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ABSTRACT

Let v be a sequentially o (Y, X )-complete Banach space satisfying the Radon-
Nikodym property. Then, every vector integral operator A:L x — My is continu-
ous in the weak topologies 0 (Lx,L% ) and 0 (My,My,).

Let (S,%,u), (T, A,v) be spaces with o-finite measures and (S x T, X X A, u X v)
be their products; L° = L°(S) and L° = L°(T) be spaces of measurable real-valued
functions on S and T'.

A space L C LY is called a perfect space if L = L** and S = supp L N supp L*,
where

r={eerts [l el dus) <o vt

A perfect spaces L, L* C L° form a dual pair < L, L* > with respect to a bilinear
form

<o >= [ o)) duto
and there exists a sequence of the measurable sets S5, T S such that functions

Xs, € LN L*. Spaces L;O,Lgla C L°(supp ), ¢ € L form a dual pair < LZO,L}D >
of a perfect spaces, where

Ly ={ye LO(supp ) : Ja: [1h(s)| < a-o(s) p—a.e.} = (L}p)*,
and
Ll = {w* € Lo(supp)s [ pls) 107°(5)| duls) < oo} - @y
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For perfect spaces the following equalities take place:
L=ULY:peL,,L*=NL,:p€Ly.

Banach spaces X and Y form a dual pair < X,Y > if they form a dual pair as
a linear spaces with respect to a bilinear form < x,y > and

]l = sup {| <z,y >]:|y| <1}

and
lyll = sup {| <=,y >|: |z <1}.

Let LY = L% (S) and LY = LY.(S) be spaces of Bochner’s measurable X- and
Y-valued functions on S, LY, = LY(T) and LY, = LY (T) be spaces of Bochner’s
measurable U- and V-valued functions on T, where < U,V > is a pair of Banach
spaces in duality.

Let B(X,U) is a Banach space of a linear mapping from X into U. A normed
space B, (X,U) consists of all mappings from B(X,U) which are continuous in the
weak topologies o(X,Y) and (U, V).

A space Lx = {f € L% : ||f]| € L} C L% is called a perfect space of the
measurable Banach-valued functions if L C LY is a perfect space of a measurable
real-valued functions.

The perfect spaces Lx C L% and L} C Ly form a dual pair < Lx, L} > with
respect to a bilinear form

<1f > [ <16 > dus)
In this case for perfect spaces the following equalities are valid:

Lx =ULYx:p €Ly, Ly =MLy : ¢ € Ly,

LX:{feLg(:/S|<f(s),f*(s)>|du(s)<oo,f*€L§‘,}

and

= {renh: [1<06). 56 > auts) < o f € L.

Let < Lx,Ljy > and < My, My, > be two dual pairs of a perfect spaces of
a measurable Banach-valued functions generated by a dual pairs < L,L* > and
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< M,M* > of a perfect spaces of the measurable real-valued functions L,L* C
LO(S) and M, M* C L°(T).

A linear mapping A : Lx — My is called a vector integral operator, if there
exists a Bochner’s measurable operator-valued function K : S x T'— B,(X,U) so
that

) :/g K(s,)f(s) du(s) v — ae., fe Lx

and

/S K (s, O - Lf (s)]| du(s) < oo v —ace., f € Lx.

In [1] and [2] the authors showed the continuity of a real integral operators A : L —
M in the weak topologies o (L, L*) and o(M, M*). For the vector integral operators
we prove the following.

Theorem

Let a Banach space Y has a Radon-Nikodym property and is sequentially
o(Y, X)-complete. Then every vector integral operator A : Lx — My is contin-
uous in the weak topologies o(Lx, L3 ) and o(My, My).

Proof. Let a function g* € My,. We'll show that for every function ¢ € L there
exists a function f7 € Lly SO that

SAf g >=<[[f;> [fellx
Let a function ¢ € Ly and ¢(s) > 0 g — a.e. A measurable function
= /S K (s, D)l - o(s) du(s) - lg"@)]| < 0o v—ae.
There exists a sequence of a measurable sets T}, T T" such that

XTRGMOM*,/ P(t) dv(t) < oo, n > 1.
Tn

For every n > 1 by Fubini’s theorem [3] we have

[ #ts /HKst g (&) dut) du(s /w ) dul

and a measurable function

/K*st t)du(t) € Ly
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For every function f € LZ% by Fubini’s theorem we have
/T < (AN, g () > dv(t)

— [ < [ K05 duts)."(0) > vt
Ty S

— [ [ <K6.05).9°0) > du(s) av(e)
T, JS

- / / < F(5), K*(5,0)g"(t) > du(t) dp(s)
S JT,

- / < f(s), / K*(s,1)g7(t) du(t) > dp(s)
S Ty

=< fifo>

and by Lebesgue’s theorem we have
< Af,g">= / < (Af)(t),g*(t) > dv(t)
T

= lim [ <(AN(), 0" (1) > dv(t) = lim < [, fi>.

n—oo T
n

Hence a sequence (f;) C L.y is a fundamental in the weak topology o (Lgy-, L3 )-
A space L;Y is a sequentially complete in the weak topology J(L}py, LZOX) if and only
if Y is a sequentially o(Y, X)-complete Banach space and has the Radon-Nikodym
property [4]. Hence, there exists a function f; € Lgle such that

<Af,g">=lim < f,fr>=<[[fi> feLX.
n—oo

For a perfect space L there exists a sequence of a measurable mutually disjoint sets
S, m > 1 such that

S=Y Sm. xs, €LNL"m>1

m=1

For every m > 1 there exists a function f;, € L;smY(Sm) such that

KAf,g">=<[fn> [eLY x(Sn)
Let a measurable function f§(s) = >, xs,.(s)- fi(s). We'll show that a function

fi € Ly and
L Af, g >=<f,fo >, fe€LlLx.
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Let a function f € Lx. Then a function ¢(s) = [|f(s)|| € L+ and there exists a
function f7 € L}DY such that

<K Afo, 9" > =< fo,9, >, fo€ LJx.

For a measurable function f there exists a sequence of ¥— step function f,,n > 1
such that

f(s) =p—ae Tim fo(s), [[fu(s)| <[ f(s)] p—ae, n=>1
(5], 2.6. Theorem 2). For every n,m > 1 X— step functions xs,, " fn € L3S, NLZx.
For every n > 1 we have
[ < 58506 > dut) =< xa- >
= <A(Xa-fo) g" > =< XA fn, [ >

:/ < fn(s), fr(s) > du(s), AC Sp,m>1
A
and then measurable functions

< fn(s), f5(s) > Xs,.(8) = < fuls), fn(8) > X5, (5) p—ae., m=>1

and then measurable functions

o0

< fal8), F5(5) > = Y < ful8): f5(8) > X, (5)

m=1
0o

= 3 < Fal8) F(8) > x5, () = < Juls), fi(5) > 1 ace.

m=1
A measurable function
< F6) fo(9) > = p—ae. lim < fu(s). £ (s) >
= - ae im < fu(s), f(8) > =< (s, fa(s) > € L'(S)
and
CAf, > =< [ fo>
= [ <5206 > duts) = [ < 16). £ (5) > duts)
s s

=< f,f5>.
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Then a measurable function
fo € {f* ELOY:[S| < f(s), [ (s) > | du(s) <oo,f€LX} =L3.
Thus for every function g* € My, there exists a function f* € Lj, such that

<Af,g">=<[ff">, f€lLx.

This proves the continuity of the vector integral operator A : Lx — My in the
weak topologies o(Lx, Ly-) and o(My, Myy). O
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