢Bx, such that
r1 = |jzo — y1llxe € ¢ by (1). Now put z; = 7 Hzp — y1), provided ry > 0,
then ||z:{]x, = 1. Similarly, we get that r2 = |lz1 — yalix, £ g for some
y2 € Xo NcBy, and ||zz||x, =1 for 72 = r;l(zl — y2), provided rg > 0.

Since r; < g, so |[eo — y1 — r1yallx, S Mg S @

Proceeding by induction we see that there exists a sequence {yx} C XoNcBx,
such that

n

llzo —v1 — Y arprsallx, < ¢
k=1

holds for r, = ||Ta—1 — ¥nlix, £ ¢ Tn = i (Zpot — Yn), where g, = 7.7y
forne N (w1thout loss of generality we assume that r, > 0). This implies that
0 = Y1+ Yoney Gnlnti (convergence in Xy}, Further 1 + oy Gn¥nt: € X3
by |[@nyns1llx, < eg"*}. Since X is a Banach couple, 29 € X; and thus
X C X with continuous embedding, W

Lemfna. 2, et X = (Xs,X1) be a Banack couple and let ¢ € Po. Suppose
thatx =3 o _ . %» (convergence in Xo + X ) satisfies the condition (#}. Then
for each positive integer N the following hold:
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{a) The series Eu__w z, 18 convergent in Xy and HEU__DO z,.]x,
< C(2V).

(b)) The series 3 oo gz, is convergent tn Xy and oo v xullx,
< Cyp(2M)/2V,

Proof: (a) Fix positive integer N and put Sy = Zy___k z, for k € N. Then
tor m > k, we have

—k=1 -k—1

15m = Sellxe =11 3 zollxe =l > #(2) (gy)) llxs

¥==-m r=—1m

<Ce(27% >0 as k— oo
by (#) and @ € Py. This shows that {Si} converges in X;. Since
ISkllx, < Cp(2™)

for every k € N, it follows that || Zf: —eo Tv][Xo < Cp(2™). In the similar way
we get the proof of (b). W

In the sequel for given two functions o, p1 € P we write o (t) = g () er(t)
fort > 0.

Theorem 1. Let X = (Xg,Xl) be a couple of Banach spaces and let wq, 0,
€ Py. Then GW(X) # G, (X) provided one of the following conditions holds
{2) XoN X, is non-closed subspace in X, and wo1(2*} — 0 as v — oo.
(6) Xo N X1 is non-closed subspace in Xy and 01(27%) - 0 a3 v — oo,

Proof: Let ©01(2"} = O as v — oo. First we show that if G, (X) = G, (X),
then

) Gl X) C Xo.
To see this take 0 < ¢ < 1 and NV € N such that
(2) (pu;(gu) < 6/20

for v > N, where C is a constant of embedding G, (X) into G, (X).
Now let z € G, (X) with ||z||,, < 1. Then z = Y v oo ®u (convergence in

Xg + X)) for some z, € X¢ N X, and

(3) 1Y s (gv wwlix,-smffuem, i=0,1

vEF

for every finite subset F C Z and each ¢ = {£,} € £
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Puty =S ' _x,andc=2p(2" "), theny € Goo(X)NcBx, by Lemma
2(a). Define {u,} C XonXibyu, =z, forved={vel:v2 N} and
u, = 0 for v € I\A. Then z —y = 3 oo _, up {convergence in X;) by Lemma

2. Moreover
2 2
v e X; T v 2" ) ———z. || x;
“yezFﬁ (P1(2p) “ H “y;‘AE 5901( )(pu(zp) HX;
< 5c_lnfntm .7 = 0’1

holds for every finite subset F C Z and each { = {£,} € oo, by (2) and (3).
Hence ||z — yllpo < Cllz — yllg, < €, 50 {+*) holds by Lemma 1.

It is easy to see that for every 0 # z € Xo N X; and » € Po we have

{4) _ llzlly < 2il=llxo /|0 /Y2 )-

Now suppose that X, N X is non-closed in X;. Then there exists a sequence
{z,} C XoNX) such that {[z.|lxonx, = ! and [jzallx, - Oasn — oo Further,
assume by way of contradiction that G, (X) = Gy (X). Thus by the above
established inclusion (#%), it follows that ]|zl|x, £ K]lz{l,, for some K>0
and every z € G, (X). This implies that w1(lizallx}) € 2K for enough large
n €N, by (4). A coniradiction, since ¢1(¢) —+ o ast — oo, by we1{2"} — D as
v — co. Thus the proof is finished if (a) holds. If the condition (b) holds, the
proof is similar. B

Remark 1. For each Banach couple X and each ¢ € Py the space G,(X)
is contained in the closure of XoNX:in Xp + X1. Thus G, (X) = XoNXy
provided X is a trivial couple, 1.e. X¢ N X, is closed subspace in X + X;-

Corollary 1. If X =(Xo,X,) ts a non-trivial Banach couple, then Go{X)
# Gs(X) for each a, B € (0,1), @ # .

Proof: Tt is easy to see that X is non-trivial couple if and only if X¢ D X, is
a non-closed subspace in X;, # = 0 or 1. Thus Theorem 1 applies. B

Remark 2. Peetre {7} defined (for the case p(f) = £, 0 < § < 1) the in-
terpolation functor {X )., as the space of all sums 3 02z, {convergence in
Xo + X) such that {z,/p(2")} and {2"z,/(2")} are unconditionally conver-
gent sequences in Xo and X1, respectively. If we consider the Lions’s problem
for the functor (-}, then by the same way we obtain that Theorem 1 helds for
this functor.
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