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WIENER FUNCTIONALS ON SPACES OF LIE
ALGEBRA VALUED 1-CURRENTS, AND UNITARY
REPRESENTATIONS OF CURRENT GROUPS

JEAN MARION

Abstract

Well-known results about Brownian and Wiener functionals on abstract
Wiener spaces are extended to Wiener functionals on the space of G-
valued I-currents on a manifold X, where § is the Lie algebra of a compact
semisimple Lie group &. We introduce a family of Shigekawa-Sobolev
spaces of generalized Wiener functionals and on each of them one gets
& tegular representation of the current group D{X, G} of G-valued and
compactly supported smooth mappings on X. Then, a kind of Weyl's
construction is used to associate, to each Riemannian flag of X, a ring of
non located and order 1 unitary representations of P{X, G) including the
energy representations studied in (23], [14].

0. Introduction

If we should know a sufficiently large number of non trivial unitary repre-
sentations of the current group THX, ) it would be possible, as for finite
dimensional Lie groups, to get a relevant non commutative harmonic analysis
on it. Unfortunately, at the present time, our knowledge of the unitary dual of
D{X, ) is rather poor, in spite of some efforts {[12], [6], [23], [14]).

In these works a class of non located and order 1 continuous unitary re-
presentations of D{X, &) are constructed, often called energy representations,
irreducible when dim (X) > 3; they are all realizable in a L2-space of Wiener
functionals on the space of f-valued 1-currents on the manifold X, where G is
the Lie algebra of the compact semisimple Lie group G.

The original motivation of the present work, consisting of to find a consistent
enlargement of the class of unitary representations of D(X, G) actually known,
leads then to begin by a detailed study of these Wiener functionals. The secticn
I is devoted to the construction of D(X, G}-invariant Euclidean structures on
the space of G-valued smooth 1-forms with compact support on X and Gaus-
sian measures on the space DI{X, G) of G-valued 1-currents on X, associated
with Riemannian fHags.
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The section II is devoted mainly to the study of the spaces of L?°~Wiener
functionals on Dj(X,G) in a way similar to the one used in [5] for the study of
Browntan functionals associated to white noise, and the Wiener-Ité decompo-
sition of such spaces is given. In section IIl we introduce a class of transforms,
called M-transforms and which includes the Fourier-Wiener transform and the
generalized Ornstein-Uhlenbeck semigroup; the study of its infinitesimal gene-
rator leads to the realization of a Hilbert-Sobolev space of Wiener functionals.

In section IV we extend this result by the introduction for each real number
a > 0, of 2 semigroup of contractions, {the Ornstein—Uhlenbeck semigroup co-
rresponding to the case o = 1) whose infinitesimal generator allows to construct
a Shigekawa’s model of Hilbert-Sobolev space of Wiener functionals, genera-
lizing the situation described in [19], and denoted Li—,!,lo.

The section V is devoted to the construction and the study, for each o > 0, of
a regular (of course unitary} representation of {X,G) on szl'la. A rather sur-
prising fact, unknown in the case of finite dimensional Lie groups, is exhibited:
on the subspace of polynomial Wiener functionals these various regular repre-
sentation are equal and unitary with respect as well to the L? scalar product
as to the various scalar products L;:L of Sobolev type.

The section VI is devoted to the construction of non located unitary repre-
sentations of order 1 of D(X,G); it appears that they are unitarily equivalent
to the energy representations constructed in [14].

Lastly, in section VII, starting from the lot of representations constructed in
section VI, and using a kind of generalization of the Weyl’s construction, to each
Riemannian flag of X is associated a ring of non located unitary representations
of order 1 of T{X, ) called generalized energy representations, including as
very particular elements the energy representations given in [14].

I. g—valued l—currents and energy Gaussian measures

In all this paper X is a Riemannian manifold with finite dimension dy, and
G is the Lie algebra of a compact semisimple Lie group G, endowed with the
Euclidean structure coming from the opposite of its Killing form. Ad will
denote the adjoint representation of G on G, N the set of non negative integers,
and N* the set of strictly positive integers.

1. The nuclear space of §—valued 1-forms and its energy scalar
products.

a) Let D1(X, G) be the space of all the §—valued and compactly supported
smooth 1-forms on X; with its Schwartz topology it is a countably Hilbert nu-
clear space. The nuclear Lie group D(X, &) of all the G—valued and compactly
supported smooth mappings on X is a current group acting continuously on
Di(X,G) by a representation V such that for all ¢ in D{X,G) and all w in
Di{X,8), V(g)w in the 1-form:

(1) z— (V(gw)(z) = Adg (z) w(z), zelX.
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b} In order to endow D1{X,G) with a positive definite inner product for
which the operators V{g) are unitary operators we shall need a geometrical
object studied and used in [14], called 2 Riemnannian flag (see also |13} for a
summary of results).

Definition 1. A Riemannian flag of X is a collection F = (X&,rx)o<r<p,
with 0 < p < dp, such that:

— for each integer k with 0 < k < p, X} is a connected submanifold of X
with dimension dy — k, and r; is a Riemannian metric of class C? on Xj;

— X, C--CXy CXg1 C--CXo=4X. .

Let P = (X, 7x)o<k<p be a Riemannian flag of X; for each integer k with
0 < k < plet us denote by dzy. the volume measure on Xi, and {, )i . the scalar
product on the tangent space T; X} of X at r with respect to the Riemannian
metric rg. One gets a scalar product (, )i on D(X;,G), defined for all A, A" in
Di{X,6) by:

2 (A A = ]x tr (A'*(z) - Mz))dzs,

where tr is the trace operator, and where * denotes here the adjoint operation
according to the Euclidean structures on T; X} and G.

¢} The energy scalar product <, >p on D1{X, &) associated to the Rie-
mannian flag F is then given by taking, for all w,w' in Dy {X,G}:

(3) < w,w' >p=E5_, (wr,wi )i,

where w; and w) are the restrictions of w and ' respectively to the su-
bmanifold Xy, 0 < k < p. We shall denote by HF the Hilbert completion of
D1{X,G) with respect to <, >, and by | |p the corresponding norm.

Owing to the unifarity of the adjoint representation Ad of G on G, it follows
that for all ¢ in D(X, G) the operators V{g) extend into unitary operators on
HF, and then:

Lemma 1. For any Riemaennian flag F of X, V i3 ¢ confinuous uniiary
representation of the current group D(X,G) on HF.

Of course, V is highly reducible, looking like & coniinuous sum of represen-
tations of G on G.

2. The space of {—valued 1-currents and its energy
Gaussian measures.

a)} Let D}{X,G) be the dual space of D, (X, §); it is the space of G—valued
l-currents on X. In the present work it is the basic space on which the distri-
bution of a generalized stochastic process will be located in order to expand a
relevant analysis.

A well-known and standard result about dual spaces of countably Hilbert
nuclear spaces allows to claim that for any Riemannian flag F' of X, the triple
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[D1(X,6), HY ,D{{X,G)] is a Gelf’and triple, i.e. an Hilbertian triad in the
sense of {3]. We shall denote by <, > the pairing of T:1(X,§) and its dual
space.

The natural extension V'* of the representation V on Df{X, §) is such that
for all g in D(X,G), all x in DJ{X,§), and all w in Dy (X,G):

(4) <V'(ghw >=<x, V(g T Hw > .

b} Notice that for each Riemannian flag F of X the mapping Cr :
D1{X,G) > R given by:

(5) Crw) = exp [5lwlEl, weDi(X,0)

is a characteristic functional. From the Bochner-Minlos theorem it follows that
there exists one and only one Gaussian measure gp on Di{X, G} with mean
zero, and Fourier transform fip given by:

(®) pr@)= [ expli < xw Sldur() = Cow).
DI(X.G
Moreover, up satisfies the condition:
(7 / < xow > - < x> dpp(x) =<w,w >
Dr{X,5)

for all w,w' In Di(X,G). :
pr will be called the energy Gaussian measure associated with the Rie-
mannian flag F.

¢) Notice that two Riemannian flags:

F = (X, rk)ockzy and F' = (X}, v} Jo<i<, are equal if and only if p = p/,
and for all ¥ =0,1,...,p, the Riemannian manifolds {X;,r:)} and (X}, r}} are
equal. Now let us recall the result of Feldman and Hajek asserting that two
(Gaussian measures are either equivalent or disjoint.

As a direct consequence of proposition 1I-2 given in [14] one gets:

Proposition 1. The energy Gaussion measures up and pp:, associated with
twe different Riemannian flags F and F' are disjoint.

d) Now a crucial point is the behaviour of yp through the action of the
current group D{X, G) by the representation ¥V*.

Proposition 2. Lei B be the topolegical o-field of D}(X,G), and lei F
be a Riemannian fleg of X. For any element ¢ in D(X,G), V*(g) is ¢ B-
measurable mapping from DX, G} onio itself. Moreover upoV*(g) = ur.

Proof: The first part of the assertion follows from the fact that V is a
continous unitary representation of D{X,G} on H F_ In order to prove the
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second part it suffices to compute the characteristic functional of the measure
uroV*(g) and to see that it is equal to the characteristic functional C'r of up:

/ exp [i < x,0 > d{pr o VH(g)Hx) =
(X,9)
B / X dup(V¥{(g)x) =

DIX,G)

= ] &<V e Ixw> ~dpp(x) = ] e VTG p(x) =
PI(X.G) PH{ X0}

= Cr(V(g)w) = exp [~51V(g)wlb] = exp [~3]w 5] = Cilw)

by the unitary of the operators V(g). Therefore g is D(X, G)-invariant.

II. The space of L*~Wiener functionals on the G—valued
l—currents

1. The spaces LP(D}(X,G); h;ur).

Let F be a Riemannian flag of X, let By be the completion of the topological
o—field B of DI (X,G) {with respect to urp}, let k be a separable Hilbert space
with norm || |js and topological o—field By.

Definition 2. The measurable mappings from the measurable space
D}(X,0), Br) into the measurable space (h,B,) are called A-valued Wiener
functionals on PI(X,G).

The above definition generalizes in a natural way the concept of Brownian
functional studied in {5], {10], [17].

0Of course, two A—valued Wiener functionals are considered in the same class
whenever they are equal pp—almost everywhere; so there is no difficulty to
define for all real p > 1 the space LP(DJ(X,G); ki pr) of h-valued Wiener
functionals ® such that the mapping x +— {|®{x)||% is xr-integrable, the co-
rresponding norm being given by '

(®) 9l = ([ HOCOIR - dier 60

In this section we are mainly interested by the Hilbert spaces L*{D}(X,G); k;
ur) and more particularly by L*(D}(X,¢); C; ur) which will be more simply
denoted L%,w; its elements will be called L2-Wiener functionals.

2. Polynomial Wiener functionals.

Formula (7} shows that for any 1-form w in P4{X,§) the mapping
x < X,w > is a Gaussian random variable with mean zero and variance |w|%;
therefore, for any positive integer n one has

@ [ I<xw > el = @Rl 2 ol
DI {X.6}
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it follows that the mapping ¥ —< x,w >" belongs to L% for all positive integer
n, and all element w in 7y (X,§).

Now, using the Schwarz inequality and a standard argument, one easily pro-
ves that for any collection (w1,...,wy) of elements in D1{X,§) and any co-
llection {n;,...,n,) of non negative integers the mapping x < x,wy >™ ...
< X,wq >"¢ belongs to L%.

Definition 3. A C-valued Wiener functional ¢ is called a polynomial Wiener
functional if there exist a positive integer ¢, ¢ elements w1, ...,wy In P1(X, G},
and a polynomial function p: R — € such that, for all ¥ in D{(X,G):

(10 B(x) =p(< x,w1 >,..., < Xywg >

We notice, from the above discussion, that the space P of all the C-valued
polynomial Wiener functionals is an algebra contained in L.

Remark. Let h be a separable Hilbert space; the elements of P @ h are the
h-valued polynomial Wiener functionals on Dj(X,§).

A Riemannian flag F of X being given, let us consider a complete orthonor-
mal system {w;Yiene of HF with all the w; in D1{X,G). Owing to the above
discussion and from the density of Dy(X,G) in {HT)* = HF it follows easily
that:

Proposition 3. For all positive integer p, P ® h 13 @ dense linear subspace
of LA(DHX,Q); ks ur). In particular the algebra P is dense in L.

3. Exponential Wiener functionals.
a) Definition 4: A C-valued Wiener functional ¢ is said an exponential
Wiener functional if there exist a complex number « and a 1-form w in D1 (X, G)
such that &{x) = exp [@ < y,w >] for all x in D} (X, G).

Lemma 2. All the ezponential Wiener functionals are L¥-Wiener func-
tionals.

Proof: The assertion follows from the fact that: exp[a < y,w >] =
£2.0%r < x,w >", and that the mappings x —< x,w >" belong to L%. @

b} To each w in D;{X, G} let us associate the exponential Wiener functional
@i x— exp [t < x,w >]. We notice that up{@) = fip(w) = Cr(w), and that
the complex vector space £ spanned by zll the & is an algebra. More precisely:

Proposition 4. The algebra E is dense in L%.

Proof: 1t is similar to the one given for exponential Brownian functionals
given in [5], theorem 4.1. By lemma 2 we have E C L%. Now let us recall
that B denotes the topological o-field of D} (X, G) and that we have selected a
complete orthonormal system {(wi )iene in HT, the wy being in D1{X,G). &



WIENER FUNCTIONALS AND CURRENT GROUPS 105

For each pesitive integer n, let us consider the sub-o-field of B generated by
the functionals ¥ — < x,wx >, 1 < k < n, and denoted B,. (Bp)uen- is 2n
Increasing sequence converging to B,

In order to prove the assertion it suffices to show that any element & in
L% which is orthogonal to all the elements of the form x +— IIf_, exp [ itx
< x,wi >] for all positive integer n, and all #;,...,f, in R, is necessarily zero
up—almost everywhere,

So, let us assume that for any positive integer n and any sequence (t,...,%,)
of real numbers the Wiener functional & satisfies:

%, = ] ITi_; exp [ itx < x,wz > ®(x)dur(x) =0,
D(X,6)

and let us denote by E(®|B,) the conditional expectation of ® with respect to
the sub~o-field B,. One has: '

b, = / exp [i < x» S tews >] - E(B|Bo)dur(x) = 0.
DI (X, G}

The Fourier transform of x v+ E{®(x)|8,) is then zero on the subspace spanned
by (w1,...,ws); therefore, for all positive integer n, E{®|B,) is zero pr-a.e.
{B,). being increasing sequence converging to the o-field B, it follows that

E(®)B) = ® =0, zp-a.e. The assertion is then proved. B

4. The Wiener-Ité decomposition of L%.
a) Let us recall first a well-known result: the system of mappings
(\/r? « Hp)nen, where H, denotes the Hermite polynomial function given by:

dft
(1) Halt) = (1)) exp (12/2) 2l exp (£/2)], t€R,
is a complete orthonormal system in L3(R;(27)72/2 exp {—12/2)dt) {see e.g.

(16]).
Let A be the set of sequences ¥ = (g Jzene of elements of N such that
¥ = O except for finitely many &’s. For such an element v = (v) Jrene In A we

will denote:
{12) o] = 222 0k, v =TI52, uy!

For all n in N, A, will denote the set {v € Af|v] =n].

Now a Riemannian flag F of X being given, we select a complete ortho-
normal system (wy Jrene of HF, with all the wy in Dy(X,G).

Definition 5: For all v in A, the mapping k, defined on D} {X, @) by:

(13) hv(X) = I;IHN(< Xy &g >)

is called a Fourier-Hermite polynomial Wiener functional.

We have to give now the Wiener chaos decomposition of L%; such a de-
composition is well-known in the case of the space of L¥-Brownian functionals
([5]) and in the case of L—functionals on an abstract Wiener space {[19]).
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Proposition 5. The collection (Vv1k, ), en 18 & complete orthonormal sy-
stem in L%, For each n in N let us denote by ZE the closed subspace of L%
spanned by the family (V'R )ven,; one has the orthogonal direct sum, called
the Wiener-Ité decomposition:

2=5=,0XxF

=0

The proof is standard and we omil it. Of course the Wiener-Ilé decom-
position of L% is independent of a particular choice of the orthogonal system

(wi)kene of HE.

Remark: Let us consider the symmetric Fock space S{HF) constructed
with HF as one particle space:

S(HF) = T & (HF)®""’,

n=0
where the sum is taken with orthogonal components, and where (HF)®™s
denotes the space of symmetric n—tensors on H¥. As it is well-known there is
a natural Hilbert isomorphism from S{H¥) onto L% ([4]). It is easy to see that
for each integer n, this isomorphism restricts {0 a Hilbert isomorphism from
(HF)Y®™? onto ZF.
We shall dencte by pf the orthogonal projection from L% onto Z FrneN.

111, M—transfdrms; Fourier—Wiener transform; generalized
Ornstein—Uhlenbeck semigroups

1. M-transforms. _

For a complex number z # ¢ we shall denote by /z the complex number
such that {/z)? = z and such that arg (v/2) is in [0,7]. For each non zero
complex number z we define the transform MT from L}(D}(X,8);C; ur) into
itself by:

(14) MF8(x) = ] B(ex + V1= 22 0)dur(8),

DI{X,\6)
where F is a given Riemannian flag of X. The M[F, z € C — {0}, will be

called M—-transforms. Particular cases of such transforms have been considered:
the Fourier~Wiener transform introduced by Cameron and Martin {[2]) on the
space S’ of tempered distributions, and, more recently, the Ornstein-Uhlenbeck
operator on an abstract Wiener space ({15]).

The basic properties of the so-called M-transforms come from the well-
known property of Hermite polynomials (see e.g. [16], chap. IV}, namely:

@ [ HnezVT=20) exp (-3 /2)dy = "),
z€C—{0},neN.

From the definition of Fourier-Hermite polynomials and from the above formula
it follows that:
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Lemma 3. lLet ¥ be a Riemannian flag of X, and let z be any non zero
complex number. For all v in A4, n € N one has:

MFh, =2"h,.

Notice that MF is a linear operator on L%. As o direct consequence of lemma
3 one gets:

Lemma 4. Let F and z be as in lemma §. One has:
M =302
In particular, for each integer n we have the commutation:

ME . pE =pf-MT.

2, The Fourier—Wiener transform.

Definition 6. Let F be a Riemannian flag of X; the M-transform M is
called the Fourier—Wiener transform associated to F, and denoted J 7.

As a direct consequence of lemma 4 we have:

Proposition 6. J¥ is o unitery operator on L% satisfying the equality:
JF = £%,i"pE. In particular (JFY = I (I = identity operator on L% ).
Notice that, by definition of the transformations MF | one has, for all & in L%:

(16) TFB(x) = /‘m %o+ V30 dur(6).

Let us compute now the Fourier—Wiener transform of the basic Wiener fun-
ctionals; we recall that for w in P1(X,G),& denotes the exponential Wiener
functional x — exp [i < y,w >].

Proposition 7. Let n be in N, let w be in Dy{X,G) ond let v be 1n A,
Then:
() TR, =ih,;
(1) TP = exp {(—|wl}) exp [- < -,w >].
Proof: (1) is a trivial consequence of proposition 5 and lemma 3.
(ii) For all x 1n D}(X,G) one has:

TFo(x) = f exp li <ix + vV28,w >}dur(8) =
DI{X\G)

exp [~ < x,w >]/ exp [i < 8,V2w >du#(8) =
D {X.G}

exp [— < x,w >JCr(vV2w) = exp [—lw|%] exp [— < x,w >].

An immediate consequence of lemma 4, proposition 7 (1}, and the definitions
is:



108 J. MARION

Corollary. (i) For alln i N, pf - J¥ = JF . pL;
(i) for any non rero compler number z one has:

MF.gF = g% . MF.

3. F—Ornstein—Uhlenbeck semigroup and operator.

Let F be a Riemannian flag of X, and let us consider the family (F}ipo of
M—transforms defined for all real numbers ¢ > 0 by:

(a7 Fo=ME,

For all ® in L% we have then:
(18) FaG= [ 8+ VIm e 6)dus(s)
Dy (X,6)

Notice that from lemma 3, for all integers n > 0 and all v in A, one has:
(19) Fih, =¢ ™h,, t>0.

Notice also that for all s, ¢ positive real numbers F; - F; = Foy, and that 0 <

e < 1. From lemma 4, corollary of proposition 7 and the above discussion
if follows that:

Proposition 8.

(i} {Fi)tzo 18 a contraction semigroup of M —-iransforms on L%.
(it} Fy = 22 e ™p%, end for all integers n > 0:

ZF = pF (%) = (@ € IZ/R® = ™ for allt > 0}
(iif) Fr -5 =J%7 - F,.

Definition 7. (F,);>¢ will be called the Ornstein—-Uhlenbeck semigroup on
L%, or F-Ornstein-Uhlenbeck semigroup.

Netice that usual Ornstein-Uhlenbeck semigroups in infinite dimension are
defined on LP-spaces based on abstract Wiener spaces {see e.g. [19]).

The computation of the infinitesimal generator L of {F;)ip0, called the
F-Ornstein-Uhlenbeck operator is very easy:

d d . -
= E(Fe)me = E(Eﬁioe Pl =0 = 2, (~n)pk

It follows that:
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Proposition 9. The infinitesimal generator LY of (Fy)i»o is given by LF =
£ (~n)pE, with domain D(LF) = {® € L2/552 m|pEd |2, < 4oo).

Remark. The space P of polynomial Wiener functionals is contained in
D{ L} because for a Fourier-Hermite polynomial Wiener functional k,,, v € A,
pLh, is zero if 1] # n and is equal to k, if [v] = n; as [V k|2 = 1 it follows
that:

222, n2pE ks = PP < +oo.

Therefore, using standard arguments, from the above remark and proposition
9 it follows that:

Proposition 10. LY eztends to a Hermitian operator with domain contai-

ning the algebraic sum 5, ZF, and for each integer n > 0, ZF is in the

eigenspace corresponding fo the eigenvalue —n.

Proposition 11. L extends to the ezponential Wiener functionals; moreo-
ver, for all z in € and all w in D1{X, G} one has:

LF ezp fz < x,w ) = [P|w[} — 2 < x,w >] ezp [z < x,w >]
Jor all x in D}X, G).

Proof: For any polynomial Wiener functional ¢ its Fréchet derivative D®(x)
at the l-current y is the element of D;(X,G) defined by:

(20) < §,D®(x) >= %(@(x +18))e=0, 8 € DY{X,G).

Notice that D$ : x — D®{x) belongs to PQ HF; in the same way we define
D?® as D(D®), and therefore as an element in P ® H¥ ® HF. A complete
orthonormal system {w)ren- in HY being given, the trace of D*®(y), x in
DI(X,G) is then given by the standard formula:

trace [D2®(x)] = 52, < D?®(x),wn ®wp >,

that we can rewrite:
{21) trace [D?®(x)] = / < D*®(x),0 ® 8 > dup(d).
DYX,G)

Now, using a similar argument of one that is used in the case of usual Ornstein-
Uhlenbeck operator, one gets, for ali ® in P:

(22) LF®(x) = trace [D*®(x)|— < x, D®(x) > .
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Let us consider now the exponential Wiener functional &, : x — exp [z <
x,w >}, z and w being given in C and D;{X,§) respectively. One has:

&, = 427 < -,w >". Therefore we can extend LY to &, by taking:
Lo, = 1% 2 LF(< ,w >"); of course, (22) remains valid for & = &, and

we can use this formula to compute L¥@,. For all 8 in D}(X,G) and all x in
DI(X,G):

d
< 8,Day(x) >=_(exp [z < x + thw >]hema

d
= exp [z < xyw >]&;(etz<8,w>)t=[}

{*} =z < B,w > & (x).

In particular < x, D&, (x) >=2z < x,w > w.(x}. (**)
In the same way, taking 6,8 in D}{X, G), and using {*} for the computation
of D?&,{x) on pets:

< D% (x), 808 >=2"<bw> <8 w>d.(x)

Therefore trace [D2&,(x)] = 22 - &.(x} ID{{X,G) <Bw>- <bw>dup(d) =

220, {x)|w|% by formula {7}, I. Now taking into account this formula with (*),
the formula (22) gives:

LFo.(x) = (Fwl% — 7z < x,w >)0:(x).

IV. Shigekawa~Hilberi—Sobolev spaces of generalized Wiener
functionals on Df(X,§)

In the last part of the above section the formula {22) shows that L¥ looks like
a Laplace-Beltrami operator. In particular proposition 11 is a generalization
of proposition 5.13 in [5] giving a similar result for the so—called Laplacian
introduced by Umemura ([21]) which corresponds to the infinitesimal generator
of the usual Ornstein-Uhlenbeck semigroup.

1. The Hilbert-Sobolev space LY.

Let F be a Riemannian flag of X; the Ornstein-Uhlenbeck operator LF =
—-2% ,npf is a negative definite self-adjoint operator on L% with domain
containing the dense subspace P of L% consisting of the polynomial Wiener
functionals.

Let us consider the operator C*! defined on P by:

(23). P! = V-LF = 52,/npf.
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The operator €7 looks like the Cauchy operator defined as the square root of
the opposite of the usual Laplace-Beltrami operator. It allows to define a new
scalar product <, >z2: on P by:

(24) <@, ¢ >pe=< ¢ >+ < CHE, 0P 510

Of course, <, >z2 and <, > 2. are not equivalent because C ! is unbounded,
although they are equivalent on each subspace pn ZF.

Formally, the scalar product given by (24) looks like the classical Sobolev
scalar product of L type. As it is well-known, in the case of Wiener functio-
nals on an abstract Wiener space of infinite dimension there are two ways in
order to define frames of Scbolev type. The one uses Fréchet derivatives and
leads to the Shigekawa’s model of Sobolev space; the other, using stochastic
Gateaux derivatives, leads to the Kusuoka-Stroock’s model of Sobolev space
([18], [11]} In fact it is proved in [20], thecrem 3.1, that these two ways lead
to the same Sobolev spaces. In the generalization that we shall give in the
next section of such spaces we cannot claim that the two ways lead to the same
Spaces.

We shall denote by L&' the Hilbert completion of P with respect to the
scalar product <, >2.1.

2. The Shigekawa—Hilbert—Sobolev spaces Lf—,‘ia

We generalize here the situation described in 1). We select 2 Riemannian
flag F of X. Each element o in the set R** of strictly positive real numbers
gives rise to a contraction semigroup {Ff )i on L%, with F given by:

(25) Fe =52, 'p].

Notice that the F-Ornstein-Uhlenbeck semigroup given in definition 7 corres-
ponds to the case o = 1.
The corresponding infinitesimal generator F©% is given by:

o d {s ] [+ ] 44
(26) Lhe = 7 =0 = Z(-n ek,
with domain D(LF’“}:
(27) D(LF™y = {® € L3/E52, n®(Ipl 8%, < o0}

Notice that the operators L5* are unbounded, negative definite, and selfadjoint
on L%. Moreover:

Lemma 5. For any a in RY*, D(L5?*) contains the space P of polynomial
Wiener functionals and also the ezponential Wiener functionals.

Proof: Let v be in A, and let n be in N; then p%(k,) = 0 if |v| # n, and
pE(hu) = b, if |v| = n. It follows that £, R |pl (R 3. = IvP2o(p1)~ by

proposition 5. Therefore &, belongs to D(L*) and then p C D(LF).
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Now the same argument that the one used in proposition 11 allows to claim
that L extends to exponential Wiener functionals. B

Let us consider now the square root C'F of the positive definite selfadjoint
operator —LF:

(28) che = 52 n2pF = /“LFa,
This generalized Cauchy operator allows to get a new scalar product <, > ;21
on P by: .
<P > =< 8,9 > + < CFS, 0N >,
(29) with &,¢ in P.

Moreover:

Lemma 6. Let o, o in RY™ with o # of; then <, > 20 and <, > 21 are
- o« a!

non equivelent on P.

Proof: The assertion follows from the fact that, for a given v in A, if we
suppose that o = a + 8 with 8 > 0, then, withn = |¢|, B

< ChetB iR, CPetB /Ui h, > 0=
no*t8 = nf < CPe St h, CFoVuth, >z .

Definition 8. The Hilbert completion of P with respect to <, >z, de-
noted L_i:‘la, will be called a Shigekawa-Hilbert-Sobolev space of order 1 on
Di(X,6).

Notice that if we should have taken a = 0, the corresponding Hilbert space
would be L, = L}..

V. The regular representations R of the current group D{X,G)

1. The regular representation Rf on L%.

Let F' be a Riemanrian flag of X. In I-2, proposition 2 we have seen that the
action of the current group D{X,G) on D}{X,G) given by the representation
V* leaves invariant the energy Gaussian measure pp. It follows that for all ¢
in D(X, ) the operators RE (¢) defined for all & in L% by:

(30) (Rs (9)2)) = 2(V*{g™" ), x € Di(X,G),
are unitary operators on L% = Li—i}); Rf : g — RE{g) is then a continuous
unitary representation of D{X,G) on LQ_F:,L.

Definition 9. The unitary representation Rf will be called the regular
representation of D{X, &) on L.
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Proposition 12. For all n in N the closed subspace ZF is invariant by RE
and for all g in D(X,G): R (9) - pr, = pf, - RE(g).

Proof: Let w be in D{X,§}, and let g, be the polynomial Wiener func-
tional x —< x,w >; for all ¢ in D(X,G), RE(9)a.{x) =< V(¢ x,w >
=< x, V(g >= gy(gu(x)- It follows that each Fourier-Hermite polynomial
Wiener functional is transformed by R{ (g) into a Fourier-Hermite polynomial
Wiener functional with same degree. Therefore, from proposition 5 it follows
that Z¥ is invariant by R{ {g); this proves the assertion.

As a direct consequence of proposition 12 one gets: B

Corollary 1. Let be any mapping from N into R and let T, be the operator:
T, = 2% g0(n)pL. For all g in D(X, Q) one has the commutation:

Ri(g)-T,=T, Ri(9)

In particular:

Corollary 2. On P, all M-transforms and all generalized Cauchy operators
CHe commute with the operators RE(g), a > 0.

2. The regular representation RY on L%, o > 0.

Let o be in R**, and for 2ll g in D(X,G) let R¥(g) be the restriction to P
of the unitary operator (with respect to <, >1:)R{ (g); we shall denote by R
the mapping g — RF(g).

Proposition 13. R ectends into o continuous unitary represeniation of
D{X,G} on the Shigekawa-Hilbert-Sobolev space LZP!,IG that we will denote RE

and call the regular representation of D(X, G) on LZFE,L.

Proof: Let us recall, firstly, that P is contained in the domain of L% and
CFe, We have to prove now that the operators RF{(g), ¢ € D(X, (), are
unitary with respect to <, >;21. .

Let @ and ¥ be in P; for all ¢ in (X, G) one has

< RF{(9)®, R" (g} > 2a=< RF ()@, RF(g)¥ > 12 +
<€ RF(g)8,CH* - R¥ (g > 12

from the unitary of RF(g) with respect to <, >z it follows that

(*) < R¥(g)@, RF (g} >12=< &,9 > 12 .
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On the other side, from corollary 2 of proposition 12 one has:

< CF*. RF(g)®,CF* . RF ()¢ >12= < R¥(g)- CT*,R(g)- CT%% >
**) <CH. 8,CP >

From the definition of < , > 21, and from {*) and (**} it follows therefore that:
< RF(Q}@’ RF(S"N’ >ra< o,¢ >

Consequently one easily concludes that RY extends to a continuous unitary
representation of D{X, G} on L?;j,x. |

Remarks. On PN le , i.e. on the space of polynomial Wiener functionals
of degree 1, CF restricts to the identity so that the completion of PUZ¥ with
respect to the scalar product <, >;2.1 is exactly ZIF, for all @ in R**; therefore
Rf and RE are equal on Z{. This is, of course, no more true for subspaces
PN ZE, withn > 1.

2) To my knowledge, there is no equivalent phenomenon for regular repre-
sentations of finite dimensional Lie groups.

V1. Elementary energy representations of the current
group DX, G)

1. On unitary action of D;(X,6) on L%.

a} Let I" be a Riemannian flag of X, and for all w in Dy(X,G) let us
consider the translation T on D{(X,0) : x = x +w, which is such that for all
6in Di(X,8), < T x,8 >=< x,8 > + < w,8 >F. A well-known result about
quasi-invariance of Gaussian measures by translations {see e.g. [9], [5]), allows
to assert that ur is quasi-invariant by T'F, the corresponding Radon—Nikodym
derivative being given by:

) d(T o pr)()

- < xow > - [wl3]
= exp |- < y,w > ——|wlzl
dur{x) 2 F

An immediate consequence of this 1s the following:

Proposition 14. For each w in Dy{X,G) the mapping UL defined for all
® in LL by:

1 1
(32) USE(x) = emp [-5 < xow > — i) - B(x +w),

X € DHX,G), is o unitary operator on L%, and UF 1w UL is e continuous
unitary represeniation of the abelian nuclear Lie group D1{X,G) on L%.
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Notice that UF is highly reducible; but contrarily o R{f this representation
doesn’t leave invariant the subspaces ZL, n € N.

b) Let us recall that the Fourier-Wiener transform J¥ is a unitary ope-
rator on L% {I11-2); it follows that for all w in Di(X,G) the operator WS =
JFUL .(JF)~! is also a unitary operator on L%; therefore:

(33) WFue Wl weDy(X,6),
is a unitary representation of D1 {X, ¢) on L% unitarily equivalent to UF.

Proposition 15. The unitary representation WE is given for all w in
Di(X,G) and oli @ in L%, by:

3 W= ey <xw 200, x€DIHXG)

Proof: Tt follows from {32), {16), and an easy computation we leave to the
reader.

2. The energy representations n° of D(X,G).

Such representations have been considered and studied in [14); they consti-
tute an enlargement of a class of non located unitary representations of order 1
of D(X, ) originally considered and studied by Ismagilov {[6]) and by Gelf’and,
Graev and Vershik ([23]). They are gotten by the following way.

Let F be a Riemannian flag of X; the corresponding energy representation
7F of D(X,G) on L% is such that for all ¢ in D(X,G), all  in L%

(35) 75 (g)®(x) = exp [i < x,dg- ¢~ >1®(V*(s7 " }x),
x € DI(X,G),

where g — dg - ¢! denotes the so—called Maurer—Cartan cocycle {[23]}.

Let 1 be the constant L?-Wiener functional x + 1 for all x (gp — ae.).
The following lemma summarize the properties of the energy representation

wF associated to F, which are proved in [14]):

Lemma 6.
(i) n¥ is a non located continuous unitary representation of order 1 of
(X, G).
(it) If dim (X) > 3, 1 is @ cyclic vector, n¥ is irreducible and two different

B B . B . - . ’
Riemannien flags F, F’ give rise to inequivalent energy representations #%, nF .

(1) For dim (X) =1, n¥ is clways reducible.

Let us add that, at the present time, the case dim (X)) = 2 is not completely
elucidated.
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3. The elementary energy representations I'7.

Let F = (X, Jocs<p e a Riemannian flag of X, and for all ¢ in D(X, @)
let us define the operator I'¥(g} on L% by:

(36) I'"(g) = R{ (g) - Wiy,

where RE is the regular representation of D{X,G) on L%, and WT the unitary
representation of D1{X,§) given by (33) and proposition 15. One gets, for all
& in L%, 2l x in D}(X,Q):

(31 D@00 = exp [ < V(e 0 dg g™ > 2V (57N,

Taking into account the fact that the Maurer-Cartan cocycle g~ dg-g~'isa

continuous 1-cocycle of (X, G) for V, and that R{ and W are continuous
unitary representations of D(X, G) and Dy {X, G} respectively one gets:

Proposition 16. 'Y : g — T'F(g) is a continuous end non located unitary
representation of order 1 of D(X,G) on L}

Notice, from (35) and (37), that I'Y and the energy representation n¥ have
neighbouring forms; it is then natural o investigate the connexion between
them.

To do this let us consider the unitary representation I'S of D(X, G) in (£%)®*
defined for all ¢ in D(X, G} by:

Pie) = (T (9)®
Proposition 17. T¥ is uniterily equivalent to the energy representation x.

Proof: It suffices to prove that I'¥ and #* have a same spherical function.
The spherical function s of #F with respect to the vector 1 is given by:

@) =< (ohi>= [ exp(i<Xidg-g™ >)dur(X)
Vi (X6}

1 -
= exp (—5|dg - 97" [F)-

The spherical function ¢ of I‘f with respect to 1%4 is given by:

o(g) =< TF(g) 1%, 1% >= (< TF(g)1, 1 >)*. But :

<1‘F(9)Ll>=f exp (—% < X,dg-g7' >)ydur(X)

DX,E)
. 1 _
:f exp(t<.X,—§dg-g P sYdur(X)
D(X,6)

1.1 _ 1 _ ]
= exp{-5i5ds g 1|2F)=[exp(—§|d9-9 Iff)]*-
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We have then, for all ¢ in D{X,G):

1 _
o(g) =(<T7(9)1,1>)" = exp (—5|dg g 'I}) = s(9),
which prove the assertion.

We notice that the equivalence of ¥ with (I'F)®* implies that when the
energy representation #F is irreductible, then T'F is necessarily irreducible.

Definition 10. The unitary representations I'Y, where F is any Riemannian
flag of X, will be called the elementary energy representations of D( X, G).

VII. The rings of generalized energy representations of D(X,G)

1. Motivations.

At the present time the only non located unitary representations of D(X,G)
we know and which are not trivially reducible are the elementary energy re-
presentations. The present section is devoted to the enlargement of such re-
presentations in order to get a ring of unitary, non located an order 1 (in the
sense of [23], [12]) representations of the current group D{X, G) including the
elementary energy representations as basic elements. A motivation for this
enlargement comes from two points of view. On one hand it is necessary to
have sufficiently non trivial and non located unitary representations of D{X, G)
in hope to get a consistent non commutative harmonic analysis on spaces of
generalized Wiener functionals; on the other hand we can also hope that such
representation constitute a relevant tool in order to study G-valued stochastic
variables and stochastic &-valued multiplicative measures ([1]).

Our construction is similar, in some sense, to the Weyl’s construction of
irreducible finite dimensional representations of the general linear group and its
generalization given in [7], [22] for finite functional dimension representations
of the group of diffeomorphism of a non compact manifoid.

2. The generalized energy representation I‘f,p.

Let F' be a Riemannian flag of X with associated energy Gaussian measure
ur on DI{X,G). For each positive integer n we shall denote by ¢} the product
measure gp X -+ X pp (n copies} on the product space Df{X, G)", and by 5,
the symmetric group of permutations of a set having n elements; S, will denote
the set of {classes of ) unitary representations of S,. We have then a fibered set
$= nl«'cjls'“ consisting of pairs {n, p} where n is a positive integer and p a class
of uniga.ry equivalence of unitary representations of 5, in some Hilbert space
B,

To each element (n,p) is § we associate the Hilbert space Li{n, p) of func-

tionals ¢ defined on D{{X,G}" with values in the representation space E, of p
such that:

19050, = [ NG, el dia ) <00

1 ]
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