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Abstract
Eichler’s trace formula for traces of the Brandt-Eichler matrices is proved for
arbitrary totally definite orders in central simple algebras of prime index over
global fields. A formula for type numbers of such orders is proved as an application.

Introduction
Let R be a Dedekind ring whose quotient ﬁeld K is global. Recall that an R-order is
a ring Λ containing R as a subring, ﬁnitely generated as an R-module and such that
A = K ⊗R Λ is a ﬁnitely dimensional separable K-algebra. If K is a totally real ﬁeld
and A is a totally deﬁnite quaternion K-algebra, then Eichler’s formula for traces of
the Brandt-Eichler matrices relates the number of (left) principal ideals with given
norm in orders representing diﬀerent isomorphism classes in the genus of Λ to the
class numbers of some maximal commutative suborders of Λ and the numbers of
orbits for the action of unit groups in the completions of Λ on the completions of
these suborders.
By a totally deﬁnite order, we mean an R-order Λ such that the quotient of the
unit groups Λ∗ /R∗ is ﬁnite. We consider a generalization of Eichler’s trace formula
to totally deﬁnite orders in arbitrary central simple algebras of prime index over
K. Even if this situation is more general than that considered in [5], the idea of the
proof is essentially the same. Our main tool is a combinatorial class number formula
proved in [1]. The proof is in principle similar to that given in [10], Thm. 4.12 for
Brandt-Eichler matrices corresponding to deﬁnite quaternion orders over number
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ﬁelds. See also [7], where a diﬀerent method is used in the case of quaternion orders.
In the second section of the paper, we show how to prove a formula for type numbers
of totally deﬁnite orders in algebras satisfying the above assumptions.

1. A proof of Eichler’s trace formula
In this section, we give a proof of Eichler’s formula for traces of the Brandt-Eichler
matrices and a closely related “two-sided” variant of them in the case of totally
deﬁnite orders in central simple algebras of prime index over global ﬁelds.
Let R be a Dedekind ring with quotient ﬁeld K. Assume that K is a global
ﬁeld and dimK A = n2 . We denote by Tr the reduced trace, and by Nr the reduced
norm from A to K.
Recall that I is a locally principal left Λ-ideal in A if Ip = Λpαp, where Ip and
Λp are completions of I and Λ at non-zero prime ideals p in R and αp ∈ Ap, where
Ap is the completion of A at p. The right order of I is the R-order Or (I) = {α ∈ A :
Iα ⊆ I}. Let I1 = Λ, . . . , Ih represent all isomorphism classes of locally principal
left Λ-ideals with corresponding right orders Λ1 = Λ, . . . , Λh . h = h(Λ) is called
the class number of Λ. Notice that the class number could be deﬁned by means of
locally principal right Λ-ideals giving the same value of h(Λ).
The number of mutually non-isomorphic orders between Λ1 = Λ, . . . , Λh is
called the type number of Λ. It will be denoted by t(Λ) or t. t(Λ) is also the number
of mutually non-isomorphic orders in the genus of Λ, since the genus of Λ is exactly
the set of all right orders of the locally principal left Λ-ideals in A. Recall that an
R-order Λ belongs to the genus of Λ if for each non-zero prime ideal p in R the
completions Λp and Λp are isomorphic as orders over the completion Rp of R at p.
Assume that Λ1 = Λ, . . . , Λt represent all isomorphism classes in the genus of
Λ. Let H(Λk ) be the class number of locally principal two-sided Λk -ideals modulo
principal two-sided Λk -ideals. It is easy to prove that each Λk is isomorphic to
H(Λk ) orders between Λ1 = Λ, . . . , Λh . Thus


t(Λ)

(1.1)

h(Λ) =

H(Λk )

k=1

(see e.g. [11], p. 88).
If I is a Λ-ideal in A, then its norm Nr(I) is the R-ideal generated by the
reduced norms of the elements of I. Let a be an ideal in R, and let ι(Λ, a) be the
number of principal left ideals in Λ whose norm is equal to a. We write ι∗ (Λ, a)
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to denote the number of two-sided principal ideals in Λ with norm a. Both these
numbers are ﬁnite, since K is a global ﬁeld. They are, of course, equal to 0 when a
is not a principal ideal. Our objective in this section is to compute


t(Λ)

(1.2)

TrΛ (a) =

H(Λk )ι(Λk , a),

k=1

and


t(Λ)

(1.3)

Tr∗Λ (a) =

H(Λk )ι∗ (Λk , a).

k=1

The notations are motivated by the fact that the ﬁrst of these sums is the trace
of the Brandt-Eichler matrix corresponding to Λ and a. Let us recall that if a is an
arbitrary ideal in R, then the Brandt-Eichler matrix
MΛ (a) = [ρkl (a)]
has as its elements ρkl (a) the numbers of locally principal left ideals in Λk , which
have norm a and are isomorphic to Ik Il−1 for k, l = 1, . . . , h(Λ).
If a = Ra, we shall also use notations TrΛ (a) and ι(Λ, a) instead of TrΛ (Ra)
and ι(Λ, Ra) with the same conventions for Tr∗ and ι∗ .
Eichler’s trace formula depends on ﬁniteness assumptions on A, which we impose from now on. A will be called totally deﬁnite if for each R-order Λ in A, the
group Λ∗ /R∗ is ﬁnite, where Λ∗ and R∗ denote the groups of units in Λ and R. It is
not diﬃcult to prove that if there is one order in A having this ﬁniteness property,
then A is totally deﬁnite. In fact, A is totally deﬁnite if and only if A does not satisfy the Eichler condition (see [3], p. 718 for the deﬁnition of the Eichler condition,
and [5], Satz 2, for a proof of the equivalence, which generalizes from the case of
quaternion algebras considered there to the general case).
Let
N (Λ, a) = {λ ∈ Λ : Nr(λ) = a}
and

N ∗ (Λ, a) = {λ ∈ Λ : Nr(λ) = a and λΛ = Λλ},

for a ∈ R. It is not diﬃcult to prove that for a totally deﬁnite A these sets are ﬁnite.
Denoting by |X| the number of elements in a ﬁnite set X, we have the following
equality (see [5], p. 143 (52) and [11], p. 144):
Lemma 1.4
m
un |Λ∗ /R∗ |ι(Λ, a) = l=1 |N (Λ, al )|, where a1 = a, . . . , am represent all orbits
for the action by multiplication of R∗n on the set R∗ a and un = |{x ∈ R∗ : xn = 1}|.
Similar equality holds when ι and N are replaced by ι∗ and N ∗ .
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Proof. Let Λα1 , . . . , Λαr be all principal left ideals in Λ with norm equal to
Ra. Let λ1 , . . . , λs represent the elements of Λ∗ /R∗ . The number of λi αj equals
|Λ∗ /R∗ |ι(Λ, a). We shall express this number in a diﬀerent way.
Consider all solutions x ∈ Λ to Nr(x) = al for l = 1, . . . , m (if such exist). If
x is a solution, then Nr(Λx) = Ra, so Λx = Λαj , that is, x = λαj , where λ ∈ Λ∗ .
Hence x = ελi αj , where ε ∈ R∗ . Conversely, for every pair (i, j) there is ε ∈ R∗
such that ελi αj is a solution to Nr(x) = al for a suitable l. In fact, Nr(Λλi αj ) = Ra
implies that Nr(λi αj ) = εn0 al for a unique l and some ε0 ∈ R∗ . Thus ε−1
0 λi αj is
a solution to Nr(x) = al . The number of diﬀerent solutions x to Nr(x) = al with
ﬁxed i and j is un . Now split all λi αj into classes belonging to diﬀerent al for
l = 1, . . . , m. The number of λi αj in the class of al is (1/un )ι(Λ, al ). Summing over
l, we get the required equality. The same arguments give the last statement when at
the beginning of the proof the left principal ideals are replaced by the two-sided. 
Now let P(Λ, a) be the set of the minimal polynomials for all λ ∈ N (Λ, a).
P ∗ (Λ, a) is deﬁned similarly for N replaced by N ∗ . If f is the minimal polynomial
of λ ∈ N (Λ, a), let Sf = R[X]/(f ) and Lf = Sf ⊗R K. Let xf be the residue
class of X in Sf . Let Sf ⊆ S ⊂ Lf , where S is an R-order, and let E(S, Λ) be the
number of optimal embeddings ϕ : S → Λ, that is, R-algebra homomorphisms such
that Λ/ϕ(S) is R-projective. Let E ∗ (S, Λ) be the number of all optimal embeddings
ϕ : S → Λ such that ϕ(xf )Λ = Λϕ(xf ). e(S, Λ) and e∗ (S, Λ) will denote the
corresponding numbers of orbits for the action by conjugation of Λ∗ on the optimal
embeddings ϕ. We shall also need the following simple equality due to M. Eichler
(see [5], p. 143 and [2], (4.1)):
Lemma 1.5



|N (Λ, a)| = S E(S, Λ) = δa un + S=R E(S, Λ), where the sums are over all
S such that Sf ⊆ S ⊂ Lf for f ∈ P(Λ, a) and δa = 0 or 1 depending on whether a
belongs to Rn or not. Similar equality holds when N , E and P are replaced by N ∗ ,
E ∗ and P ∗ .
Finally, we need a formula proved in [1], (2.2), and a “commutative” version
of it:
Theorem 1.6
Let Λ1 = Λ, . . . , Λt represent the isomorphisms classes in the genus of Λ. If S
is a maximal commutative suborder of Λ, then
t

k=1

H(Λk )e(S, Λk ) = h(S)eU (Λ) (S, Λ),
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where h(S) is the class number of the locally principal ideals in S and eU (Λ) (S, Λ) =

∗
p e(Sp, Λp), p ∈ SpecR, p = (0). The same equality holds when e is replaced by e
for S = R[s] with images of s generating two-sided ideals.
Proof. Only the last statement needs a proof, which is an easy modiﬁcation of
the arguments in the proof of the ﬁrst statement in [1], (2.1). Let, as in [1], (2.1),
S = R[s] be a maximal commutative subring of Λ. The relation R in [1], (2.1), is
modiﬁed in such a way that the optimal embeddings ϕp : Sp → Λp, where Λ is an
R-order in the genus of Λ satisfy ϕp(s)Λp = Λpϕp(s). It is easy to check, following
the details in [1], p. 204, that this context leads to the formula above with e replaced
by e∗ . 
Now we are ready to prove Eichler’s trace formula:
Theorem 1.7
Let Λ be an R-order in a central simple totally deﬁnite K-algebra A of prime
index p. If Λ1 = Λ, . . . , Λt represent all isomorphism classes in the genus of Λ and
a ∈ R, then
TrΛ (a) = δa MΛ +

1
1 
h(S)eU (Λ) (S, Λ),
up
|S ∗ /R∗ |
S=R

where the sum is over all S such that Sf ⊆ S ⊂ Lf for f ∈
notations as in (1.4) and (1.5)), and
MΛ =

m
k=1

P(Λ, ak ) (the

t

H(Λk )
.
|Λ∗k /R∗ |

k=1

Similar result holds when Tr, e and P are replaced by Tr∗ , e∗ and P ∗ .
Proof. First of all, notice that
(1.8)

E(S, Λ) =

[Λ∗ /R∗ ]
e(S, Λ).
[S ∗ /R∗ ]

In fact, if ϕ is any optimal embedding of S into Λ, then its orbit under the action
of Λ∗ contains exactly [Λ∗ : ϕ(S)∗ ] elements. This is clear, since the isotropy group
of ϕ is equal to the intersection of Λ∗ with Kϕ(S) (this is the only place in the
paper where we use the assumption about the index of A: Kϕ(S) is a maximal
commutative subring of A). We have Λ∗ ∩ Kϕ(S) = ϕ(S)∗ , since the embedding
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is optimal. Finiteness of |Λ∗ /R∗ | implies that the index [Λ∗ : ϕ(S)∗ ] is equal to
|Λ∗ /R∗ |/|S ∗ /R∗ |. Using (1.4) – (1.6) and (1.8), we get:
TrΛ (a) =

t


H(Λk )ι(Λk , a) =

k=1

t



1
|N (Λk , al )|
∗
∗
up |Λk /R |
m

H(Λk )

k=1

l=1

t
t



H(Λk )
1
H(Λ
)
E(S, Λk )
= δa
+
k
|Λ∗k /R∗ |
up |Λ∗k /R∗ |
k=1

= δ a MΛ +

k=1

t


H(Λk )

k=1

= δ a MΛ +

 [Λ∗ /R∗ ]
1
k
e(S, Λk )
up |Λ∗k /R∗ |
[S ∗ /R∗ ]

1
1 
up
|S ∗ /R∗ |
S=R

S=R

S=R

t


H(Λk )e(S, Λk )

k=1

1
1 
= δ a MΛ +
h(S)eU (Λ) (S, Λ).
∗
up
|S /R∗ |
S=R

Similar computations give the result for Tr∗Λ (a) using the corresponding commutative
instances of (1.4) – (1.6) and (1.8). 
Remark 1.9. (a) In many cases the traces (1.2) and (1.3) are known explicitly.
The formulae were obtained in [5] for hereditary orders in quaternion algebras, and
generalized afterwards to diﬀerent classes of orders in such algebras in [6], [7], [10]
and [11]. The embedding numbers are explicitly known for all quaternion orders
whose Gorenstein closure is a Bass order as well as for arbitrary hereditary orders
(see [2], [6] and [4] in the case of function ﬁelds).
(b) Eichler’s trace formula applied for a = 1 gives an expression of the class
number of Λ (see (1.1) and (1.2)). Of course, it is necessary to know both the weight
of the genus MΛ as well as all other terms on the right hand side in order to carry
out the computations. An explicit formula in the case of all deﬁnite quaternion
orders over the integers is given in [2].

2. Type numbers of totally definite orders
The purpose of this section is to prove a formula for type numbers of orders in
deﬁnite division algebras of prime index over global ﬁelds. This formula is wellknown (at least in the case of index 2) and was proved by Eichler in [5]. Some
inaccuracies of the proof given in [5] were corrected by Peters [8] and Pizer [9]. The
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ﬁrst proof of the formula for arbitrary quaternion orders over number ﬁelds was
given by Körner [7], Thm. 3. Even if the method in [7] is completely diﬀerent, the
idea of the ﬁnal expression for t(Λ) comes from that paper. Our method closely
follows the original proof by Eichler in combination with the “commutative” version
of (1.7).
First we need a simple combinatorial result for which we ﬁx the following notations. Let h(R) be the class number of R and let a1 = R, . . . , ah(R) represent
all classes of ideals in R. Let I1 , . . . , IH(Λ) represent all classes of locally principal
two-sided Λ-ideals modulo principal two-sided Λ-ideals. Let J1 , . . . , Jp(Λ) represent
all classes of locally principal two-sided Λ-ideals modulo aΛ for R-ideals a. Notice
that p(Λ) only depends on the genus of Λ. Finally, let Λα1 , . . . , Λαm(Λ) represent
all classes of the two-sided principal Λ-ideals modulo the ideals Λa, where a ∈ K ∗ .
Lemma 2.1
h(R)p(Λ) = H(Λ)m(Λ)
Proof. We compute in two diﬀerent ways the number of classes of the two-sided
Λ-ideals modulo the ideals aΛ, where a ∈ K ∗ .
If I is a two-sided Λ-ideal, then I = Jk a = Jk al a, where a ∈ K ∗ , with unique
k ∈ {1, . . . , p(Λ)} and l ∈ {1, . . . , h(R)}. Thus the number, we are looking for is
h(R)p(Λ).
On the other side, I = Ir Λα = Ir Λαs b, where b ∈ K ∗ , with unique
r ∈ {1, . . . , h(Λ)} and s ∈ {1, . . . , m(Λ)}. Therefore, the second expression for
the required number is h(Λ)m(Λ). 
The sum



t(Λ)

H(Λk )m(Λk ) = t(Λ)h(R)p(Λ)

k=1

can be computed using the trace formula. Each of the m(Λ) classes can be represented by a unique ideal, which can be deﬁned in the following way. Let Λα be a
two-sided ideal. Consider
a0 = {a ∈ K : aΛα ⊆ Λ}.
It is clear that a0 Λα only depends on the class of Λα modulo the ideals Λa, where
a ∈ K ∗ . Notice that a0 Λα is a primitive ideal in Λ (not necessarily principal), when
an ideal I in Λ is called primitive if a−1 I ⊆ Λ for an ideal a in R implies a = R.
Now observe that Λα = (a0 Λα)a−1
= (a0 Λα)al a with a unique al . Thus a0 Λαal
0
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is a two-sided principal ideal in Λ, which is uniquely determined by its class. For
all m(Λ) classes, consider now the norms Nr(a0 Λαal ) and choose between them all
non-equal, say, Rb1 , . . . , Rbw . With these notations, we have
Theorem 2.2
Let Λ be an R-order in a central simple K-algebra A satisfying the assumptions
of (1.7). Then
w

1
t(Λ) =
Tr∗ (bi ),
h(R)p(Λ) i=1 Λ
where h(R) is the class number of R, p(Λ) is the class number of the two-sided
locally free Λ-ideals modulo Λa for R-ideals a, and Rb1 , . . . , Rbw are all diﬀerent
products between Nr(I)apl , where I runs over all two-sided primitive Λ-ideals and
a1 = R, . . . , ah represent all ideal classes of R. Tr∗Λ (bi ) can be computed according
to (1.7).
Proof. We have,
t(Λ)

1
t(Λ) =
m(Λk )H(Λk ).
h(R)p(Λ)
k=1

Since each of m(Λk ) classes of the two-sided principal ideals in Λk contains exactly
one ideal Ial , where I is primitive, and Rbi are all non-equal norms of such products,
we get
w

m(Λk ) =
ι∗ (Λk , bi ).
i=1

Therefore,
t(Λ) w
w


1
1
∗
ι (Λk , bi )H(Λk ) =
Tr∗Λ (bi ). 
t(Λ) =
h(R)p(Λ)
h(R)p(Λ) i=1
i=1
k=1

Remark 2.3.
Notice that in the case of hereditary orders over the integers (or
more generally, over principal ideal rings), the trace Tr∗ can be replaced by Tr. In
fact, each class of principal two-sided Λ-ideals contains then a unique ideal in Λ
whose norm is square-free as an ideal in R. Choosing such ideals as representants
of classes, we get in 2.2 the traces corresponding to square-free ideals Rbi . But a
one-sided locally principal ideal with a square-free norm in a hereditary order must
be two-sided, which gives the equality of Tr and Tr∗ in this case.
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