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ABSTRACT

Towards a constructive method to determine an L°°-conductivity from
the corresponding Dirichlet to Neumann operator, we establish a Fred-
holm integral equation of the second kind at the boundary of a two
dimensional body. We show that this equation depends directly on
the measured data and has always a unique solution. This way the
geometric optics solutions for the L°°-conductivity problem can be de-
termined in a stable manner at the boundary and outside of the body.

1. Introduction

Calder6n’s inverse conductivity problem is to determine the coefficients
of an elliptic differential equation from the corresponding boundary data,
i.e. from the Dirichlet to Neumann operator. More precisely, suppose
that Q@ C R” is a bounded domain with connected complement and
o : ) — (0,00) is measurable and bounded away from zero and infinity.
Let u € H'(Q2) be the unique solution to

V-oVu=0in Q, (1.1)

Ul = 6 € H?(09). (1.2)

Keywords: Inverse conductivity problem, quasiregular mappings, complex geometric optics
solutions.

MSC2000: 35R30.

* The research of both authors is supported by the Academy of Finland.


textes4
collect


128 ASTALA AND PAIVARINTA

The inverse conductivity problem is to recover o from the map

ou
Ay — .
o 7w laq
Here v is the unit outer normal to the boundary and the derivative
00u/Ov exists as an element of H~/2(9Q), defined by

<0§Z,¢>—/0Vu~vwdm, (1.3)
Q

where 1 € H*(Q2) and dm denotes the Lebesgue measure.

In a recent work we presented a solution to this problem in two di-
mensions, for details see [2]. The proof made strong use of the so called
geometric optics solutions to (1.1). These have the special asymptotics

u(z) = ug () = et (1 +0 C)) as |2 — oo (1.4)

at infinity. Here k is a complex parameter. Since these solutions are
globally defined we need to extend o to the whole plane by setting o(z) =
1 for z ¢ Q.

The starting point towards Calderén problem is to show that A,
determines firstly the values of uj; on 02 and hence in the complement
C\ Q and secondly, it determines a scattering coefficient or the so called
non- linear Fourier transform 7, (k). Using these quantities it was then
shown that A, determines the solutions uy also inside €2, and this readily
determines the coefficient o, see [2].

In the present paper we continue this work and give a constructive
method for finding the boundary values of the geometric optics solutions
ug, directly from the Dirichlet to Neumann operator. For this purpose
it is natural to seek for an integral equation on the boundary of the
domain, depending on o only through A,, that will yield the boundary
values of the geometric optics solutions. In the smooth case this was
done in [4] for dimensions three and higher and in [3] for the dimension
two. Here we establish for L°°-conductivities in the plane a natural but
somewhat different integral equation than in [3]. This approach will
also describe a constructive method for determining the transform 7, (k)
directly from A,.

For simplicity, we assume that ¢ = 1 near the boundary of €2 and we
give the proof in the case Q = D, the unit disk D = {2z : |2| < 1}. To
explain the results in detail recall first from [2] that it is convenient to
replace (1.1) by an equivalent first order system. In the complex notation
we may write f = u + v, so that the system obtains the form

of = pdf, (1.5)
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where = (1 —0)/(1+ o). In particular, note that y is real valued and
that (1.5) is only R-linear. The assumptions for o imply that ||u||Le <
k < 1. Furthermore, the “conjugate” function v is obtained from the
identity
orv (z) = Apu (2), z € OD.
In brief, we are now looking for a solution f = f, to (1.5) with the
asymptotics

fulz, k) = ** (1 4+ 0(1/2)) as |z| — oo. (1.6)

This approach leads naturally to the concept of the u-Hilbert trans-
form H,, : H'/2(0D) — H'/?(0D) defined by

Huu =v.
That is, the tangential derivative gives
OrHuu = Asu (1.7)

and thus basically the p-Hilbert transform is just a reformulation of the
Dirichlet-to-Neumann operator A, .

In case 0 = 1, or p = 0, we have ‘H, = Hg, the usual Hilbert
transform on the unit circle. This is a singular integral operator with
Fourier multiplier m(§) = —i¢/|¢| for £ € Z\ {0} and m(0) = 0, so that

Hog(§) = m(€)3(€), g€ L*(ID),

The Hilbert transform Hg determines the Riesz projections onto the
Hardy spaces on dD,

1 1
Pog: §(I+1H0)g+§/: gds,

where

1
f gds = — gds.
aD 27 Jop

Similarly the new Hilbert transforms determine the projections

1 1
Pug=-(I+iHu)g+ *% g ds, (1.8)
2 27 sn

and in fact, the range of P, consists of functions analytic with respect
to a new complex structure determined by o. For an explicit description
see Section 2. Note also that we use slightly different notations than
in [2].
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Finally we need to conjugate the projections with the exponential
functions and set

Ph(9)(2) = € Pule ™ g)(2), g€ H/*(0D). (1.9)
With these notations the main theorem of this paper reads as

Theorem 1.1

Assume that supp(p) C D. Then
a) For each k € C the operator I — (P, + P§) is invertible on H'/?(0D).

b) The function f = f,, from the equations (1.5) and (1.6) satisfies on
the boundary the singular integral equation

f(2)+e* =P, +PE)f(2),  z€dD. (1.10)

In fact, we prove that the operator I — (73“ —1—736“) is a Fredholm
operator with index zero. By (1.7) and (1.8) this Fredholm operator
depends explicitly on the Dirichlet-to-Neumann operator A,.

The methods we will use are complex analytic, but it turns out that
the outcome, and the operator P, in particular, is R- linear. Moreover,
in (1.10) the dependence on p or o arises only through this operator.
It is natural to write this R-linear operator in the vector formulation,
under the identification R? = C, and then the p-dependence is even more
explicit,

-1 _ u
Pu(f) = % (I;Ef (M j;i)L L) (v> . f=u+iv (L.11)

L(g) = f gds
oD
is the average operator.

The solution f, € HL_.(C) to (1.5) and (1.6) exists and is unique
by [2, Theorem 4.2]. Furthermore, f, is locally Holder continuous and
analytic outside the disk ID. Writing f, = eikzm#, the factor m,, has the
development

a1 (k) n azz(zk) 4-as |zl oo, (112)

mu(z) =mu(z,k) =1+

Thus it follows that the Fredholm equation (1.10) determines the solu-
tions f,(z, k) for |z| > 1 and k € C. Finally, this information determines
also 7, the non-linear Fourier transform of u; see Section 4.
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2. Projections and Hilbert transforms

We will use the complex analytic approach with the corresponding no-
tations. In particular, we let & = (9, —i0,) and d = (9, +i0,); when
clarity requires we write 9 = 0z or 0 = 0,.

Let us begin by explaining the equivalence of the equations (1.1) and
(1.5). If u € H*(Q) is a real solution of (1.1) then there exists a real
function v € H(Q), called the o-harmonic conjugate of u, such that
f = u + v satisfies the R- linear Beltrami equation

df = udf, (2.1)
where p = (1 — 0)/(1 + o). Indeed, we have the following simple lemma.

Lemma 2.1

Assume u € H*(D) is real valued and satisfies the conductivity equa-
tion (1.1). Then there exists a function v € H'(D), unique up to a
constant, such that f = u + iv satisfies the R-linear Beltrami equation

where p= (1 —0)/(1+ o).
Conversely, if f € HY(D) satisfies (2.2) with a R-valued u, then
u = Re f and v = Im f satisfy

1
V-oVu=0 and V~;V’u:0, (2.3)

respectively, where o = (1 — p)/(1 + ).
Proof. Denote by w the vectorfield
w = (—0dyu,001u) € L*(D)

where 0y = 9/0z and 9 = 0/0y for z = x + iy € C. Then by (1.1) the
integrability condition dsw; = 0qws holds for the distributional deriva-
tives. Therefore there exists v € H'(ID), unique up to a constant, such
that

O1v = —odhu (2.4)
321) = 0'81’(1,. (25)
It is a simple calculation to see that this is equivalent to (2.2). O

Since the function v in Lemma 2.1 is defined only up to a constant
we will normalize it by assuming

L(v) = faﬂ) vds=0. (2.6)
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This way we obtain a unique map H,, : H'/?(0D) — H'Y?(0D) by setting

H (2.7)

pt “’am = ”|31D>'

The function v satisfying (2.4), (2.5) and (2.6) is called the o-harmonic
conjugate of uw and H,, the Hilbert transform corresponding to equation
(2.2) or, in brief, the p-Hilbert transform.

To connect the Hilbert transforms to the Dirichlet to Neumann op-
erators, we show that

OrH . (u) = Ao (u). (2.8)

Indeed, choose the counter clock-wise orientation for 9D and denote by
Or the tangential (distributional) derivative on D corresponding to this
orientation. By the definition of A, we have

/ cpAauds:/Vg0~UVUdm, p € C=(D).
oD D

Thus, by (2.4), (2.5) and integration by parts, we get

/ pAyu = / (01020 — Dap01v) dm
D D

= —/ vorp ds
oD

and we see that (2.8) holds in the weak sense.
So far we have only defined H,,(u) for real-valued u. Note that here

v = H,,(u) is the real part of the function g = —i f satisfying 9g = —udg.
Therefore it is natural to set

H,(iv) = iH_ . (0) (2.9)
and thus extend the definition of H,(g) to all C-valued g € H'/2(0D).

However, H,,(g) remains only R- linear. Moreover, we have

H#oH_Mu:H_HoH#u:—qu/ uds. (2.10)
oD

Lastly, in analogy with the Riesz projections we define the operator
P, : HY/?(0D) — H'Y/2(0D),

1 1
Pog==(I+iH,)g+ ff gds. (2.11)
2 27 op

Since with (2.10) we have H_,, — L = —(H,, + L)™' the formula (1.11)
follows by taking the real and imaginary parts of the identity (2.11).

The subject of this paper is to understand the projection operators
P, and in particular to show that even if 1 and & were far apart the
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projections P, and Py are always close to each other. For instance their

difference is shown to be a compact operator, and this fact will play a

central role in the proof of the Fredholm properties of Theorem 1.1.
We begin with the simple

Lemma 2.2

The operator P, is a projection, that is 773 = P,. Moreover, if
ge HY 2(0D), the following conditions are equivalent,
a)g= f‘B]D)’ where f € H' (D) and satisfies (2.2);
b) Pu(g) =g

Proof. That P. = P, follows immediately from (2.9) and (2.10). Let

then g = u + iv € H'/?(0D). Taking separately the real and imaginary
parts from (2.11) we see that P,(g) = ¢ if and only if

1
U:Huu—i—%/amvds

1
u = —H,,Lv—l-g/amuds;

in view of (2.10) these last equations are actually equivalent.
By definition of the Hilbert transforms, v = ‘H,u + Cy if and only if
u + iv extends to D as a solution to (2.2). O

With the above lemma we see that the range of P, consists of the
boundary values of the solutions to the equation 0f = pdf. This is
in complete analogy with the case u = 0 where Py is the projection to
the boundary values of functions analytic in the disk, that is boundary
values of the solutions to the equation 0f = 0.

The subspace complementary to range (P,,) admits an equally simple
projection,

1 1
Qug=-I—1H,)g - *f g ds. (2.12)
2 27 o

Since clearly
P,+Q.=1 (2.13)

the above identity (2.12) does define a projection with range equal to
ker(P,). This could, of course, be verified also by a direct calculation as
in Lemma 2.2.

By the definitions of the Hilbert transforms and the average opera-
tor we have L'H,, = H,L = 0 on H'/2(0D). Thus the formulae (2.11)
and (2.12) give

PuL=L=LP,and Q,L =0=LQ,. (2.14)
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In addition, as for the Riesz projections Py, Qp the projection operators
P, and Q,, are complex conjugate to each other, up to a constant term.

Lemma 2.3
For each g € H'/?(OD) we have

Pu(@) = Qulg) + L(9)-
Proof. The property (2.9) shows that

H(u—iv) = Hy(u) +iH-p(v) = Hyu(u+iv).

Therefore

Pu) = 50— 5 Hal@)+5100) = Qulo)+L(9) 0

We next turn to the compactness arguments.

Lemma 2.4

Suppose supp(p) C D. Then there exists a compact operator
K, : H/2(0D) — H'/?(9D) such that the equation

9= "Polg) + Ku(9)
holds for all those g € H'/2(9D) that satisfy P,(g) = g.

Proof. Suppose g € H'/?(9D) and P,(g9) = g. Then using Lemma 2.2
we can extend g to D so that

09 = pdg and g € H'(D). (2.15)

In particular, since supp(u) C B(0,r) for some 0 < r < 1,

Pog (2) = > _ §(n)z" and Qg (z) = Y _ g(—n)z"
n=0 n=1

are analytic for |z| < 1 and r < |z|, respectively. It follows that the
function ) @, |
g(z) —Pog(2), |z|<1
G(2) — 2.16
D=1 G r <l (216)

is a well defined function with G € H\ (C). Also,
G(z) = C(0G)(2), z€C, (2.17)

where
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is the Cauchy transform.
Furthermore, since VG € L?(C)we see that the derivatives G and

OG are connected through the equation

oG = 8 (9G) (2.18)
where
Sq(z) = —i/c(wg(_“’iy dm(w) (2.19)

is the Beurling transform, a singular integral operator. It is well known
and also easy to verify that S is an isometry on L?(C), see [1].

On the other hand, the above reasoning shows that dG = yp dg in C
while G = dg — (Pog)’ for |z| < 1. Thus combining (2.15) and (2.18)
gives

G = pdg = pS(9G) + w(Pog)'-

As ||u]lo <1 and S is an L2-isometry, we may rearrange the terms and
obtain

3G = (1 - pS) " (u(Pog )
Inserting this expression to (2.17) shows that
g ="Pog +C[(I—ﬂ§)_1 (/JW)}, on 0D.
But
Ky i=C[ (1= pS) ™" (1Poh )]
is compact as an operator
K, : HY/?(9D) — HY?(9D)
since
(1 - u8)™" (u(PohY ) € L2(B(0, 1)
whenever h € H'/2(9D), and since r < 1. The lemma is proved. O

Corollary 2.5
Both of the operators

Pu—PooP,and Q, — Qoo Qy
are compact on H'/?(0D).

Proof. The compactness of the first operator is clear since P, = Py o
Pu+ K, 0P, by Lemma 2.4. For the other we use Lemma 2.3 and obtain

for all g € H'/2(0D)
Qulg) = Pul@ ~ Lig) = PooPu(@) + Kalg)
= Q0 (Pu@) +Kalg) = Qo ©Qul9) + Kalg) (220)
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where each K : H'?(0D) — HY?(dD), j = 1,2,3, is a compact opera-
tor by Lemma 2.4. O

With these auxiliary results we can prove

Theorem 2.6
If supp(p) C D, then
Pu—Po
is a compact operator on H'/?(0D).

Proof. The previous corollary shows that all ¢ € H'/ 2(0D) can be
decomposed as

9 ="Pu(g) + Qulg) = Po o Pulg) + Qoo Qulg) + K(g),

where K is compact. As PyQgy = 0 we obtain
Po(g) = Po o Pulg) + Ki(g)

where K| : H'/?(0D) — H'/?(0D) is compact. Together with Corol-
lary 2.5 this proves the claim. O

3. Fredholm properties

This subsection is devoted to the proof of Theorem 1.1. Recall first
from [2] that for each compactly supported p and each k € C there
exists a unique function f = f,(z) = f.(z,k) € H} (C) such that

fulz k) = e (1 1o (i)) as |2] — oo, (3.1)

and that f = f, satisfies the differential equation df = udf. In fact, f,
is locally Holder continuous with gradient in LY (C) for some p > 2.
The identity (3.1) tells that

Po(e_isz“) -1

while Lemma 2.2 shows that P,(f,) = fu. Therefore by adding up we
arrive at

Ju+ et = (PM + P(]f) Jus

proving part b) of Theorem 1.1. The subtraction would have led to
another Fredholm equation, but it is not clear if the solution to this
equation is unique.

Thus for the theorem, we are left to show that the operator I —
(Pf + Po) is invertible. We start with
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Theorem 3.1
The operator I — (P, + P¥) is injective on H'/?(9D).

Proof. Suppose (P, + P§)f = f, where f € H'/?(0D). Operating by
P, on this identity we see that

PPy (f) = 0.
‘We hence consider

9(2) = ™ Py f)(2) = (Py £)(2)-
This function extends analytically to ID. It also vanishes at origin since

by (2.13)
L(g) = L(Png) = 0. (3.2)

This means that

G(z):=g(1/2)

is analytic in the domain C\ D, with G(z) — 0 as z — oc.
On the other hand, with Lemma 2.3 and (3.2) we have on 9D

that is, P,(g) = g. Therefore Lemma 2.2 extends G|, =g to D as an
H'-function satisfying
JG = uoG. (3.3)

Since G is analytic outside DD, it satisfies this equation globally. It follows
that VG € L}, (C) for some p > 2, see [1]. Hence G is locally Holder
continuous, vanishing at co. In particular, it is a bounded solution to
(3.3) in the whole plane C, therefore a constant by Liouville’s theorem
[1]. As G vanishes at oo, G = 0 and hence also P§(f) = 0 on 9D.

This last identity implies that f extends as an analytic function to
C\ D with

- 1
e"*f(2) =0 (z) as |z| — oo. (3.4)
Furthermore, it follows that P,(f) = f. Thus the function f extends to
a H} -solution of f = pudf in C. However, in [2, Theorem 4.2], we

proved that a solution to (1.5) - (1.6) with development (3.4) must be
identically zero. Thus I — (P, + Pj) is injective. O

To complete the proof of Theorem 1.1 we need to show
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Theorem 3.2

On the space H'/?(9D) the operator I — (P, + P§) is a Fredholm
operator with index zero.

Proof. We write the operator in the form
I— (P, +P§)=(I—-2PF)+ (PE-P,).

Therefore it suffices to show that

(I- 2Pk ) is a Fredholm operator with index zero (3.5)
and that

(P§ —P,) is a compact operator on H'/2(9D) . (3.6)

Now from (1.9),
(I —2P§) h=—e™*(iHo + L) (e~ h).

Since (iHo + L)2 = I, the claim (3.5) follows.

To prove the remaining claim write
Py —Pu=(P§ —Po) + (Po—Py).

Here Py—P,, is a compact operator by Theorem 2.6. For the compactness
of the second factor

7)(])6 — Py = ezkzPoe—zkz QO

note that T'(g) = Py (e"**Qy(g)) is a Hankel operator with symbol

e~ "% and such an operator with a continuous symbol is compact. Hence
we have shown (3.6) and the theorem is proved. O

4. The non-linear Fourier transform

As a last theme we return to the Dirichlet to Neumann operators. It is a
very useful observation that the boundary data corresponding to ¢ and
1/0 are equivalent.

Proposition 4.1

The Dirichlet to Neumann map A, uniquely determines H,, H_,
and Ay /.

Proof. We have shown in (2.8) for real valued u that
OrH,u(u) = Ay (u) (4.1)
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holds in the weak sense. This is enough since by (2.10) H,, uniquely
determines H_,. In fact, we have already used the identity

H_, —L=—(H,+L)".
Note also that
Ao (u) = OrH_(u) = —0r(H, + L)~
since —pu = (1—-0o"1)/(1+071). O

In the previous sections we considered the solutions to (1.5) that
have the exponential asymptotics (1.6). However, these give also the
exponential solutions to the original divergence equation (1.1), through
the representation

() = Re fu2) + it Sy = 3 o+ S+ T = T).

Hence Proposition 4.1 implies that Theorem 1.1 gives an explicit algo-
rithm also for finding the values of w = u; on D and in the exterior
disk.

Finally 7,(k), the non-linear Fourier transform or the scattering co-
efficient of 1, can be obtained as follows; see [2] for details.The functions
m,, = e " f, and m_, = e”**f_ are analytic outside the disk, with
developments

af (k) a3 (k)

+ 2 +--- and Tn_u(z)zl—!-&1 (k) | a2 (k)

z 22

my(z) = 14+ +-

z
In [2, Section 5], it is shown that 7, (k) satisfies the identity

R CERRE) T

Thus the above gives a constructive algorithm for finding this quantity.
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